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MMPEANCJTOBUE KO BTOPOMY U3JAHUNIO

Sl mcnBITEIBA OBONCTBEHHBIE YYyBCTBA, FOTOBA KHUTY KO BTOPOMY W3-
gauuo. MHe 6bLTO SCHO, YTO HAJO UCIPABUTL BCE OMIMOKUA U ONEYATKH,
HalJeHHBIE CO BPEMEHU ME€PBOTO M3JAHUA. JDTO OBLIO JETKO, IOTOMY UTO
omn6KY OBLIN HE3HAYNTEABHBL, 4 ONeYaTKN HEMHOI OYUCICHHEL.

Tpyauee 6BLIO PEIUTh, HAJO JAU JONOJHUTH TEKCT I XOTA ObI CIICOK
JAnTepaTyphl. B KOHIle KOHIIOB s PEIII, ITO KHUTa B TOM He HYXKJaeTCs.
I'1aBHAsA [EHHOCTH MATEMATHYIECKON KHUTU COCTOUT B TOM, UTO OHA YHUUT
YuTaTeN dIeMEeHTaM MaTeMaTUIeCKOr O A3bIKa I HEKOTOPEIM HaBhIKaM. Hu
OJHA KHHUTA HEe MOXKET IOJHOCTHIO HCIEPNATh CKOIBKO-HUGYAbL CEPHE3HYIO
006/1aCTh MaTEeMAaTHKN, KaK Obl HU CTapaJjcs aBTop.

TceBgogudPepennuatbubie OmepaTOpsl AaBHEIM JABHO CTAJU S3BIKOM
U TIOJIE3HBIM OPYJUEM B YPABHEHUAX ¢ YaCTHBIME IPOU3BOAHEIMU. [losTOMY
6GECCMBICJIEHHO HBITATHCA UCIEPHATh 3Ty obaacTs. BoT mpocToe goxasza-
TenabcTBa 3TOoro (axra. B miore 2000 roga B MathSciNet, 6aze gammmix
AMEpPUKAHCKOT0 MaTeMaTHIeCKOr'0 OIIeCTBa, IOCTPOEHHON HA OCHOBE pe-
depaTusnoro xypuara Mathematical Reviews, 3a HeCKOIBKO CeKYHI KOM-
nbioTepHOro noncka caoB «pseudodifferential operators (mcesgoguddepen-
[UATBHEIN omepaTop) A Hamea 3695 ucrounnkos (B ToMm unciae 363 xuurn),
B KOTODBIX Takas KOMOWHAINS CJIOB BCTPEYAETCS B HA3BAHUM WIN pede-
pate. (Tam xe Hammocs 963 mcrounmka co caosamu «pseudo-differential
operators, HO f He CMOT BBISICHUTB, KAKOBO I€PECEUEHNE COOTBETCTBYIOIINX
CIIICKOB. )

BoT pesyapTaThl nmoncka mo ApyruM BaXKHENIINM TeMaM >TON KHUTH:

Fourier Integral operator: 1022 uctounuxa (B ToM uncie 105 xuur),
Microlocal analysis: 500 ncrounuxos (82 xuuru),

Spectral asymptotic: 367 ucrounukos (56 xmur),

Eigenvalue asymptotic: 127 ucrounukos (21 kuura),
Pseudodifferential operator AND spectral theory: 142 ucrounuka
(36 xmur).

AHBaornuHele pe3yJIbTATH TOJYUHINCH Y MeHd IpPH IOUCKe B 0ase
JaHHBIX u3gawoumeroca B [epmanuu pedepaTuBroro xypuaaa Zentralblatt.
U Bcero aums 132 ncrounuka cogepxana 6ubanorpadud IepBoro U3 JaHn,
KOTODPYIO A cuuTal 6oxee man MeHee ucdepnsBaiomei. HecmoTps Ha 5TO,
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S He MOTY yAep&KATHCA OT TOT0, ITOOLI YIOMAHYTH CIeAYIONe TPU KHUTT
(B XpOHOIOTHYIECKOM TOPALKE):

Brining J., Guillemin V. (eds.) Mathematics Past and Present.
Fourier Integral Operators. Selected Classical Articles by J. J. Duister-
maat, V. W. Guillemin and L. Hormander, Springer-Verlag, 1994.

Safarov Yu.,, Vassiliev D. The Asymptotic Distribution of Eigen-
values of Partial Differential Operators, Amer. Math. Soc., 1997.

Ivrii V. Microlocal Analysis and Precise Spectral Asymptotics. Springer-
Verlag, 1998.

OTH KHUTH COAEPXKAT MaTepual, KOTOPOro, Io-MOeMy, HeI0CTaBalo
yX&e B IepBOM H3JAHNN: IOLYUeHHUE YTOIHEHHBIX CHEKTPAILHBIX ACHUMIITO-
THK MeToaMu (oJlee IPOABUHYTOrO MHKPOJIOKAJILHOTO aHAIN3a (B YacT-
HOCTH, B IOMOIILIO TI0GAIBHEIX HHTErPAIbHEIX oepaTopoB dypre).

Ilo BrImIEyKA3aHHBIM OIPUYUHAM S PELINI He JOIOIHATL 6ubanorpaduio,
IpUBEICHHYIO B KOHIE KHATH, a JUIIb YyTOYHNI ee¢ (B YaCTHOCTH, JOOABUT
CCBUIKN Ha HOBBLIE M3JAHNA CTAPBIX KHAT B TeX CAydYasX, KOTJa MHE OLLIO
U3BECTHO O CYIIECTBOBAHUM HOBBLIX U3IaHUM).

A mo6aBun HekOTOpBIE OOBICHEHHS B Te€X MeCTaX, e 3TO Ka3aloch
HeobxoauMbIM. fI odeHDL GrarogapeH YHTATEIAM PYCCKOTO W aHIIHHCKOTO
N3JaHNN, YKa3aBIIUM MHe HesCHBIe MecTa B IepBoM mu3ganuu. K coxaue-
HIIO, y MeHs He COXPAHWINCh IMeHa BCeX dnTaTelell, KOTOpPLIE IOMOIIN
MHe BHIABITH BCe HesdACHBIe MecTa. Bee ke s xouy ymomsamyTs Ila6mo Pa-
maxepa (Pablo Ramacher, Humboldt University, Berlin) xax megaBzero u
BeCbMa JOOGPOCOBECTHOIO UNTATE/, 3aMeUaHnA KOTOPOTro OBLIO MHE BeChb-
Ma IOJE3HEL.

A HageoCh, YTO BTa KHUTA U CeHYac MOXKET BHIIOIHATH CBOIO [VIABHYIO
POJIBb: YUUTL dnTaTelell KPACUBOU I HHTEPECHOU MaTeMaTHKe.

M. A. [ly6un
9 ampeas 2001 roga



ITPE/INCJIOBUE K AHIVIMNCKOMY N3/IAHIIO (1987)

K macTosleMy MOMEHTY BBIILIO yXKe MHOTO KHHAT IO IceBAogudge-
peHnnaJIbHBIM Oll€paTopaM (B TO BpeMs KaK HUX IIOYTH He CYIIeCTBOBAJO B
MOMEHT TOABJIEHNUA PYCCKOTO H3JaHufA). II03TOMYy eCTeCTBEHHBLIM 06pa3zoM
BO3HUKaeT COMHCHIIE B TOM, ITO HyZXHa €Ill¢ OJHa TaKasd KHHUTa. Tem me Me-
Hee, A IyMAalo, UTO 3Ta KHUTA MOXKeET OBITH MOJe3Ha BBUAY €€ 3aMKHYTOCTH
U MOAX0a, HAIICJeHHOT O Ha IPWIOKEHUS K CIEKTPAJIbHON Teopuu. Kpome
TOr0, OHA COAEPKUT HEKOTOPLIE HIeH, He ONMNCAHHBIE HH B KAKOW APyron
KHUT€ Ha aHTVIMACKOM SI3BIKe. DTO OTHOCUTCS, HALIPIMeED, K METOAY IpuOIu-
KEHHOT'0 CIEKTPDAJBHOI'O IIPOEKTOpPA, KOTOpBIﬁ ABJAAETCA YHUBEDCAJIBHBIM
METOIOM HCCAE€AOBAHUA CIICKTPDAJBHBIX ACUMIITOTUK — CM. INIaBYy IV, a Tak-
xe 0630p C. Jlesergopckoro B Acta Applicandae Mathematicae *).

PaByMeeTCH, MHOI'O HOBOI'O IIOABHWJIOCH B TE€OPDUU C MOMEHTAa BBIXOda
PyCCKOT O U3 IaHUMA. CaMBIe BaZKHBIC HOBBIE MOMEHTHI OTPDaXE€HBI B IIepe-
THNCJACHHBIX HIZKE MOHOFpa,(i)I/IﬂX.

M. A. [ly6un
3 cenTabpa 1985 roga
JlurepaTtypa
Eropos 1. B. Jlunennsie auddepeHnnalbHbBEe YIPABIEHAA B YaCTHLIX MPOU3BOI-

HBIX riaBHoro Tumna. M., Mup, 1984.

Xépmanugep, J. Anamus auuaenunx guddepeHINATEHEX ONEPATOPOB C YACTHRIMH

npousBoxuemu, T. 1—4. M., Mup, 1986—1988.

Helffer, B. Théorie spectrale pour des opérateurs globalement elliptiques. Astérisque,

112. Société Mathématique de France, Paris, 1984.

Tvrii, V. Precise spectral asymptotics for elliptic operators. Lecture Notes in Mathe-

matics, 1100. Springer — Verlag, Berlin, 1984.

Kumano-go, H. Pseudodifferential operators. MIT Press, Cambridge, Mass. Lon-

don, 1981.

Pug, M., Cauwmon, B.. MeToas coBpeMeHHON MaTeMaTHU4deckon ¢pusnuku, T. 1—4,

M., Mup, 1977—1982.

Pemneas I, Ml yasue, B. B. Teopunsa ungekca >1IuNTUYECKNX KPAEBHIX 3a1a4.

M., Mup, 1986.

Teunaop, M. Tlcesgoauddepennmanbunae onepatopsl. M., Mup, 1985.
Tpen, ®. Bregenune B Teopuio ncesgoaud¢epeHITNATEHBIX OIEPATOPOB U NHTErPATh-

HEIX onepaTopoB Pypre, T. 1, 2. M., Mup, 1984.

*) Teneps Beimia u MoHorpadma: Levendorskii S. Asymptotic distribution
of eigenvalues of differential operators. Kluwer Academic Publishers, Dordrecht, 1990.



[MPEJMCJIOBUE K ITEPBOMY N3/TAHUTO

Teopus mncesgoguddepeHInaIbHEIX onepaTopoB (cokpamenao I1J0)
CPaBHUTEIBHO MOJIOJA: B CBOEH COBPpEMeHHON (popMe OHa OBLIA CO31aHa B Ce-
peauHe mecTHAecITHX rogoB. QAHAKO HOJyUeHHEIE C €€ IOMOIILIO IPOABI-
KeHUs cTOab cymecTBeHHEL, 4T0 6e3 [I/]O yxe TpyaHo cebe mpeicTaBuTh
COBpPEMEHHLIN aHAINM3 U MaTeMaTudeckyio pusuxy. Ocobenno Baxusl II/10
7S U3YYUEHUs JUINOTAYECKUX YPABHEHUN. YKe IPOCTENIne Ipeodpa3oBa-
HUA DIIANTHYECKAX OIepPaTOpPOB (HAIpUMep, B3ATHE 0GPATHOTO OIepaTopa
UIN U3BJAeYeHHE KODPHA) BHIBOJAT 3a Kaacc AuMQepeHNnaIbHLIX OIepaTo-
POB, OJHAKO PU Pa3yMHBIX ycaoBusax coxpausior kiaacc [IJ0. Baxua poas
IIJO B Teopuu mugexca IIAITUYIECKUX ONEPATOPOB, '€ OHU HYXKHBI 15
pacCIIIpeHns KJIacca BO3MOXKHBIX gedopmaruu oneparopa. II]10 nossasior-
Cfl IPU CBeJEeHUU HA UPAHUIY KAKOU-INGO0 MPAHUYHON 3aJa<N IS DJLINITH-
Jeckoro ypasHeHus. Taxkum o6paszom, [IJO BozHukamT He Kak caMoIelb,
a Kax MOIIMHOe I €CTECTBEHHOE CPEeICTBO m3ydeHusa IupdepeHInanibHbIX
OIIEpPATOPOB ¢ YACTHBIMHU NPOU3BOAHLIME (IpeXkJe BCETO SLINITHICCKHX
U THNOMINOTHYeCKNX). B odens Muorux caydasx IIJO mossoasior He
TOABKO C(hOPMYJIUPOBATH HOBBIE TEOPEMEI, HO I MHAYE B3TVISHYTDL Ha CTa-
phle, MOIYYUTHL GoJee IPOCTOE U IPO3PAUHOE UIIOKEHIE yiKe M3BECTHBIX
daxTos. Tax o6cTouT geno, sHampumep, B Teopuu npocrpancts CoboaeBa.

EcrectrBennniv 0606menuneMm I[1/]O sBasioTcsa nHTerpaibHble 0OepaTOPLI
Dypoe (cokpamenso N1OD), mepBoHAYATLHBIM BaPHAHTOM KOTODBIX OBLI
xanouudeckun onepatop B. II. Macaosa. IIpumepom QP sBaseTcs pas-
pemaromuin onepaTop 3agadn Komm gad runep6oaudeckoro ypaBHEHUS.
Taxum o6pazom, IOD urparoT Ty ke poib B TEOPUU TUMIEPOOJUIECKUX
ypasaenui, uTo II]J0O B Teopuu >11unTU49eCKUX ypaBHEHUN.

Oauont u3 HauGoaee cymecTBeHHEBIX o6aacTen nputoxenus [110 u TOD
SIBJASETCSA CIHEKTPAJbHAS TEOPUS LIUITUIECKUX ONEPATOPOB. 3A€Ch BaXK-
Ha BO3MOXKHOCTDL ONHUCAHUS CTPYKTYDPBI PA3JINIHLIX HETPUBUAILHBIX (DYHK-
Uil oT omepaTopa (Pe30AbBEHTHI, KOMIUIEKCHBIX CTEIeHEH, HKCIOHEHTH,
crexTpaasHOro nourn-upoekropa). C momompio II10 # NOP noxygaer-
cs TeopeMa 06 aHAIUTUYECKOM IPOJOIKeHNN (-(PYHKIUU ONEPATOPA, DA
CYLIECTBEHHBIX TEOpPEM 00 aCUMNTOTHUKE COOCTBEHHBIX 3HAYECHUH.

B sTOl kxHuUre mpeacTaBIEHO B HECKOJABLKO NepepabOTAHHOM U PACIIH-
perHOM Buje cogepxanue Kypca aekiuiu no [IJ0O u cnexkrpansuon Teopuu,
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IPOYNTAHHBEIX ABTOPOM Ha MeXaHUKO-MaTeMaTudeckoM QaxyasTeTe MI'Y.
Ieas »TOrO Kypca coOCTOSIa B 3aMKHYTOM UM CHCTEMATHYECKOM H3JI0XKe-
unu Teopun 10 nu NOD B cBI3U cO CHEKTPAIBLHON TeOPHEN H/IINITH-
YeCKUX U TUIOXLINNTHYECKHX OIepaTopoB. IIpm sToM aBTOp cTapaicsd, ¢
OJHOU CTOPOHEI, CAEJATH U3M0KEHUEe NOCTYIHBIM Jas CTYIEHTOB, 3HAKO-
MBIX ¢ 00s3aTenbHEIM KypcoM aHaausa-IIl (Bxkmwouas saemeHTapHyHO Teo-
pHI0 0600IIeHHBIX GYHKIUN), U, ¢ APYT O CTOPOHE!, JOBECTH U3JI0KEHHE 10
VDOBHS COBPEMEHHBIX KYPHAJILHEIX cTaTell. Bce 3To moTpe6oBato gocra-
TOYHO XKECTKOr'0 0TG0pa MaTepuaaa, Ha KOTOPLI, €CTECTBEHHO, [TOBIUSIIN
U JIUYHBIE UHTEPECHL aBTOPA.

Hau6omnee cyuiecTBeHHBII MaTepuaa yieGHOrO XapakTepa PACIONOXKeH
B riaBe I u B go6aBaennn 1, ucnoassyiomieM Takxke Teopemsl u3 § 17 u § 18
raassl III (oTMeTnm, uTo § 17 BOOOIIEe He OMMpaeTCs HU Ha KAaKOH Ipef-
IIeCTBYIOIINN MaTepual, a § 18 onnpaeTcs aumis Ha raasy I). Bee 3To MBI
YCJIOBHO OOBEJUHUM B IEPBLII KOHIEHTD, KOTOPHIN COCTABAAET HEKOTOPOE
3aMkHyTOe BBefeHne B Teopuio IIJJO m BoIHOBBIX (PPOHTOB 06OOIIECHHBIX
dyuxmui. Ilo MHeHUIO aBTOpa, 3TOT KOHIEHTD IOME3€H BCEM MaTeMaTU-
KaM, CIeNUAIN3UPYOMIMCS 10 (PYHKINMOHAILHOMY aHAJIN3Y U YPAaBHEHIAM
¢ YacTHBIME Dpom3BogubiMu. [fogdepkHeM emte pas, ITO NEPBLIN KOHIEHT]D
MOXKeT U3y94aThCs HE3ABUCUMO OT BCETO OCTAJILHOLO.

Tnaser IT u III cocTaBaAlOT, COOTBETCTBEHHO, BTOPOU W TPETUU KOH-
uenTpsl. U3 raasel I dnraTens y3uaeT TEOPHIO KOMIIEKCHBIX CTEIEHEN U
(-QpyHKIIUN 3AIUOTUYECKOr0 omepaTopa. Teopema o moaiocax (-(pyHKIUU
SIBJASETCS, [MO-BUIUMOMY, OJHUM W3 CAMBIX 3aMeYaTEAbHBIX IPUMEHEHUN
nceBaogu(epeHINATBHEIX ONepaTOPOB. B 3TON ke riaBe MOKa3aHO, Kak
U3 3TOU TeOPEeMBbl MOXKHO BBIBECTH I'PYOYI0 ACUMITOTUKY COGCTBEHHBIX 3HA~
vennil. B raase III MoxHO HanTH 60/lee TOYHYIO TEOpEeMY 06 ACHMIITOTUKE
COGCTBEHHBIX 3HAYEHUN. JTa TeOPeMa UCIOAb3YeT DA N3JI0KEHHBIX 31eCh
xKe cymecTBeHHBIX (dakToB Teopun MOD. OTMeTuM, ITO IMEHHO HA DTOM
IyTH, XOTS U C UCIOAb30BaHUEeM GoJee noaHon Teopuu NOD, Boixogamen
3a paMKH 3TOU KHUTU, OBLIM TOAYYEHBl JAJbLHEUINNe CYLIIECTBEHHBIE MIPO-
ABHKEHHA B CIeKTpaabHOH Teopun (cM. pasgen «KpaTkme nureparypHbie
yKa3zaHusm ).

Haxonen, raasa IV u go6asrenus 2 u 3 *) cocTaBasior nocreqani (deT-
BEPTEHII) KOHIEHTD. 3dech n3noxera Teopus [I10 B R™, BosHukIIas B CBA3U
C HEKOTOPBIMEU MaTeMaTHIeCKIMH BOIPOCAME KBAHTOBOU MEXaHUKI.

*) [doGabieHne 3 coLepKNT BCIOMOraTelbHEI MaTepHal n3 ¢hyHKIHOHAJILHOIO aHa-
nW3a, UCMONB3YEMBI B riaBe 1V H BHEJEJEHHBI B JobaBieHWe JHIIbL IAd yTZo6CTBa.
TIpoABMHYTHIN YHUTaTENb, 3HAKOMBIM C 3THUM MaTEPUAJOM, MOXKET He 3arifjBBaTh B
mobaBjeHNe 3 WM UCMOJB30BATE €r0 [IJSl CMIPABOK, a HAYUHAIIEMY Oy IeT MOJE3HO TPO-
YeCTh Ho6GaBiaeHUE 3 METUKOM.
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Heob6xoauMo cxa3aTs 0 MecTe B 3TOI KHUTE YIPaXKHEHNN U 3a1a4. Bkpa-
IJIEHHBIE B TEKCT YIPAKHEHWUS ABISIIOTCA €C0 HeOTBEMJIEMOU 4YacThio, H,
KaK IPaBWiIo, C(POPMYJIMPOBAHHBEIE B HUX YTBEPXKJEHUA HCIOIB3YIOTCA B
JajJbHenieM. Bce 3Tu yTBepXKeHUsA IPOBEPAIOTCA HENOCPEICTBEHHO U He
JOKA3aHLI B TEKCTE JUIIb IOTOMY, YTO UX IPOIIE MOHATL CAMOCTOATEIb-
HO, deM mpoduecTb. CogepxaHue ke 3aatd, OOLIYHO GOjdee TPYAHBIX, UeM
yIpaXHEeHUs, B TEKCTe He UCIOIb3YeTC s, XOTA I PAa3BUBaeT OCHOBHOU MaTe-
pHUaJ B OJE3HBIX HAIPBICHUAX. 3a a9l MOXKHO UCIOIb30BATh A1 KOHTPOIS
MOHIMAHWUS IPOYUTAHHOTO, UX PEIIeHHUEe IOJAE3HO AJA JIYUIIEro YCBOEHIA
mousTunl u MeTogoB. OAHAKO BPAL AU CTOUT PEIlaTh BCE 3aJa€l MOAPAT,
TaK Kak 3TO MOXeT CHJILHO 3aTOPMO3WUTH NPOABUXKEHUE Bleped. Bepost-
HO, IIPU NEePBOM YTEHHUU CAeAyeT PELlIaTh Te 3aJa4dl, COAepKAHUE KOTOPHIX
KaxeTcs INTaTeaio HauboJee UHTepecHBIM. B 3agadax, Kak U B OCHOBHOM
TeKCTe, IOMUMO y¥Ke H3J0KEHHOTO MaTepUaia, He UCIOAb3YIOTCA HUKAKIE
CBeJJeHUs, BEIXOIALINE 33 PAMKHI OOBIYHOI'O YHHBEPCUTETCKOTO Kypca.

ABTOp HajgeeTcs, YTO IpegIaraeMas KHUTa 6yAeT MOIe3HA KaK HAYWHA-
IOIUM, TaK U Golee ONBITHBIM MaTeMaTHKaM, JKeJIAMIM OLICTPO 03HAKO-
muthes ¢ [I10 u ux manGomee BaXKHBIMU IPIIOKEHUIMU, a TaKXKe BCEM,
KTO HHTEPECYETCS CHEKTPAILHON TeOPUEel WM IPUMEHSET ee.

B zakuaouenme s xouy mobaarogaputh B. U. Bessesa, T. E. Boro-
poackyio, T. B. Tupro, A. I1. T'yceBa, B. K. Kucexesa, C. M. Kozmosa,
M. O. Muccaposa u A. I". Cepreesa, xoTopble IOMOLVIN 3allCATh U 06pa-
6oTaTh npegraraemsie gdeknun; B. H. Tyarosckoro, pacckazasiiero MHe CBO€
JOKa3aTeIbCTBO TEOPEMBL O PACIPOCTPAHEHNN 0COOEHHOCTEN U Pa3PelnB-
miero npusecTH ero B >Ton kuure; B. JI. Poirr6ypga, Hanucasiiero no Mmoen
npockbe gob6asaenue 2; B. fI. Uspua n B. II. [TaramogoBa, npounTaBImx
PYKOIIUCEH U CAEJABIINX PAJ HOJE3HBIX 3aMEYaHUN, & TaKXKe BCEX, KTO TeM
UIN WHBIM CIOCOOOM IIOMOTaJ MHE B padoTe.

M. A. lly6un
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TTABA 1

OCHOBHI TEOPHUH
IHCEBAOANPPEPEHIINAJIBHBIX OIIEPATOPOB

§ 1. Ocuymwumpyomme MHTerpaIsl

1.1. IlpeoGpaszoauume Pypwe. I[IpocTelmum npuMepoM OCHUIIUPYIO-
mero mHTerpaia ABlfgeTcA IpeobpazoBanue Pypve Gymkuun (uin 0606-
MIeHHOH (PYHKINHU) yMEPEeHHOTO POCTa.

IIycrs  S(R™) —mpoctpancteo IIsapua ¢ysxnun u(z) € C°(R"?),
y KOTODBIX KaxkJas [Ipou3BogHas yOwBaeT mpu |z |— +00 6vicTpee aro-
6ol1 cTeneHu |z |, T. e. 1ua a00OBIX a,

sup |2%(0%u) (2)| < +oo. (1.1)
cER™ T '
3aechb, kKak OOBIYHO, &= (Z1, ..., Tn); @,  — MyIbTHUHIEKCH], T. €., Ha-
mpumep, a=(aj, ..., ap), e o; >0 nm o; —meroe; =z . 2o
olAl
d=(d1, ..., On), vae d; =0/dx;; aﬁ:afl...agn:m, rae |B|=
1'.. .0z

=p1+...4 Bn. Jesre wactu (1.1) ompegeasior B mpoctpascrse S(R™)
Ha6Op TMOTYHOPM, IPEBPAINAIOMNX €r0 B IPOCTpaHCTBO Dpertie.
IIpeo6pazosanne Pypoe Gpyuknnu u(z) € S(R") gaerca popmyron

(Fu)(©)=i(e)= [ e Cua) . (1.2

raeEER x-E=x16 +. . 42,6, i=v/—1udr=dz,...dx, —mepa JleGera
B R”™. Nurerpax B (1.2) 6epeTcsa mo Bcemy mpoctpancTsy R”, 4To Beerga
OyaeT moapa3zyMeBaThCA, €CAU SIBHO He YKa3aHa 001acTh HHTETrPUPOBAHNUI.

UsBecTHO, wTO omepaTop F ompegenseT AMHEUHBIN TONOJOTUYECKUN
msomopduam F: S(R™) — S(R™), npudeM 06paTHEI omepaTop (06paTHOE
npeo6pazosanue Pypbe) gaeTca GopMyIon o6palieHna

(F~'4) (m):u(m):/ e Eq(e) de, (1.3)

rae dé = (2m)""d¢;. . .dE,.

Mu mokaxkeM celdac, KaK PacIpOCTPaHUThL npeobpazoBanune Dypbe
(1.2) ma HempephiBHBEIe (QYHKIME u(Z), YAOBIETBOPSIOLINE YCIOBHIO: CYIIe-
cTBytoT Takue C'>0 n N >0, uTo

|u(x) [ < O™, (1.4)
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rge ()= (1+|z|" )1/9 |13|2—.131—|-139-|- -|-13 Ilpu »ToM MBI TOIYYUM
u(&) € S'(R™), rge S'(R™) — mpoctpancTBo, aBoncTBeHHOE K S(R"), T. €.
COCTOfIlee U3 IMHEHHBIX HEMPePHIBHBIX (QyHKIuoHaIoB Ha S(R™). M=l x0-
THM, TAKUM 00Pa30M, Peryaapu30BaTh HHTET DA

i, 0)= [ [ ety vl dade, (1.5)

rae ¥ (&) € S(R™), xoTopHlll n 6yJeM CYNTATh 3HaYeHHeM (PYHKIMOHAIA U
Ha saemerTe 9(£). Ecan u(z) € S(R™), To acuo, uTO

(a1, )= / a(e) () de,

u6o naTerpan (1.5) B 3ToM caydae aGCOTIOTHO CXOAUTCA.
Mer yxaxeM gBa PABHOCHJALHBLIX CIIOCO0A peryagpuU3alum HHTerpaia
(1.5), OTANYHBEIX OT M3BECTHOTO CIOCO6A, OCHOBAHHOTO Ha PaBeHCTBe Ilap-

ceBaJg, 1 0600IMAIOMINXCA HA 3HAYUTEILHO 60/ee OOIIYIO CUTYAINIO.
1 0

-t cmoco6. Iomoxum D;= T 92" D=(D, ..., Dy), (D)=(1+
+D? 4 .. .4 D2)'/? (06mramo me1 6y gem ymoTpebasTs (D), rae k — weTHOE
HeoTpUIaTeabHOE UnCIo, Tak aTo (D)* Gyger guddepennnamuriv omepa-
Topom). BexTop D 6yaeT ynorpebaatecsa u gas guddepernuposannus no £.
Bo u3bexanne myTaHUILI MHI 6yJeM Torga 0603HaYaTh depe3 [y TOIBKO
4TO HaNUCAHHBIA BeKTOp D, a depes Dy — Takoll ke BEKTOD, B KOTOPOM

npouaBogHble 6epyTca 1o ¢. Umeem
e_”f:@)_k(Dg)ke_”f. (1.6)

Iycrs cuasana u(z )E S(R"™). Torga, mogcTaBAAd 3TO BEIpaXKeHHE AL
e~ i€ B yTerpal (1.5), moay4nmM, UHTErpUPYS O YaCTAM,

i, ¥) // =€y (2) () (De)F Y (€) d de (L.7)

ATOT mHTerpal ompefeleH yxe He Toabko mpu u(z) € S(R") u gaxe He
TOIBKO Aas abCOMOTHO uHTerpupyeMsix u(z). UMenno, ecan u(z) ygosie-
TBOpseT onenke (1.4) u k> N + n, To uarerpan (1.7) abcomoTHO cX0aUTCA
U MBI MOXKEM CINTATh ero TpebyeMoil peryaapusanuen (1.5).

Yunpaxueunne 1.1. [Iposeputs, uto dopmyaa (1.7) npu k> N + n onpegenser
HeNpepHIBHAIN MHENHBIN dyHKImnonan 4 € S’ (R™).

2-1 cnoco6. IIycts ¢(z) € CF°(R™) (mpocTpancTBO QUHUTHBEIX Gec-
KoHeuHO Anddepennupyemux pyuxnui 8 R") u ¢(0) = 1. Ioxoxum

Ia:// T (ex) u(x) (&) dedé, £>0. (1.8)
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DTOT uHTerpal abcomoTHo cxoquTca. QOka3wlBaeTCs, ITO CyLECTBYeT
mpegen I:}l_r}rg) I., He 3aBucammn oT BeIGOpa ¢ (z). B camom gente, BEImOIHAS

B (1.8) To xe MHTerpupoBaHUe IO GACTIM, ITO U PaHbIIe, MBI IOIYyIaeM

L= [[ e pten) ute) (5D ue) o de,

u ecau k> N + n, To npegea npu £ — 0 cymecTByeT 1o TeopeMe Jlebera u
paBeH BeIpaxkeHuwo (i, 1), onpegenenroMmy popmyaon (1.7).

Ynpaxueunune 1.2. [Ipoepurs, 9To popmyaa (1.7)7 HanUcaHHasA IPU Pa3HBIX K,
MPUBOIUT K OJHOMY M TOMY e (PpyHKIUOHATY 1.

1.2. Onpegenenne oCHWLIMPYIOMIET0 MHTEIPAIA U €T0 PeryIapu3anud.
PaccmoTpum Teneps 6oaee o6umil, dem (1.5), nHTerpaz Buja

Iy (au) :// @ g (2, 0) u(z) de db. (1.9)

3gece 0€RY uw z€ X, rge X —obaacts 8 R u(z) € CP(X), 1. e
u(z) € C°(X) u cymecTtByeT Taxoit kommaxT K C X, uto u|x\g =0. J1sa
onucanus a(z, §) n ®(z, §) BBegeM PAJ OUpeIeIeHNUI.
Onpegeanenne 1.1. Ilycte m, p u ¢ — BellleCTBEHHLIE UNCIA,
0<d<1,0<p< L. Kaace
s (X x RY) cocTonT ma maxux dymxmuit a(z, §) € C°(X x RY), aro
Ias TI0OBIX MYJIbTHUHAEKCOB «,  m aaa moboro xommaxkTa K C X cyrme-
cTByeT Takad mocrosHHag Cy g g, 9T0o mpu z € K, 6 € RN cmpaseatusa
OIleHKA
|0 92 a(z, 0)| < Ca, 5,k (B)™~PlelHolAl (1.10)
BuecTo ST'(X x RYN) mer 6yzem mucaTs mpocto S™(X x RY). Masnee,

BMECTO ngé(X X IRN) MBI OyJeM IOHCATh MHOTJAA IPOCTO Sg?(;. Ilonoxum
Takxke ST =[] S™.
m

Onpegenenne 1.2. ®yukuna ®(z, §) massBaeTcs Pazosots Hynk-
yueti, ectn ®(z, ) € C (X x (RV\0)) BemecTBeHHO3HAYHA 1T TOTOKUTETE-
HO ofHOpoaHa 1-ro mopaakamo § (T. e. ®(z, t0) =tP(z, 0) gas mobeix z € X,
0eRY u t>0) u ®(z, §) me umeer xpuTmuecknx Toduex mpu O #0, T. e.
<I>’x’ o(2,0)#0 mpu z € X, 0 € RV\0 (31ecH <I>’x’ , O3HadYaeT IPajucHT PyHK-
nun ®(z, §) no nepemenusM z, 6).

Onpegenenne 1.3. HWurerpax (1.9), B xoropom a(z,f)€
€ ngé(X x RN, a ®(z, §) — dazosas QyHKINA, HABBIBACTCA OCYUAIUPYIO-
WUM UHTME2PAAOM.

Yunpaxuenne 13. Ilposepurs, «uro ecm a(z, )€ ngé(X xRN), 7o
95 85 a(z, 0) € S:?;plal-}'élﬂl (X x RN). Ecmm  eme b(z, 0) € S;’?;(X X RN), TO

a(z, 0) -b(z, ) € STE™ (X x RY).
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Hama 6amxaimas elb — peryIsapu3anusd OCHIIINDPYIOMEro UHTerpa-

a (1.9), me aBagiomerocs, Boobie roBops, abcomoTHO cxogamumca. Ciue-

Ayiolliasg JeMMa II03BOISEeT HAINCATE B 00IIeM cIydae paBeHCTBO Tuna (1.6).
Jemma 1.1. Ha X x RN cywecmeyem maxoti onepamop

:Z (2, 0) 35 +Z bi(z, 0) =— +c(=, 6), (1.11)

umo aj(z, 6) ESO(X xBRN) br(z,0)€STHX xRYN), ez, 0) € STHX xRY),
u ecau onpedeaums ﬁopmcmbno conpascennwviti onepamop ‘L @Fopmy.aoti

n

9 J
Lu(z, 0) = Zl 50, (@ kzl 5ar (br) +cu, (1.12)
J:

mo umeem mecmo moofc&ecmeo
"Lei® =i, (1.13)

Yunpaxuenne 1.4. Oneparop 'L Takixe MOXHO 3aMicaTh B BUIe (1.11) Cc apy-
rUMH aj, by, ¢, IPUHAJICKAIIMMH, O THAKO, TeM e KJIaccaM, KOTOPhIe GHLIN YKa3aHbl B
dopmyauposke aaa L.

Yunpaxuenne 1.5. [lokazars, uro eciu M =L, to L="M.

HdoxazaTeabcTBo aemMMbl 1.1. Umeem

Ee :ZEG, Ee :l@e
Orcroga
L Y 0w ;00 9
—i 0P (P

N
_ io _ 1 s
( e
J:

rae ¥(z, ) € C®(X x (RM\0)) u ¢(z, ) noroxurersro ogropogsa mo 0
nopsgka —2. IlosTomy

, 0 9 20 0 | i i
—W{ZI N 20, 98, 8xk ka} =€
I 0CTaeTCA TOABKO JUKBHANPOBATH ocoberrocts npu = 0. Iycts x(f) €
€CE(RY), x(0)=1 npu |6| < 1/4 u x(6) =0 upu |§| > 1/2. Horommum

N

20 9 . 9% 9
Z:IZ vlof 20, 98, ;’(I_X)wa_£+
J= =
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fcwo, uro Me'® =€'®, u merxo mpoBepuTh, YTO Bce KO>HPUIMEHTH! Ole-

paTopa M o6aagaioT TpebyeMbiMu cBocTBaMu. To ke caMoe BEpHO U 144
L="'M (cm. ynpaxuerue 1.4). Octaerca 3aMeTuTs, uTOo ‘L =M B cury
yopaxsuenus 1.5. l
Perynspusanns unterpana (1.9) 6ygeT mpoBeieHa AByMA CIOCOGAMI.
-1 cmoco6. Ilyers BHavamze m < —N, Tak uTo unTerparx (1.9) a6-
comoTHO cxoauTca. cmoassys Toxgectso (1.13), Hanumem B 5TOM HHTe-
rpane (‘L)*e'® Bmecto €!® n npounTerpupyem mo wactam k pas. Momy<amm

Lb(‘w):// @O LR (a(x, §) u(z)) dx df. (1.14)
Ynpaxnuaenune 1.6. [I[poBepbTe 3aKOHHOCTB 3TON OMEpalUu.

Ionaras Temeps s=min(p, 1 —¢), MBI moayunm m3 ympaxsenus 1.3,
aro LF(au) ES;”EM(X x RY). Ecin p>0 m §<1 (Tax wro s>0), 1To
6yAeT mpedmoraraThcs BCIOAY B JalbHelmeM, To (opmyxa (1.14) mosso-
AfeT ompefeauTh uHTerpal Ip(au) yxe mpu moboMm m, B6Hpas k Tak,
uTo m — ks < —N. IIpu sTom unTerpan (1.14) yxe abcomoTHo cxoquTes.

Ynpaxuenue 1.7. Tlokaszars, 4To npu ¢pukcuposanusx a u ® unrerpan Iy (au),
paccMaTpHBaeMEIH Kak GyHKIMOHAT OT daeMenTa u € CJ° (X), onpegenser 0606ueHAyO
dynknmio Ha X — saement 2’(X) (npocTpancrea, conpsaxenroro k C5° (X)).

2-i1t cmo co 6. Bubupas x(0) € C5° (RY), x(6) =1 B oxpecTHOCTH TOIKH
0 € RN, momommm

I@,a(au):// x(e0) @ Da(x, O) u(z) dzdd, >0. (1.15)

WNuaTerpupys mo 4acTaAM aHAIOTHIHO 1-My cmocoby, HOoay<InM

Iy, . (au) = // @O LR (x(e6) a(x, 6) u(x)) dz db. (1.16)

3aMeTuM, ITO
|95 x(0) | < C(8) ™1, (1.17)
rge moctoauusle C,, He 3aBucaT oT ¢ npu 0 <e < 1.
Ynpaxueunune 1.8. [IposepbTe cripaBelinBOCTh OIIEHOK (1.17).
Mz Bugum Temeps, uTo B (1.16) MoxHO mepeiiTn K mpegery mpu € — 0,
ucnoanaysa Teopemy Jlebera. Takum oGpazow, E11_1}1(1J Ip .(au) cymecrByer n

paser Ig(au) B cMbicae ¢popmyasl (1.14). OTcioga, B 9acTHOCTH, CIeAyeT,
uTo unTerpaxn (1.14) me 3aBucut oT k (ecan TOAbKO k JOCTATOYHO BEINKO),
a mpegen unTerpanos (1.15) opn ¢ — 0 He 3aBHCHT OT BBHIGOpPA CPE3AOMIEH

dyHEKIUT X.
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B pgampmenmem Mel GygeM Gomlee mium MeHee CBOGOAHO 06paIaThea C
OCHWLINPYIOIMUMI UHTerpajaMi, Togpa3yMeBasd BO3MOKHOCTE UX PeryJis-
pusanuu OJHUM 13 YKa3aHHBIX CII0COOO0B.

Ynpaxuenue 1.9. JlokasaTs, 9To npu dpukcupoanaux & U 4 ocHUIIUpYyIO-
mwni uaTerpaln Iy (au) nmpeicrasiseT co60l HENPEPHBHEI JIHHENHEN GyHKIHOHAI Ha
npoctpancTee Ppemie Sg‘é(X xRN), B KoTopoM Tomosorna 3aJAETCA MOTYHOPMAMH,
PAaBHEIMU TOYHHIM HIDKHUM I'DAHAM BO3MOXHEIX NOCTOAHHHIX Cf g ¢ B ouenkax (1.10).

1
MIposepuTs, uro samekanne S~ (X x RY) » S;’?(S(X x RN) cogepxur ngé(X x RY)
mpu ao6oM m’ < m. Takum o6pa3oM, peryIapHU3alIiio MOYXKHO PACCMATPHUBATH KaK TPO-
ToJXKeHUe TUHEHHOTO (hyHKITNOHAMA TIO HETPEPHLIBHOCTH.

1.3. TmagkocTs 0606uenHON (GYHKIMY, OIIPeeLIeMOoM OCIMLIHDPYIOMMM
MHTerpaioM. Beegem BaxHOe 0603HaYMeHNe:

Coy={(z,0): € X, 6 R0, ®)(z, §) =0} (1.18)
<3,qec1> <I>’9 —rpaguenT pyuknuu ¢ mo f, T. e. BeKTOP (E, R ﬂ))
264 00 N

Muoxectso Cg fBAAeTCA KOHmYecknM mogmuoxectsom X x (RV\0),
T. €. BMECTe ¢ TOUKOH (Zg, ) comepKUT Takke BCe TOUKH Buia (g, tfy),
rae t > 0.

O6o3mauasn 1epes m ecTecTBennyto mpoeknmio m: X x (RV\0) — X, mo-
JOKAM

S<1>:7TC<1>, R@ZX\S{I,. (1.19)

PaccmoTpum o606mennyio Gyukmuio A € Z'(X), onpeenieMyo oCiu-
AUpyoomuM uHTerpanoM Ig(au) mo dpopmyae

(A, u) =Is(au).
Teopewma 1.1. Hmeem mecmo ekawouenue
sing supp A C Sg

uau, umo mo e camoe, A€ C®(Rg).
JdoxazaTenanbcTBo. YTBepXKICHNE TeOPEMBl PABHOCUILHO TOMY,
uTo cymecTByeT Takad Qpyukmus A€ C®(Rg), uTo ecmn u € C§°(Rs), TO

Iy (au) :/ A(z) u(z) dz. (1.20)

TTonoxum

A(z) :/ e gz, 6)do. (1.21)

IMocneauun naTerpas npu € Re npegcrasiseT co60M OCHUIINPYIOMINN WH-
Terpaj, 3aBUCALME OT napaMeTpa z. [Ipun auddepennupoBasnnn no 3TomMy
ImapaMeTpy MOIydaioTcd HHTerpalbl Toro ke Tuna. Ilo cymecTBy, peds
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naeT 346Ch 0 AU EPEHIIUPOBAHNN 110 TAPAMETPY CXOAAUIETOCA UHTErPAJIa,
noxyuatomerocsa u3 (1.21) ommcanseiM BbImle npeobpasoBanneM. ITosTomy
A(z) € C*(Rgy). Popmyrna (1.20) Teneps noxyaercsa Tpusnaibo. Wl

Teopewma 1.2. Bcaua€ S} 5(X x RY) ua=0 6 konuueckoti okpecm-
Hocmu muoxncecmsa Cp, mo A€ C®(X).

JdoxazaTelbcTBO IPOBOAUTCA AHAIOTHYIHO JOKA3ATEALCTBY Te-
opemsl 1.1, IOCKOJIBKY A€I0 ONATBH-TAKN CBOAUTCA K H3YUEHUIO OCLUIIN-
pywomero maTerpana (1.21), BBugy Toro uro ®f(z, §) #0 mHa HocuTene
a(z, ). &

Onpepgenenne 1.4. ®Pazosas pyukuus ®(z, f) HasbBaeTCa Hesbl-

2P . .
poocdennot, ecau guddepeHInaIb d(ﬁ)’ j=1, ..., N, munensno He3a-
J

BucuMmsl Ha Cg mam, 4To To xke camoe, rank |[®],®) . ||=N (rank agecs
0603HaMaeT paHT MaTpPHIIE, a caMa MaTpHIa B 6oilee TOAPOOHON 3ammcu
HMeeT BUJ

PR ER) R %0

00,09, 7 08100y 001011 001 0wn

N B[ =1
2 R ERX) %0

00N 08, = 08y 08y 00y dzy T 00y Orn

u pasmepsl N x (N +n)).

IMpeagnoxenne 1.1. Fcau ® — neswponcdennan azosas Gynxyua,
mo Cgp — nodmnozoobpasue pazmeprocmu n 6 X x (RV\0).

JoxazaTeabcTBO GAHATBHO IOIYIETCSI U3 TEOPEMBl O HEABHOU
dyuxnuu. WA

Ciregyromas TeopeMa yTOIHSIET TeopeMy 1.2 B cIydae HeBHIPOXK IeHHON
dazoBoll QpyHKITHH.

Teopema 1.3. Ilycmb @ nesriposcdena, a € 77 5(X x RN), npuuem
BBINOAHEHO YCAOBUE:

«aubo p>8 u p+8=1, aubo p>d u ® aunetina no H». (1.22)

Toeda

1) ecau a umeem na Cg Hyav 6eckoneunozo nopadka, mo A(z) € C*(X);

2) ecau a=0 na Cg, mo cywecmeyem maroe bESZg(p_é) (X x RM),
umo Ig(au) = Ig(bu) npu awéom ue CFP(X).

Jameuvanune. IlocregHee yTBepXKAeHHE NOKAZHEIBAET, UTO €CIH
alcy =0, To 0600meHEY 0 QYHKINIO A MOXKHO TaKikKe ONPEIeIUTh, 3aMCHIB
a(z, 0) ma b(z, ) ¢ Ton xe Qasoson dpyuknuen. IIpu sTom b(z, §) nmeer
MEHBIINI TOPSIJ0K POCTA IO §, ITO 03HAUAET GOJBIIYIO peryIapHOCT A(z).
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g nokazaTenbcTBa TeopeMul 1.3 Ham moHag06UTCA pAT JeMM. IlepBas
U3 HIX OTHOCHTCA K 3aMeHaM IepeMeHHEIX B (yHKmnax kracca S ;. IIpe-
XKJe BCEro 3aMeTHM, UTO HMeeT CMBICI TOBOPUTSE, ITO a(z, ) € S7'5(U),
rae U — mobas koHmdeckas mo f o61acts B mpocTpancTse R? x RY, Mven-
HO, MBI 6yjeM mucatTs, uTo a(z, 0) € 57" s(U), ecin gas mo6oro komMmakTa
KCR?"x SN=1)NU (3gecy SV~! — egunmanasn chepa 8 RY) n aaa mo-
OBIX MYJIBTHHHIEKCOB «, [ CyIecTByeT Takas nocrosuuat Cy g k >0, 9T0
onenxa (1.10) Bumoanena npu (z, 0/|0|) € K u upu | 6| > 1. llpegnonoxum
Temeps, uTo 3agaH AuddeoMopdusM KoHmIeckol obractu V C R x RV
Ha KOHMYeckylo obmacTs U CIR™ x RN, mepecTaHOBOUHLIN ¢ ecTecTBeH-
HEIM JelICTBHEM MYJIbTUILINKATABHOW IPYNNEl Ry IOJOXKUTEILHBEIX H-
cexr, T. e. auddeomopdusM, mepeBogammi ToUky (¥, 7)€V B TOUKy
(z(y,m), Oy, )€U, rae z(y,n) n 6(y, ) HOIOKUTEIBHO OTHOPOIHBI
no n nopagkos 0 u 1 coorseTcTBenno. CaeraeM B Gyukmun a(z, ) sameny
epeMeHHOH, moJaaras

b(y, n) =a(z(y, n), 0(y, n)). (1.23)

demma 1.2. Ilyems a(z, §) € S 5(U) u evinoaneno odno uz caedyio-
wuzr mpex ycaosuti:

a) p+d=1;

6) p+6>1 uz==x(y) e 3asucum om n;

) 2= a(y), £=£(1).

Tozda b(y, n) € 575(V).

loxasaTelncTBo. ,/Imb(bepenumpyﬂ b(y, n), nonyuaem u3 (1.23)

b Py
—_— 1.24
am Z 5771 Z ) 9m (1.24)

ab dxy, -
dyr Z @yr Z k)ﬂj (120)

.\ a9
rae bl = :7%(93(31, n), 0y, m)); bk = %(r(y, m), 0(y, m)). Pysxamn .,
oz 09;  Odxy
?71’ oyr . oyr
mo, 0, —1, 1 u 0. ITosToMy OHM IpHMHAJIeKAT, COOTBETCTBEHHO, K1accam S,
S=1 58 u SO (B o6racTu V). YUuTLIBAA OLEHKN MPOU3BOJHEIX DYHKINU d,
MBI IOIY9UM Jerko npu |n| > 1

IIOJOXKHUTEIBHO OAHODOAHBI II0 7} IIOPAAKOB, COOTBETCTBEH-

ab _ _ n
—|<C m=p 4 ||y, (:13 —) €K,
o k(|77| |77| ) |77|
db m—p+1 m+34 ( n )

+ r, — | €K,
oy, | S Crlln] In|™*°), 1) €K
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rge K —HexkoTopsl koMnakT B V. Ectum+4d—1<m—p, . e. p+3I <1, TO
db
u3 (1.24) moxyuaeTcs onenka ‘% ‘ <20k (n)™~?. Ecam z =z (y), To % =0
I /i

I 5Ta oljeHKa mosay4daeTca u3 (1.24) 6e3 mpegnonoxenus p+ 6 < 1.
Amnanornuso, ectn m—p+1<m+4J, . e. p+6>1, To m3 (1.25) creny-

eT

ab
E‘ < 2C’K<77>m+5. JTa Xe OlleHKA [OIydaeTCa 6e3 JOIOTHUTEILHOI O
r

npeamonoxerus p+ 4 > 1, ecan 6 =0(n).

Urak, anxune onenxn suga (1.10) nposepens: mpu |a + 8| <1 gas aio-
6ou ¢Qyukunn a(z, ) ES;’?(;(U) cpazy TO BCeX Tpex cIydasx a), 6), B).
Tenepsb, AelCTBYA MO WHAYKIUH, 6yJeM CIATATH, 9TO OHU IPOBEPEHLI PN
|a+ 8| <k gas aobbix a € ngé(U). B wacTHOCTH, MBI TOAYYIaeM, ITO AI1
IPOM3BOJHEIX mopagka < k or ¢ymxmmit b) u b(j) BepHEI OleHKH KJac-
coB S™P(V) m S™*9(V) coorserctsenno. Ho Torga ma3 (1.24), (1.25)
AHAJOTUYHLIM PACCYyXKIeHHEM IOJYy9IHM CIPaBeIInBOCTE STHX OLEHOK /IS
npousBoAHbIX nopagka < (k+ 1) gaa mobon ¢pyHkuum a € S;’?(S(U). |

JJemma 1.3 (BapmanT memmel Agamapa). [yemv  @ynkyuu

®(2,0), ..., ®x(z, ) npunadaencam C®(U), ede U — konuueckan obaacmo
6 R™ x (RM\0), u noaosxcumeavno odnopodwuw no 0 cmenenu 0, npuuem
d®q, ..., d®g auneiino He3a6UCUMBL 6 MOUKAT MHONCECTNEA

C={(z,0)eU, ®;(x,0)=0, j=1,..., k}.

ITyems meneps aES;”(S(U), alc=0 u p+8=1. Tozda cywecmsyem
npedcmas.aenue

k
a=>" a;®;, (1.26)
7j=1

ede a;(x,0) € S;’?;%U), Jj=1, ..., k. Ecau npu amom pynxyua a(z, 0) umne-
aa 0 6eckoneunozo nopadka na C, mo sce gynuryuu aj(z, 0), j=1, ..., k,
maxace umerom 0 6eckoneunozo nopadra na C.

JoxaszaTeasbcTBo. JamernMm, uro (1.26) aBiasgeTca IHHEHHBIM
ypaBHEHHeM OTHOCHTENIbHO QYHKINH a;. Ilo>ToMy JOCTATOYHO yMeTh Ha-
XoAuTh GYHKINN a; ToKaabHo (mpn (x, 6/|6|), 6amskom x (20, fo/|fo]), rae
(20, o) — HeKOTOpas MPOM3BOABHO puKCHpoBaHHaA Touka u3 U). Nmo6ans-
HOe pellleHne MOXKHO CKJICHTh Ha BceM U, MOAb3yACh Pa3OUeHneM eUHULEL
ua U, cocTosammuM u3 GyHKIUN HYJAeBON OHOPOJHOCTH U IIOJIUHEHHEIM I10-
KPBITHIO U KOHHYeCKHMH O6IacTAMI, B KOTOPHIX TpeGyeMble GyHKINM d;
y#e IOCTPOECHEL.

Urax, mycts (zg, 0o) €U. Ecam (2o, 6p) ¢ C, To cymecTByeT Ta-
koe jo, 9To ®; (20, 6p) #0. Ml Moxem Torga mpu (z, §/]0]), 6auzxom
K (20, 60/|60]), monoxuts aj, =a/®;, u a; =0 mpu j # jo. Takum obpaszom,
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OCTaeTcs IPOBEPUTD CYIIeCTBOBAHNE d; JoKaabHo mpu (z, §/]0]), 6ausxom

K (zo, 00/|60]) €C. Ilo Teopeme o HeaBuon (yuxuumn P, ..., By MoxHO
gomonuuTs QyknuaMu Pryq, ..., & (I=n+ N —1) myresonn ogHopoa-
HOoCTH Tak, 94To i, ..., ®; — moKalbHBIE KOODAMHATHE Ha MHOT00GDA3NH

{(z, 8): 10| =1} B oxkpecTHOCTH TOUKH (Z0, 0y/|00|). Torga orobpaxerne
(2, 0) > (D1 (2, 0), ..., Bi(z, 0), |0]) ER xRy

asagerca Aud@eoMophHIMOM KOHUIECKON OKPECTHOCTH ayda (Zg, tHy) Ha
OTKDPHITOE KOHIIecKoe MHOXKecTBO B X Ry, rae B MOXHO CINTAThL MIApOM
8 R'. IIpu sTom o6pas C mmeet Bug {(®, |0]): &1 =...= &, =0}. Paccmo-
TPHUM TeIllepb CIMBOJI

a(®, [0]) =a(z(2, [0]), 0(2,[0])),

noayvawommica us a(z, ) mog gercrsueMm sToro auddeomopdpusma. M3
aemmer 1.2 caegyet, wTo a(®, |0]) € S7°5(B x R4). Ho Torga no dopmy.e
Huroroma—Jlen6unia

k 1
a(®, |6 :E <I>]/ YAy, . 1By, Diyr, ..., By, |0]) dt
0

~ da
rae  agy= ﬁ € Sm""s(B xR4). OcraeTca mnpomsBecTH 0GpaTHYIO
zameny. H
doxaszaTeabcTBo TeopeMmnu 1.3. Bygem cuurtats, uTo p+4 =

=1. Torga, ecin a|c, =0, To mo aemme 1.3 ¢ ®; = MOXKHO IIPEJCTaBUTH

a9,
a(z, ) B Buge
al 2P
_ +4

a_zajﬁ, a; € STE(U). (1.27)

— J

. -
OgHaxo, yauTHBag cooTHomeHne —— €'® = —f —— ¢'® Mu1 MoxeM, uHTe-
26, 26

TPUpY4 IO HacTAIM, IOIYIUTh, YTO

I@(au)zz Is (z % u)

j=1

Ho —= E Sm+6 ?(U), 910 gokasplBaeT BTOpOE yTBepKIeHHe TeopeMbl. I3

3TOro ,qoxa:;aTeJILc'rBa BIAHO, 9T0 ecau Gyuknud a(z, §) umena 0 6eckoned-
Horo nopaaxa Ha Cg, To b(z, #) Takke MOXHO BEIGpATh 0614 JaI0MIel STUM
cBonicTBoM. IlopTOMy mpm JOKa3aTeALCTBE MEPBOCO YTBEPKACHNA MOKHO
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cunTarh, 4To a(z, f) ES (Y x RN), rae M cxoan yroamo Bermko. Ho
Torga unTerparn (1.21) a6c0moTH0 CXOAUTCA PABHOMEDHO IO ¥, KaK U WH-
Terpaisl, HOLyYeHHEle U3 Hero AuddepeniuposanueM nopaika < (M), rae
(M) — 400 npu M — 400, oTkyaa u cregyet raagkocts A(z). W
Yunpaxueunune 1.10. [lokazaTs Teopemy 1.3 B ciaydae, Korjga BHIIOJIHEHO BTOPOE

n3 npegnoaoxenni (1.22) (®(xz, §) mnnenna mo 6).
Yxaszaumue. [[e1o cBogNTCA K MPUMEHEHHIO 1. B) U3 JeMMbI 1.2.

§ 2. Unrerpambusie omepaTopul ®ypbe
(ompepenenne u mpocTemime CBOMCTBA)

2.1. Onpeaenenne uHTerpamseHoro omeparopa Pdypre M ero gapa.
IIycte X, Y —o6aacTe B R?X u R”?Y. PaccMoTpuM BRIpaxkeHme

Au(z) :/ ' ®(@:v,9) a(z, y, 0) u(y) dy db, (2.1)

rae u(y) €C(Y), z€ X, ®(z, y, §) — dazosas dynxmua ma X x Y x RY,
a(z, y, )€ 5275()( x Y x RY), mpmaem p >0, § < 1.
Ilpu yka3aHHBIX TPEINOIOKCHIAX ONpeJeaeH HHTErPal

(Au, v) /// @98 a(z, y, O) u(y)v(z)dedydsd, veCP(X), (2.2)

SABASIOMINICS OOBIYHEIM OCHUIINDYIOMUM HHTErPAIOM. JIerko IPOBEPUTE,
9TO0 IpH (PUKCUPOBAHHOM ¥ BEIpaxeHue (2.2), paccMaTpuBaeMoe KakK (pyHK-
[UOHAI OT v, ompefeaseT 0606mennyo pyukumo Au€ @' (X). Takum o6pa-
30M, OlpejeneH IUHEHHBIH OIEePATOD

A: CP(Y) = 2'(X), (2.3)

KOTOPHIN MBI 6ygeM GopMalbHO 3alNCHIBATE B BAe nHTerpana (2.1).
Onpepgenennme 2.1. Omeparop A Buga (2.1) masweiBaeTcs unme-
epasvuvim onepamopom Pypve (coxpamensno NOD) ¢ dazosoit GpyHKIH-
en ®(z, y, 0).
Onpegenenne 2.2. O6o6mennas yuxnua K4 € Z'(X xY), onpe-
JeaseMasl OCHILIAPYIOMNM HHTErPAIOM

(Ka, w /// Y8 a(x, y, 0) w(zx, y)dedydd, welCP(X xY),
(2.4)
HazbIBaeTCcs AJpoM omepaTopa A.
Dpegnoxenne 2.1. a) Ky € C®(Rog), 2de

Ro={(z, y): ®)(z, y, 0) #0 daa aw06oz0 6 € RN\0}.
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6) Fcau a(z, y, 0) =0 6 xKonuueckol okpecmHocmu MHOMECMEA
Co={(z, y, 0): ®p(z, y, )=0},

mo KpeC®(X xY).

Joka3zaTelbCcTBO HeMeIIeHHO [oMydaeTca u3 Teopem 1.1
ul2 N

fAapo K4 aBageTca o6uI9HLIM a1poM onepaTopa A B cmeicae JI. Illzapma
BBUIY OYEBUIHON (hOPMY.IBI

' o0 e}
(Au, v) =(Ka, u(y)v(z)), wveCF(Y), veC?(X). (2.5)

Ynpaxueunune 2.1. [Iposepurs, 9to agpo K 4 0IHO3HAYHO ONpPEAENAETCA OTO-
6paxenneM (2.3), 3ajaBaeMHIM onepaTopoM A, M, HA060POT, OJHO3HAYHO ONpEJENdeT
2TO0 0T06pa)KeHHe.

3 aMedanue. Jlerko mpuBecTn IpuMep ABYX Pa3IUYIHLIX nap (azoBas
dbyukuns — ysxnus a(z, y, 0), oupeJeldoOnMX 0JHO U TO XKe 0TOOpaxe-
une (2.3). Boaee Toro, kax mpasmio, GyHknusa a(z, y, §) HeoIHO3HAUHO
ompefeneHa onepaTopoM A gaxke npu ogHOU U Tou xke (pazoBon pyukiun P.

2.2. OnepaTopusie ¢da3zoBeie QPyHKIMH.
Onpegenenne 2.3. Pazosas pyukuns P(z, y, ) HazwiBaeTCa one-
pamoprot Pazosoti PyHryueti, eCau BLIIOJIHEHB! CAEAVIONINE IBA YCIOBIA:

@, o(z,y,0)#0 mpu 0#0, z€X, yeV; (2.6)
@, o(x,y, 0)#£0 mpm 0#0, z€X, yeY. (2.7)

Poab 5Tux ycaoBunl BEIACHSIETCS B CAEIYIOMINX ABYX IPEIIOXKEHUAX.
IMpeganoxenune 2.2. Ecau svinoaneno ycaosue (2.6), mo onepamop
suda (2.1) nenpeprieno omobpancaem C3°(Y) ¢ C(X).
JoxaszaTeunsctso. Uarerpan (2.1) caMm yxe ompefeneH Kak ocC-
IIUIINPYIOMINEA UHTErPal, 3aBUCAINNN 0T mapaMmeTpa z. Ero mpoussongusie
o z uMetoT aHajsorudusn sug. W
B gamsueinmem &' (V') ozmadaeT gyansHoe npoctpancTso Kk C (V) (mpo-
CTPAHCTBO 06OOIICHHEIX PYHKINH ¢ KOMIAKTHEIM HOCUTEIEM B Y ).
IMpegaroxenne 2.3. Fcau svinoaneno ycaosue (2.7), mo omobpa-
acenue (2.3), onpedeasemoe unmeepason (2.1), npodoancaemea do auneri-
HO20 HENPEPHIBHO20 OMOBPANCEHUA

A: £'(Y) > Z'(X) (2.8)

(nenpepvienocmb MoxcHO nonumams, 66oda 6 &'(Y) u Z'(X) caabrie mo-
noaozuu *)).

*) HanomHuuM, 9To c1abad TONOMOTHA B TpocTpaHcTBe ', cocToAmeM n3 nHeAHEIX
dbyuKunonanos Ha npocTpaHcTBe F, onpegenserca HabopoM noayHopM py (f) = |{f, ¥) |,
rae fEFE’', ¢ — mo6ofl GUKCUPOBAHHKIN BJIeMEHT MPOCTPAHCTRA .
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JokaszaTeasncTso. TpaHCIOHUPOBAHHBIN OIEPATOP

fAv(y) = // ' (.9, 6) a(z, y, 0)v(z)dz df (2.9)
B CIIy IpeNIoXKeHnsA 2.2 onpegenseT oToGpaxKeHue
PA: O (X) — C™=(Y),
u ocTaeTca onpefeanTs A ¢opmyaon
(Au, v) = (u, *Av),

rreued(Y), veCgP(X). 1

Yunpaxuenune 2.2. [IpoBepurs, 9T0 onpegeeHHEN TakuM o6pa3oM onepaTop A
ZEeNCTBATENBHO ABIAETCA NPOJOIKEHAEM 0To6pakeHnd (2.3) MO HENPEPHIBHOCTH.

Taxum o6pazom, IOP A c onepaTopuon dazoson pyuknuen ® orodbpa-
xaeT CP(Y) B C®(X) u &'(Y) B Z/(X). MBl uayunM celiuac H3MeHeHHe
HOCHUTEIs CHHTYASIPHOCTH TOJ AelicTBUeM A.

YcaoBumca o6 ogmom ob6oszmHadenun. Ecim X, Y — gBa MHOXKecTBa,
S — mogmuoxkecTBO B X X Y m K —moaMHOXkecTBO B Y, To So K —moa-
MHOXECTBO B X, COCTOsIIee U3 TeX ToUeK & € X, I KOTOPHIX CYIIeCTBYeT
Takoe y € K, uro (z, y) €S.

Teopema 2.1. Hmeem mecmo ekatoueHue

sing supp Au C Sg osing supp u, (2.10)

2de Sg = (X xY)\Rg cocmoum uz mez nap (z,y), daa Komopuiz cyuye-
cmeyem makoe § € RNV\0, umo ®)(z, y, 6) =0.

JoxasaTeuascTso. Pasbusas o6obmennyo ¢yakuno u e &' (V)
B cymmy ¢yuknnu uz CF°(Y) n 0606meHHON HYHKINH, COCPEIOTOUICHHON
B OKPECTHOCTH Sing Supp u, Mbl BUANM, 9TO JOCTATOYHO NPOBEPUTL, ITO

sing supp (Au) C Sp osupp u.

Moaoxum K =supp u, u mycTsh K’ — IpOU3BOILHEIN KOMIAKT B X, He
nepecekatomuics ¢ Sg o K, Tak uto K’ x K C Rg. Tak xak Rg OTKpHITO,
TO CYLIIECTBYIOT Takue OTKpHITHE okpecTHOoCTH  u ) xommaxTos K u K',
arto Q' x QC Rg. Jocrarouno nposeputs, uto Aue C'(Q'). Ho sTo scHo,
Tak kak Ka(z, y) € C®°(Rg) un, B gacTtHocTH, KA(2, y) €C™®(Q' x Q). B

Ynpaxuaeunue 2.3. [[poBepuTh HCMOML30BAHHOE BHINIE Y TBEPXK IEHUE O TOM, YTO
ecin K 4 € C™(Q' x §2), To onepatop A oro6paxkaer &'(2) B ¢ ().
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2.3. IIpumep 1: aagaya Konm gag BoanoBoro ypaBuenus. PaccmoTpum
sagaay Komm

f ‘
=7 =Af; (2.11)
flizo=0,  fli=o=u(2), (2.12)

rge z€R”, f=f(¢t, ), A—nannacuas mo z, I OycTh BHadale u(z)€
€ C§°(R"™). Byaem pemats 3agagy (2.11)—(2.12) ¢ noMormsio mpeo6paso-
Banus dypee 10 z, moTaras

ft, &)= / L, y) dy.

Torga nmeem, o4eBUIHO,

IS el f ¢, (2.13)

ot?
£) (2.14)

f|t:0:01 .)Z‘;t/|t:O:ﬂ y
rae 4(¢) —npeo6pasosanue Pypoe Gyukmun u(z). Us (2.13) u (2.14) aerko

caeayeT, ITO

(
(
x sin ]|

fie o =e) =

CuaegoBarensHo, no ¢popmyae obpamienus npeobpasosanus Pypre

1, r):// =€ €| sin ¢ | €| u(y) dy dE =
= [[ el e - e uy) dy .

Mzul xoTuM pa3buTh HOCACAHNI WHTErpal B CYMMY IBYX HHTErDAaJoB,
KAz JBIH M3 KOTOPHIX coJepkuT ogny u3 skcmomenT e'tlél g e=7l¢l O mrako
5TO IpHUBeJeT K NoABaeHNI0 ocobernrocTn 1ipu & = 0. UT065HI M36€XKaTL 3TO-
ro, BBeJeM Takyio cpesatomyio yukmuio x = x(€) € C§°(R"), ato x (&) =1
B6am3n 0 1 pazobbeM MHTerpaft Ha TPH IACTH

ft, 2)=fr (@, )= f-(t, )+ r(¢, 2), (2.15)

rjae

Falt 2)= [ [ e el 0o e ilel) aye,
folt, 2)= [[ e e @ x(e)) 2ile )y,
it 2)= [[ DO €] s €] dyde.
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Acno, nanpumep, uro fy = Au, rge A —UNODP c dazoson GpyuxnuUen

DTo —onepaTopras pasosan pyrkmud. [lockoaexy ; =2 —y +1£/|€ |, Mbt
Hoaydaem

Co=A{(t, z,y, &) y—x=t&/[¢]},
S<I>:{(ta T, y) |$_y|2:t2}'

AnamornmuseiM o6pazom BTOopon wieH f_ (¢, #) mpeacTaBisgeTci B BU-
ae f_ = Au, rze A—TO® c daszosoit pyuxmmeir

ot v, y, §)=(z—y)- £ -],
HMeIOIIeH To Xe caMoe MHOXKECTBO Sg = Sg.

TpeTunn «ieH o4eBHIHEIM 00paszoM mmeeT Bug r= Ru, rge R —uHTe-
rpaabHb onepaTop ¢ raaakuM (C'*) sgpom. Jlerko BUgeTh, YTO OH TOXE
MoxkeT 6bITh 3anucal kax 1O® suga (2.1) ¢ mo6ol Hanepes 3aJaHHon (a-
30BOI (pYHKIUEN M ¢ aMIIATYAoR a € S~ (cM. TakkKe ynpaxkHeHue 2.4).

Taxum o6Gpa3oM, MBL BUAUM, 9TO KaxXAbIH U3 wieHoB fi(t, z), r(t, )
MOXeT OBITL MpeJCTaBIeH Kak pesyabTaT npuMenenus MO x mavams-
HOMY yCIOBHIO ¥. B WacTHOCTH, cOrIacHO mpeinoxeHuo 2.3, MBI MOXeM
onpegeauts f(¢, x) gaa mo6oro u € & (R™). Ilo Teopeme 2.1 ocobGennocTH
o6obmenHon dyukunu f(I, ) cogepxkaTcsa B MHOKECTBE

{(t, z): 3y E€sing supp u, |z —y|*=t}.
OTO KIACCHYECKUI Pe3yabTAT, O3HAYANOIINH, ITO OCOOGEHHOCTH DPACIPO-
CTPAHAIOTCA CO CKOPOCTBIO ¢BeTa (B JaHHOM ciaydae pasHoi 1). B wacTHO-
cTH, 0cO0EHHOCTH (QYHIAMEHTAILHOTO DelleHns (T. €. PelleHnus, COOTBET-
CTBYIOIIEr 0 HaJaIbHOMY U310keHno u(y) =0 (y)) IpuHAITeKAT CBETOBOMY
xomycy |z |2 =12

OTMeTnM Takxe, 9TO ecan ME 3a(pUKCIPyeM MOMEHT BPeMEHHU tg, TO
D, (z,y,&)=B(to, z, y, {) ocTaeTcsa onepaTopHol pazoson Gpyuxuuein. Cre-
JoBaTelIbHO, oToOpaxenue u — f(tg, ) nmpeacrasaser cobon NOD.

2.4. TIpumep 2: nuuennrie AuddepeHmanrsune omepaTopsl. [IycTs
A= 3" aa(z) D%, (2.16)
la|<m
rae ay(z) € C*®(X), X —o6aacts 8 R n D =i"'9/dx.

ITonb3yace npeo6pazoBanneM Pypbe, MBI MOXKEM HANUCATH

D u(;r):// £ =€ y(y) dy e,
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OTKya
Aua)= [ [ D€ oata, e uly) dy e (2.17)

raeca(z, &)= Y. aq(z)&* nazmBaeTca cumeogonm oneparopa A. Tak kax
lal<m

oa(z, &) €S™(X xR™), To u3 (2.17) Buaso, uro A asaserca IOD c daso-
Bonl Gyuknuen ®(z, y, &)= (z —y) - &.

2.5. Ilpumep 3: nceBgoauddepeHIMATEHEIE ONIEPATOPH.

Onpegenenne 2.4. Ilycte nx =ny =N =nu X =Y. Torga UOD
¢ dazoson pyuxmueir ®(z, y, £) = (z — y) - £ HasbBaeTca ncesdoduddepen-
yuaavroim onepamopom (coxpamenso II10). Krace IO, koTophle MOKHO
OIpefeauTH ¢ moMompbilo (GyHknua a(z, y, &) ES;’?(;(X x X x R™), Mbl Gy-
JeM 00603HAYATDL Iepe3 Lgé(X) UIN TIPOCTO L’:é. Bmecro LY Gyaem nn-
cate L™. Homoxum L~ = L™.

m

Kax moxasniBaeT MpeABIAYIINN NPUMEpP, BCAKUN JUHENHBIN guddepeH-
nuaabHeI oneparop sasasercs [1J0.

Mu ykaxem cendac Te cBouctBa II/JO, xoTopble BEITEKAarOT U3 yixKe
JokazauHBIX cBolicTB 1O D.

MDpegnoxenne 2.4. ITyemv A —I110, 3adannviii gopmy.aoii

Aua)= [[ @0 %ata, v, &) uty) du e (2.18)

K4 —adpo onepamopa A u A — duazonaaw 6 X x X. Toeda
a) K4 eC™((X x X)\A);
6) onepamop A onpedeasem AuHeliHblE HENPEPLIGHBIE OMOBPANCEHUA
A: CP(X) = C™(X), (2.19)
A: &'(X)—= 2'(X), (2.20)

npuuem ecau u € &' (X), mo
sing supp Au C sing supp u, (2.21)

(3TO CBOWCTBO HA3BIBAETCA NCE6J0A0KAALHOCMbIO onepaTopa A);

B) ecau dynryua a(z, y, &) ES';”L(;(X x X x R™) o6pawaemcs 6 0 npu
r=y u d<p, moonepamop A modxHo zanucamb 6 eude (2.18), 2de eme-
emo a(z, y, §) cmoum b(z, y, &) € Szg(p_d) (X x X xR™);

r) ecau a(z, y, &) umeem npu r=y Hyab 6ECKOHEUHOZ0 NOPAOKA, MO
Ka€C®(X x X) u onepamop A omobpaxcaem &'(X) 6 C®(X).

Joka3zaTelbCcTBO MOpPeJOCTABIgETCA UUTATETI0O B KadecTBe
yTIpaKHeHUA.
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Ynpaxuenne 2.4. Iycres K(z,y) EC®(X x X) u A—oneparop us C§°(z)
B C®(X) c agpom K(z, y). Jokazark, aro A —TI1JIO, npndem ero sanuck (2.18) MoxkHO
BHOpaTh Tak, 4To a(z, y, ) € ST (X x X X R").

Ykaszanune Ecm x(€)€C§(R™), x(§)=20n /x(f) dé =1, To MBI MOXXeM I0JI0-
KATH ‘

a(z, y, €)=Kz, y) x(€).

3aMeTuM, YTO JuMHeHHBIe AudQepeHIInaILHEEE OmepaTopsl 06/1a1a0T

CBOﬁCTBOM AORAABHOCTIU:

supp(Au) Csupp u, u€Cy°(X). (2.22)

Caeaymolnee ympaxkHenune nokassiBaeT, 9To 14 [I10 »To, Boobwme ro-
BOpH, He TakK.

Yunpaxuenne 2.5. [lokazaTs, 9To oneparop c agpom K (z, y) € C® (X x X) ne
MoxeT 06/1a1aTh CBOUCTBOM JoKaabHOCTH (2.22), ecan Toasko K(z, y) Z0.

Jagaga 2.1. IlycTs gaH JUHEHHBIN HEIPEPLIBHLIN ONEPATOD
A: CP(X) = Cg° (X)),

0613 Jarommuil TokanbHocThio (2.22). Torga gas mo6on mogobaactun X' C X,
3aMBIKAHIE KOTOPOU €CTh KOMIakT B X, orpanndenue A na C§°(X') aBaa-
eTcd IuHeNHLIM AuddepeHnnaIbHEIM OIePaATOPOM.

Yxkasanuue. [[porepuTs, 9To Npu Kaxk oM GUKCHPOBAHHOM rg € X JHHEHHBIH
dyuxumonan na C§°(z), pasuumi (Ap) (z9) va bdynkunu ¢ € C§°(X), cocpegoroden B
ToYKe T U, CJe0BATENLHO, MOXKET GHITh 3alNCaH B BHUIE

(A¢) (20) = aa(z0) (D*¢) (z0).

BEIBECTH M3 HEMPEPHIBHOCTH A TOKATBHYIO KOHEIHOCTE HATTMCAHHOH CYMMBI U TVTATKOCTh
(o zp) xoaddunmenTOB an(T0).

§ 3. Aare6pa nceBgoauddepeHIUATLHEIX 0IEPATOPOB M X CHUMBOJIOB

3.1. CoGcreennsie ncesgoaudPepennuansusie onepatopel. [Iyctes A —
110, K4 —ero sapo, supp K4 —HocuTens sipa K4 (HanMeHbIlee n3 BCex
3aMKHYTBIX ToaMHOXecTB /4 C X X X, Oad KOTOPBIX KA|(X><X)\Z =0).
PaccMoTpuMm xamHoHmYUeckHe HpOeKIUu i, To: supp K4 — X, moaydae-
MBIe OTPDAHUYEHUEM COOTBETCTBYIOIINX IPOEKIUN NPIMOLO NPOU3BEe-
mus X x X. Hamomunwm, uro mHenpepwiBHOe oToOpaxkenue f: M — N, rae
M, N — Tomosorudeckue IPOCTPAHCTBA, HA3BIBAETCA COOCMEEHHbBIM, €CJII
ans mo6oro xomnakta K C N ero mpoo6pas f~ ' (K) sBaseTcs KOMIAKTOM
B M.

Onpegenenne 3.1. IIT0O A masbiBaeTca cobecmsenHbim, ecan obe
IpoeKuun 7y, Ty : supp K 4 — X ABIAIOTCA COGCTBEHHEIME OTOGpaXKeHUAMU.
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IMpumep. Juuennwml guddepeHnnaIbselil omepaTop (cM. m. 2.4)
aBagerca coberBenHbiM IIJTO (B sTom caywae supp K4 — gunaroHais

ACX xX).

ODpegnoxenune 3.1. ITyemv A —cobemeennviii ILJO. Tozda A
onpedeasem omobpanicenue

A: CF°(X) = C3° (X), (3.1)
Komopoe npodoaxncaemca 0o HENPEPLIGHBIL 0MOBPaNceHUl
A &'(X) = &'(X), (3.2)
A: C®(X) = C®(X), .
A 9(X) = 7'(X). (3.4)

JoxaszaTeunsctso. Ecm u(y) € C§°(X), To mMeeT MeCTO BKIIOTe-
HIC

supp (Au) C (supp K 4) o (supp u). (3.5)

B camom gexe, ecan v € C§°(X) Taxoo, aTo supp v N (supp K 4)o (supp u)=
=, To supp K4 Nsupp [u(y) v(z)] =&, u nosromy (Au, v) =0 BBUEIY OD-
Myast (2.5). Janee, u3 oueBHAHON (HOPMYJIBI

(supp K4) o (supp u) = (supp Ka N7y ' (supp u)), (3.6)

clIegyeT, 9TO B mpaBoll acTu (3.5) crout xoMmmakT, Tak ¥To Au € CF°(X),
u J0Ka3aHo, 9To A ocymecTsiseT oTo6paxenue (3.1), HeIpepBIBHOCTE KO-
TOPOT0 JerKO IPOBEPACTCA.

IMockoasky aapo K:4 TpaHCIOHNPOBAHHOTO omepaTopa ‘A momydaeTcs
u3 K4 mepectanoskoll z u y (Tounee, (K, w(z, y))=(Ka, w(y, z))), To
omepaTop ‘A Taxxke ompejeaseT HeIpepLIBHOE 0TOOpAKEHIE

PA: OF° (X)) — CF° (X)),

9TO IO ABONCTBeHHOCTH JaeT A A orobpaxenue (3.4). Hakowmen, dop-
Myaa (3.5), kak Jerko IpoBepuTh, HpuMeHuMa u mpu u € &'(X), oTkyaa
noaydaercsa oTobpaxkenne (3.2). A MOCKOIBKY 3TO ke MOXKHO CKasaTb U
06 'A, To mo gBOHICTBeHHOCTH HOIydaeTca oTobpaxenue (3.3). WM

Yunpaxuenune 3.1. I[lycres X, — Takas mocieqoBaTeJbHOCTh OTKPHITHIX TOJ-
MHOXecTB X, 9T0
1) X1 CX2C...CXnC...,
2) U Xn=X,
n

3) samuKanne X, MHOXeCTRa Xp, B X ABIAETCA KOMNAKTOM B X .

Mycts xn(z) €CSC(X) n xn(z) =1 npu z € Xp.

Iycts, nakonen, A — co6crennnit [I/10 B X. IlokazaTs, 9To ecan u € 2'(X), To
g mo6oro m Haigerca Takoe N = N(m), uro o6o6mennan yuxmmsa [A(xnu)]|x,, npu
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n > N ne 3aBucut ot n. Takum 06pa3oM, MEl MoxkeM onpegeants Au € #' (X)) dpopmynoi
Au= lim A ). 3.7
u= lim A(xnu) (3.7)

IMokazaTh, 9TO TO ONpeJeleHUE COBNATAET C ONPE/IeJeHUEM, TAHHLIM BHIIIE B JOKAa3a-
TeJAbCTBE Npeaaoxenusa 3.1.

Yunpaxuenne 3.2. Ilokasars, aro Ha C'™°(X) coBnajamoT Bce TpU yKasaHEIX
BHIIIIe omnpefgeneHus co6creennoro 110 A:

a) Mo JBOMCTBEHHOCTH K oTobpaxennio ‘A: &/(X) = &'(X);

6) xak orpanmdenne Ha C'°°(X) oro6paxkenna A: Z'(X)— 2'(X), nocTpoeHHoro
no ABolicTBeHHOCTH K oTobpaxenmo ‘A: C§° (X) = C§°(X),

B) no ¢opmyae (3.7).

Ynpaxuenune 3.3. [Ipoeeputs, uto onepatop A ApageTca cO6CTBEHHEIM TOTIa
" TOJBKO TOT[a, KOTJa COGCTBEHHEIM ABIAETCA onepaTop 'A.

Poas cob6crennnx IO cocTonT B TOM, 9TO OHI 00pa3yioT aire6py,
B KOTOPOH POIb YMHOXEHHS HIpPaeT OOBIMHOE YyMHOXKEHHE (KOMIIO3MINA)
OIepaToOpOB. DTO yTBEpXK AeHIe OyJeT AOKA3aHO HUKE, a I0KA U3 IPELIo-
xenusa 3.1 BugHo, 9TO KOMmozuius A1 o As a1Byx co6ctBenunix IIJ0 ompe-
JeleHa KaK JUHEHHBIN HeNPEepPLIBHLIN onepaTop B nmpocTpancTBax C§°(X),
&'(X), C*(X) nmm 2'(X).

OtmeTn™, uTo u3 (2.18), sagatomen IIJO A wepes a(z, y, £), He BugHO
cpa3sy, 4To oHa npuMennMa upn 4 € 9'(X) (win xora 651 npu u € C°(X)).
ITo He YAUBUTEIBHO, NOCKOALKY QyHKINA a(z, y, {) He ompeaelseTcsa 0IHO-
3Ha4HO omepaTopoM A. OHAKO, IOAB3YSICH HTUM IPOM3BOIOM, MEI MOXKEM
BBIOpaTh a(z, y, ) Goaee ygadiHo.

Onpepgenenne 3.2. Bygem HazwBaTh pyukuuo a(z, y, ) dyuryu-
eti ¢ cobemeEeHHbLM HOCUMEAEM, €CIH 06e IPOEKIINN

T1, T2t SUPP, 4 a(z, Y, §) = X

ABAAIOTCA COGCTBEHHBIME OTOGpaxeHUAMN (Iepes supp, , a(z, y, §) o6o-
3HaYaeTCA 3aMBIKaHUe Ipoekiuu supp a(z, y, ) sa X x X).

Acro, uTo B 3TOM caydae coorBercrBytomun IIJ0O A sBaserca cob-
CTBEHHBIM.

Opeanoxenne 3.2. Bcau A —cobemsennnii IO u A€ L7 5(X),
mo onepamop A mosxcno 3adame dopmyaot (2.18) ¢ dynryueii a(z, y, &) €
ESQ}%(X x X x R™), umeroueti cobcmeenHbiti HoCUmMeb.

JoxaszaTeascTBo. Iycts x(z,y)€C®(X x X), npuuem
x(z, y) =1 B oxpecTHOCTH Supp K4 u 06e mpoeKnuu 71, Ty SUpp X — X
ABIAIOTCA COGCTBEHHBIMI O0TOOpaXeHUAMH (IPOBepbTE, ITO Takad (PYyHK-
nus cymectsyeT!). Torga, manucas B (2.18) Bmecro a(z, y, ) dyukumo
x(z, y)a(z, y, ), MBl He m3aMeHuM sgpa K4 u, clegoBaTelbHO, He H3Me-
HEM omlepaTopa A, B To BpeMs kak QyHxuus x(z, y) a(z, y, ) yxe nMeer
co6cTBennubil HocuTeab. M
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OrmeTn™, 4To ecan GyHknug a(z, y, ) IMeeT COGCTBEHHEIN HOCHTED,
To unTerpal (2.18) mpum u € C*(X) ompefeneH, ecin paccMaTpUBATB €T0
KaK MOBTOPHLIN.

Mpegnoxenue 3.3. Beakud IIT0 A moncem b6vims 3anucan 6 su-
de A= Ag+ Ay, 2de Ag —cobemeennniti 110, a Ay umeem adpo Ka, €
€C™(X x X).

JoxaszaTteanscTBo. Ecim A 3agaerca B Buge (2.18) ¢ ¢dynxun-
e a(z,y, ), To MoxHO 3agaTh Ag m A; B TOM Xe BHIe, IOICTABUB
BMecTO a(z, y, &) dymkumun ag(z, y, &) =x(z, y)a(z, y, &) n ai(z, y, &) =
=(1—x(z,y))a(z, y, &), rae byukuns x(z,y) pasHa 1 B oKpecTHOCTH
guaronaaun A C X x X u TakoBa, 9TO 06e IPOEKIUU 71, Mo: supp Y — X
ABAAIOTCA cOGCTBeHHBIMU oToOpaxenusmu. Wl

ODpegnoxenune 3.4. ITyemp A —II00. Toeda A ssasemcsa cob-
CMEEHHBLM Mmo2da u moabko moada, Koa2da evinoaneHvl caedyouue dea
YcaosuA:

a) daa awboeo komnakma K C X cywecmeyem maxod xomnaxm Kq C
C X, umo u3 eéxawouenus supp v C K swmexaem, umo supp (Au) C K1;

6) mo ace camoe ycaosue ¢ 3amenoti A na ‘A.

JoxazaTensbcTBo. HeobxoguMocTs ycioBuil a) m 6) BHITeKa-
eT u3 ¢opmyasl (3.5). JokaxeMm AOCTATOYHOCTL. IIpOBepHM, HAIpPHMED,
YTO TpoeKnusa my: supp K4 — X saBAseTca COGCTBEHHBIM OTOGPaKEHH-
eM. Ilycte K —mio6ou kommakT B X. Hamgem xommakT K1, 0 KOTOpOM
roBOpPUTCA B M. a), U mpoBepuM, uTo 7, (K)Nsupp K4 C K; x K. Ecan
(zo, yo) € (X\K1) x K, To ecan raagkas pyuxnus w(z, y) =u(y)v(z) co-
CpeJOTOYeHA B OKPECTHOCTH (Zg, Yo), TO (K4, w) =0 B cuxy ycrosus a). Ho
TOTJa 3TO ke BePHO IO JUHEHHOCTH U HENPEPLIBHOCTU AidA ai06on GyHK-
mun w € C§°(X x X), cOCpefoTOUEHHON B OKPECTHOCTH (Zg, Yo), OTKYAa
u cregyeT Tpebyemoe Braodenue.

3.2. CumBoa coGcTBeHHOT O TIceB A0 AU epeHIMATBEHOT 0 OIEPATOPA.

Mzl xotuM aas amo6oro coocrsertoro IIJ0O A onpeneanTs ero cuMBoa
aHAJIOTUYHO mpuMepy 2 u3 § 2.

YkaxkeM cpa3y, 9TO B 3TOM IpIMepe CIpaBednnBa (hopMy.Ia

oAz, §) =c_¢(z) Ace(z), (3.8)

rae e¢(z) = '™ ¢. OTMeTn™, 9TO ImpaBasd IacTb ee UMeeT CMBICT U I COG-
crBennoro II10 A.

Onpegenenne 3.3. Ilyctb A—co6crBennnn ITIJO. Ero cumsonon
(mam noanvim cumeoqom) HazwBaeTea GyHKIUA 04(2, {) Ha X x R” ompe-
JeneHHas popmyaon (3.8).
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Tockoasky e () sBaseTcs GeckoHedHO AupdepeHIEpyeMon GpyHKIIen
ot £ co smadenuamu B C*°(X), a A —IMHEHHBIN HENPEPHIBHBIA OIEPATOD
B C™(X), To sicHO, uTO 04(z, £) Takxke ABIAeTCA GeckoHedHO AupdepeH-
nupyemonl QyHknuenn ot & co 3Hadenmuamu B C'*(X), oTkyaa oa(z, &) €
€C™(X xR"™).

3amuceBas u(z) € C§°(X) ¢ momomibio (HopMyIsl o6palteHus mpeobpa-
3oBanus Dypee B BujeE

u(z) :/ ee(z) u(é) de

U 3aMedas, 9TO HHTerpal cXoauTcs B Tonogorun C°(X), Mbl BUAUM, 9TO

Au(m :/ 6. 60’A( 6) ﬂ(&)dg (39)
// i@=0)€ g, (2, €) uly) dy de (3.10)

(nHTerpax mOHNMAaeTCA KaK MOBTODHEIN), YTO COBNAJAET C COOTBETCTBYIO-
menn popmyaon gas gud@epeHuaIbHBIX OepaTOPOB.

Kaxk noxaseiBator ¢opmyast (3.8) u (3.9), cumBox o 4(z, ) onpegenser
omepaTop A m onpegeaseTcs UM.

B paapuenmem 6ygeT gokazaHo, 4To ecanm A€ L;”;(;(X) u d<p, TO
oa(r, &) €S 5(X xR"), Tax uTo (3.10) MoxHO GyeT TOHIMATE I KaK OC-
nuaInpyommi naTerpan (uaTerpaln (3.9) abcomoTHO cX0AUTCS).

Jameuanue. Eciu A—mwo6on IIJO B X, To 9acTo ero cuMBoIoM
IJIN TIOJHBEIM CHMBOJIOM HA3BIBAIOT CHMBOI 0 4, (2, £) TaKoro co6CTBEHHOTO
II40 Ay B X, ato A— A; € L™°°. B 5ToM caydae cUMBOI OIpeJeleH He-
OJHO3HAYHO, XOTs, KaK OyJeT BUAHO U3 TaJbHEHIIer o, JI00ble IBa CUMBOJA
oTanyanTca Ha pyakumo r(z, {) € ST (X x R?).

naIn

3.3. AcuMnToTHYEeCKME PA3TOKEHUA B KJIACCAX S’ P
Onpegenenune 3.4. Ilycts a;(z, H)ESm](XxRN) j=1,2, ...,
m; — —00 IpH j — +00, U MycThb 3ajana ¢yrknus a(z, §) € C*°(X x RY).

Byaem nucats, uTo .
a(z, 0) NZ a;(z, 9),
j=1
ecan A1dA I060T0 Ieaoro r > 2
r—1
)= aj(x, 0) € STH(X xR, (3.11)
i=1

raoe m,. —max m]
izr
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Omcioia, B 9aCTHOCTH, CIeyeT, 9TO d € ST;(X x RY).

IMpegnoxenne 3.5. Fcau 3adana nocaedosamesvnocmsv a; €
ESZ?%(X xRN), j=1,2 ..., npuuem m; — —0o npu j— 400, mo cyuje-
cmeyem maxas pyuxyua a(z, #), umo

00
an E aj.
j=1

[oe)
[asee, ecau dpyean Pynryua a’ obaadaem mem sce ceoticmsom a’' ~ >, a;,
7j=1
mo a—a' €S5™®(X x RN).
doxaszaTeabcTBo. Bropoe yTBepxkieHue oueBugHO. J[JokaxeMm
nepsoe. MoXHO camTaThL, 9TO M1 > My > m3 > .... B camoMm gene, ecan 3To
He Tak, TO OOBeJUHUM IMEPBBIN WIeH C HEeCKOALKWMH MOCAeIYOMIAMHA [0

[IOCIe JHET 0, NMEIOLIEr0 NOPAJOK > My . IIepBhIll n3 ocTaBUIIXCSI 00BeINHA-
[e]

eM aHagormuHeM o6paszoM u T. 4. Ilyete X = () X, rge X; — oTkpeITOE
j=1
nogMHoxecTBO B X, npudeM K; =X; €X (t.e. K; —xkomnakT B X). IIycTs

p(0) €C(RY) n

Mgzl moaoxuM
(z,0)= Z ( )a] (z, 6), (3.12)

rae t; Tax 6BICTPO CTPEMATCA K +00 HpH j — +00, ITO

Jg ag[ ( )aJ (z, a” gyms-1=slal 315 (3.13)

npu z€ K; u upu |a|+|8|+1<j. Ilokaxem, 9T0 3TOr0 Bcerjga MOKHO
J0OUTHCA.
3ameTnm, 4TO

a¢(§)‘<ca<9>—|°<', t>1, (3.14)

rae C, He 3aBucutT oT t, T. e. 111 @(f/t) npn ¢ > 1 BHINOIHEHB! OLEHKU
kracca SY , paBHOMepHO To t. B camom gere,
:

se(3)=050) (5) 17w 101<e<2l0]

npu 6 €supp dy ¢(6/t), oTkyna u BeITekaer (3.14).
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Hanee, 3 (3.14) cregyer, uTo

97 97 [o(%) s, 0)] | < Cytoymsrieteola,

ecin €Ki, t>1u|a|+|8|+1<j. 3ameTnm Teneps, 9TO

<g>mj—p|oz|+6|ﬁ| Le(B)ymi-1 —rlal+318|

npu (§)™i-1 =™ > 1/e. HlosToMy BEIGOPOM t; MBI MOXKEM JOGHTHCA BBIIOJ-
menus (3.13). Us (3.13) caeayeT cxognmocts paga (3.12) sMmecte co BceMu
IPOU3BOJHLIMI, PaBHOMepHas Ha mio6oM kommaxkTe K C X, U TpH JIO6BIX
¢duxcuposanubx @, 3 u l motydaeTcd, 9TO

o
0 -
g 0 l 3 go(r) a;(z, 0)|| <2 (@Y™ —rlel sl b e K
j=r+1 J
r
IosTomy a — 231 a; €5, (X x RY). Tax xax a, € (X x RY), To oTciona
]:
r—1
clefyeT, 9To a — y, a;j € ;ng(X X RN), 4T0o u TpeboBarocs. M
:1 ’
! o0
Cregyomee npeinoxerne 0061er4aeT IPOBEPKY TOTO, ITO d~ y | ;.
7j=1

MDpegnoxenune 3.6. [Hycmo ajESZ?g(X x RNY, mj — —oco npu
j— 400, a€C®(X x RY), npuuen das ao6ozo xomnaxma K C X u arobwizx
myavmuundercos a, f cywecmsyiom marue nocmoauuvie p=p(a, B, K)

u C=C(e, B, K), umo
|05 02a(zx, 0)| <C), zEK. (3.15)

Masee, npednoaoscum, umo daa awbozo xwomnaxma K C X cywecmey-
0m Mmaxkaa wucaosas nocaedosameavnocmsv = (K), 1=1,2, ..., u
makot nabop nocmoaunviz C;=Cj(K), umo pu— —oo npu =400 u
6bINOAHEHBL OYEHKU:

-1
a(z, 0) = aj(z, 0)| <Ci (O™, z€K. (3.16)
j=1

o0
Tozda a~ )" aj.
7j=1
CyTs 5TOro mpefIoKeHus B TOM, 9T0 BMecTo (3.11) oHO mo3BoaseT mpo-

BepATH ONEHKH OCTATKa JUIIL a4 caMuX (GyHKOuH (a He 11 BCeX MPOM3-
BOJHBIX), €CIH 15 IPOU3BOAHBIX 0 0% a TapaHTUPOBAHBI JOBOILHO C1abbLIE
omenxn (3.15).
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JdokazaTeanCTBO ONUpaeTCA Ha CAEIYIONLYI0 XOPOIIO U3BECTHYIO JeMMY.
Jdemma 3.1. Ilyemv dynryua f(t) umeem uenpepvievie npou3soo-
note f'(t) u f'(t) npute[-1, 1]. IHoaoxncum

Aj= sup [f9@)], j=0,2.
—-1<tg1

Toada
|£(0)2 < 440 (Ao + Aa). (3.17)

HdoxaszaTeasncTtso. [lo Teopeme Jlarpanxa
Lf/(t) = £(0) [ < Aslt].
Hootouty | f/(1)|> £1£/(0)| mpm Aslt|< ] £/(0)]. |#]< 1. OBosmarme
A = min If 0)|

1} Tax 9To | f'(¢)]|> %|f’(0)| npu t € [—A, Al. Imeem

240> | £(A) — f(~A)| z2a - LSO

2
CiegoBaTennHo,
2A 2A5
"0)] < =2 =24, max ,1}.
|.f()|\ A 0 |f’()|
: 440 As ;
s 3 0y L. €.
Jto ozHagaer, uTo audo | f(0)|< ST7O)] aubo | f'(0)]| <24, T. e. aubO

| F/(0)]><4Ag Ay, mubo | f/(0)|? <4A2, otkyaa u caegyer (3.17). B
Jdemma 3.2. IHyemv K,, Ky —dséa wxomnaxkma e RP, npuuen
Ky CInt Ky (mHoxcecmeo snympennur mouek Ka). Tozda cywecmey-
em makas nocmoannar C >0, umo das awbot Pynkyuu f, Geckoneuno
dudppepenyupyemoti 6 okpecmuocmu Ka, cnpasediusa oyenra

(x5

zeK, [a|=1

<C sup If(l‘)l(sup |7 (z)]+ Sup > IDf( ) (3.18)

€K, K la|=2

ﬂ OKa3aTeabcCTBO HEMEIICHHO IIOJAYYaeTCad U3 JEeMMBL 3.1.

[ee]
HoxasaTerbcTBo npegnroxennsa 3.6. Ilyete b~ )" a;
7j=1
(Takas ¢yukuus b cymecTByeT B cmay mnpegnoxenus 3.5). ITomoxum
d(z, 0)=a(z, 0) —b(z, ). Torga gas moboro xommakta K C X BBIIOI-
HSIOTCS OLEHKN

|0g 02d(x, 0)| < C(B), z€EK, (3.19)
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rge C' u p 3aBucar ot a, 3, K, u, KpoMme TOro,
ld(z, 0)| <C{B)™", z€K, (3.20)

rae C, =C,(K).
TMonoxum dg(z, &) =d(z, § 4+ &). Torga

g 07 dg(x, &)le=0 =5 dyd(=, 6).

Mpuvenny remmy 3.2, monaras K=K x 0, Ky =K x {|£]| <1}, rae K —
Takonl koMnaxT B X, 4To Int KOK. Torga noxyuum B cury (3.20)

(sup > |835§d(x;9)|> SO@) (O +(0)),

K
S PYIPIRS

rae P MOXeT OBITH BEIODAHO NPOW3BOABLHO, i 3aBUCUT oT «, B u K, a (|
KpoMe Toro, ete u oT 7. Ho oTcioga caegyer, utronpu 2 € K u |a|+|8]<1
dbyuxnus 95 02d(z, §) yépisaeT mpn | f | — +00 GB1cTpee 0601 cTemenn ().
Paccyxgas mo UHAyKIUH, MBI IOJAYIUM 3TO XK€ IPH JI0OBIX «, 3, 9To gaeT
Tpebyemoe Brmodenne d € S”°(X x RN). W

3.4. Bripaxenue cumBoaa co6crBennoro II/JO 4epes ¢Pyukimrio
a(z, y, £). BoToM nyHKTe U BO BCeX NOCAeYOIINX MEL CIATaeM, ITO § < p.

Teopema 3.1. ITyemb A —cobemeennwiti 1110, 3adannviii dopmuy-
aoti (2.18), ca(z, &) —eezo cumsoa. Toada

1
oa(z, &)~ — ¢ Dya(z, y, €)ly=a. (3.21)
[o3
2de acumnmomuueckasa cymma 6epemca no ecem Mysbmuurdexcamn o.
Bamewannue. flcuo, aro g Dya(z, y, §)|y=s € Sg’lé_(p_é)lal, TaK 4TO

acuMnToTudecKas cyMMa (3.21) umeeT cMBIC.

JdoxaszaTeabcTBo TeopeMmu 3.1. 3ameTnMm, 4TO B CUIy Ipea-
NOXKEHUA 3.2 MOXKHO CINTATh, 4TO GyHKIUA a(z, y, {) uMeeT COGCTBEHHEIN
sHocuTens. Popmyay (3.8), ompegeasromyio cuMBoa o 4(z, §), MOXHO TOr A2
ImepenucaTh B BHJe

ca(z, §) Z// a(z, y, 9) el@=v)0ily=2)€ gy g, (3.22)

rje HHTerpal MOHUMAaeTCHd KaK IOBTOPHBIA U HMeeT CMBICA, TaK Kak IpH
KaxXJa0M (PUKCUPOBAHHOM ¥ HHTECPUPOBAHUE [0 Y BeIeTCA IO KOMIAKTY.
Taxnm 06pazoM, ecan K —xoMmnakT B X, To B popmyae (3.22) Hamucan oc-
IIIIUPYIOMAN HHTerpal, 3aBUcAnmy oT napamerpa ¢ € K. CieraeMm B HeM
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3aMeHy MepPeMeHHBIX z =Yy — &, N=Ff — &, 4TOOBl YIPOCTUTH DKCIOHEHTY:

// (2, 242, E+n)e M dzdn. (3.23)

Pasxoxum a(z, z+z, £ +1n) no n mo popmyae Teirropa B Touxe 7= 0:

alz,z+z,{+n)= Z dga(z, z+2, £)—+7°N(:E r+z,& 1), (3.24)
o] <N=-1

rae
1

rn(z, 42,8, n)= Z An /1—tN 150‘ (z,z+2z, &+1n)dt. (3.25)
la|=N 0

JaMeTuM Terepb, ITO

J[ ate s vz et dan=0g D2t 2 o, (326)

no ¢opmyre obpamenus Pypre. DTO JaeT KOHEUHBIE WIEHHBI B (hOP-
myze (3.21).

Mz x0TUM Tellepb BOCHOJAL30BaTLCA IpeanoxenneM 3.6. [loryunm BHA-
vajge rpybyio omenky Tuna (3.13) mas oa(z, §). Jdas sToro mpeobpasy-
M (3.23) HHTerpupoOBaHUEM [0 FaCTAM:

z, ) :// 6_iz'”<Dz>”a(:B, 4z, E4n) ()" dzdny, (3.27)

e v IeTHO U HEOTPHIATEILHO.
Teneps, yuuTHIBag HepaBEHCTBO

(E+m) <€) -(m),

MEI moxyauMm u3 (3.27), 9To
|8°‘ &ﬁJA | )| <O p"'é” /(n)p_(l_é)” dn,

rae p=max(m— p|a|+6|3],0), z € K u v 10cTaATOYHO BEAUKO. DTO U JaeT
TpeGyeMble OLEHKH IPOU3BOAHLIX OT 04 (z, &) Tuna (3.15). Teneps ocTaerca
OLIEHUTEL OCTATOYHEBIN JIEH.

Toacrasanan B (3.23) Buipaxenue ry (3.25) BmecTo a(z, z+z, £ +1), mo-
MeHseM MeCTaMU UHTeCPUPOBAHUE [0 ¢ U UHTEeCPUPOBAaHUe 110 2, 1), U TOTAa
HOIy9aeTcs, IT0 HyKHO paBHoMepHO 10 ¢t € (0, 1] n 2 € K oLeHUTH HHTErpan

Ro,t(x // —izm n*dga(z, r+ 2, {+1n)dzdn,
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rae |a|= N. laTerpupysa mo 9acTIM, MBI HOLYIaeM

Ro,t(z, &)= // e_iz'"&?Dj‘a(:b, r+4z, E+tn)dzdn. (3.28)
Pazo6sem naTerpax B (3.28) Ha aBe wacTm:

Ro,t=Ry,  + R o, (3.29)

rie B R/ , WHTerpmpoBaHNe IPOHUCXOAUT IO MHOXKecTBY {(z,7): |n|<

< €172}, as Ry , —mo ero gonommenmio. 3ameTnym, aTo ecan 1| <[€]/2,
To [£|/2< [E4+1n] <3]£]/2, a mockombky B R, , 06BeM o6racTu nHTErpu-
poBanus mo 7n #e npesocxoaut C|&|", To

R, ,(x, §)| < C(g)mlrmdIN+n, (3.30)

rae C ue 3aBucut ot ¢ u ot 1.
11
Onenum Teneps Ry, ;. IIpoBegem no z nHTerpupoBaHue IO IaCTAM, TOIb-
3yAch popMyIon
—v v, —izn _ _—izn
(M)~ (Dz) e T =e"7,

rie v — HeoTpuULaTelbHOE deTHOe ducao. Torga R , upeacraBaseTcs B BU-
)
e KOHETHOU CYMMBI CJaraeMbIX BHIA

Ro, g, t(x, &) = // 6_“"7<77>_”8?D§‘+ﬁa(;r, 4z, E+in)dzdn, (3.31)
In|>1€l/2

rae |B|<v. HOpu |n|>|€|/2 Bepaxenne &?Dg“"ﬁa(a:, z+z,E+1n) ome-
HuBaeTCs Mo Mogyio wepes C(n)"~ (=) N+ qpu m — (p—§) N +46v >0
u 1epes C mpu m— (p—38) N +0v <0 (B o6oux caytanx C He 3aBHCUT OT &, 1)
u t). YauTsIBasg MHOXKUTeIDb (1)), MBI DoxydaeM u3 (3.31) mpu gocraTouHo
60JbIIIOM V

|Ra7ﬁyt(mﬂ E)|<C / <77>p_(1_6)l/ d?],
Inl>1€l/2

rae p=max{m—(p—J) N, 0}. Eciu p— (1 -§)v +n+1<0, To oTcroga cie-
AyeT, 9TO

|Ra g1 (2, €)] < OGP~ (1-00nt / ()" dn < C()p=(-Dwnt1,
(3.32)

rae C wme 3aBucur ot z, ¢, t (npu z € K, t € (0, 1]). Bei6upas 6oabioe v, MBI
MoxkeM caeraTs B (3.32) mokazatens p— (1 —J)v+n+ 1 oTpunaressHsiM
U CKOJIb YTOAHO GOJLITAM O MO IYIIO.
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Ipunnvasn Bo Buumanue (3.29) u (3.30), Mb moxygaem ana R, ; OLeHKY
| Ra iz, €) | <CEM- =N+ 2 e K, te(0, 1],

KoTOpas obecnednBaeT IPUMEHUMOCTh Ipefaoxenus 3.6, ¥To u TpeGoBa-
gocs. Wl

JamMevanue. MeToa gokazaTeabcTBa TeopeMbl 3.1 oUeHb xapakTe-
pen aas Teopuu I10, 1 cOOTBETCTBYIOIINE PACCYK JEHUA NMEIOTCI BO BCEX
BapUAHTAX 3TOU TEOPUHU NPU JOOBIX crocobax ee U3IoxkeHUA. [losToMy MBI
PEKOMeHAyeM YUTATEN0 TIATEILHO Pa3o0paThes B JOKA3ATEILCTBE DTON
KJII0YEBOU TEOPEMHI.

3.5. CHMBOJ TPAHCIIOHMPOBAHHOTO OMEpPATOPAa M AYATLHEIM CHMBOJ.
TpaHCIOHNPOBAHHEIN oIlepaTop ‘A ompeelrseTcs TeMm, 9TO I U, UE
€ C§°(X) mOIKHO UMETH MECTO TOXIECTBO

(Au, v) = (u, *Av), (3.33)
rae

(u, v) :/ u(z) v(z) da.

ITosToMmy, ecrn omepaTop A € L’;fé(X) 3agaerca popmyaon (2.18), B xo-
Topon a(z, y, &) € S;’?é(X x R™), To ‘A 3agaeTcs popmy.ton

o) = [ [ € a(a, . €) o) do

OTKY/a 3aMeHOH TepeMeHHBIX 1) = —¢ MoaydaeTcs
Av(y) = // 2N gz, y, —n)v(x) de dy. (3.34)

Orcioga BugHO, uTO ‘A € LT(;(X).
Teopema 3.2. Ilyemv A — cobemeennuviti ILAO, o4(z, ) —ez0 cum-
soa, o'y (z, &) — cumeoa onepamopa *A. Tozada

oz, &)~ 0 Doa(x, —€)/al. (3.35)

JoxasaTeabcTBo. 3aMeTHM, 4TO omepaTop ‘A Taxxe sBaseTcs
co6cTBeHHBIM (cM. ympaxuenue 3.3). Jamee, BmecTo a(z, y, &) B GopMy-
1y (2.18), sagatomyio geficTBue A, MOXHO IOACTABUTSE 04 (2, &) (cM. (3.10)).
Torga (3.34) MOXHO 3aIHCATE B BHIe

o(e) = [ [ S Coaly, —€) vly) dy de (3.36)
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Jto crangaprHas 3annck IIJO (cM. (2.18)), B xoTopoln poas a(z, y, &)

urpaetT o4 (y, —&)). OcTraeTca BocmoassoBaThes Teopemon 3.1. M

Yunpaxuenne 3.4. [Iycrs A — co6creenns I1J1O ¢ cumBomom o 4(z, £), A* —
«COTIPAYKEHHKIN) OMEPATOP, ONPENENAEMBIH TEM yCJIOBHEM, 9TO

(Au, v) = (u, 4%0),  u, vE O (X),
rae (u, v) = [ u(z)v(z) dz. [lokasaTs, uro A* — co6crrennnnit 1710 u ecan o* (z, £) —

X
€ro CUMBOJI, TO

oh(z, )~ 9 DYoa(w, €)/al, (3.37)
rae 9epTa O3HavYa€T KOMIIJIEKCHOE conp(;)KeHHe.
Mz BBegeM Temephb dyaavubiti cumeoa 7 4(x, £), momaras
Ga(z, &) =dy(x, =) (3.38)

Yuntusas, uto '(*A) = A, mpI noxygaem u3 (3.36), aTo onepaTop A 3amm-
CHIBAETCA Iepe3 AyalbHEIL CEMBOI 0 4(z, £) mo dopmye

Au(z) = // G0 E5, (y, €) uly) dy dé

(Au) (€) = / e 5 (y, €) uly) dy. (3.39)

Teopema 3.3. Jyawuwi cumsos da(y, &) ceAa3an ¢ cumeoson
oa(y, &) acumnmomuueckodi gopmyaoi

Falx, &)~ (=d)*Dioa(w, &)/al. (3.40)
JoxazaTeanbcTBO odeBuaHo u3 (3.38) u (3.35). W
3.6. Popmyaa KOMIIO3UIINH.
Teopewma 3.4. Ilyemv A, B —cobcmsennvie IIJO 6 obaacmu
X CR" ca(z, &), op(z, &) —uz cumeoavi. Paccmompum ur KOMNo3uyuio

C=BoA. Tozda C — cobemsennwiti 1IN0, cumsoa komopozo opa(z, &)
ydosaemeopaem Yycaosumw

opa(z, £~ dfop(x, &) Dioa(z, €)/al. (3.41)

JoxaszaTeunsctso. [lomssysacs dopmynon (3.39) gas onepaTopa A
u ¢popmyaon (3.9), npuMeHeHHOR K omepaTopy B, moaydaem

Cu(z) :// USRS €) &aly, &) uly) dyde.
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Orcroga BugHo, 9T0 eciu A € L’:g(X) u BE L’:%(X), To C' € LZ?;"'”“ (X).
anee, anagoru<Ho morydaeTcs, aro ‘C'=*AotB € L;”%‘Hm (X). Tor daxr,
uro [I/JO C aBasercs coOCTBEHHBIM, BHITEKAET TeePh U3 NPEeAIoKeHN 3.4.

OcTraeTcsa BEIYHCANTL CUMBOI 04 (2, &), Hoab3yacs Teopemamn 3.1 u 3.3.
Nmeem

opal(z Zagm op(z, &)aaly, & /a,|
=" 9¢lon(z, &) DIGa(x, §)]/al~

~Y % [on(@, &) (=9) DetFoa(x, §)]/al Bl (3.42)

Teneps chopMyIupyeM ABe XODPOIIO M3BECTHBIE AIreOpamtdecKue JeMMEL.
Jemma 3.3 (bopmyana Jlenbunua). ITycmo f(z), g(z) —eaadkue
Pynryuu 6 obaacmu X CR"™, a a —myapmuundexc. Tozda

*(f(x)g(x)= Y 7,5,[ " ()] [ g(2)]. (3-43)

yH+dé=o

Jemma 3.4 (6unom Herorona). ITyemv z, yER"™ u o — myabmuun-
dexec. Tozda

!
o al 5
(z+y)* = E Wm Y. (3.44)
y+i=a
Ynpaxueunune 3.5. [lokazaTs semmur 3.3 n 3.4.
Ykazaunune. Popmyaa (3.44) MOXKeT OHITh JOKa3aHa Mo UHAYKINHN Win u3 Gop-

Myt Teittopa aaa MEOro4teHoB. Popmy.a (3.43) nonydaercs ns (3.44), ecn 3aMeTHTS,
49T0

0%[f (=) 9(=)]={(92 + 9y)* [f («) 9(¥)]}Hy=2-

Oxonuanume gokaszarTeabcTBa Teopemu 3.4. IIpeoGpa-
3yeM Temneps (3.42), moabsysacs aemmon 3.3. Iloaydnm Torga

opa(z, &)~ Y [0} on(x, &)][(—0)° (9] D2*Poa(x, €))]/4! Blo! =

o,B,v,0

yt+é=a
= > ()" op(x, )2 DI o2, €))/py1 61 =
B8,7v,9

y181
_Z Z( ,H}zsvﬁ ) [07 on (2, €)][0F DEF oAz, £)]/41.  (3.45)

B+dé=k
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Teneps u3 popmyasr (3.44) c z=—-y=e,raee=(1,1,...,1), n a=2x
noxydaeMm

(_1)|/3|
O =(e—e) Z gv(gv ¢’ (—e)’ = Z I

B+d=s B+d=3

riae 5|0%| — cumBoa Kpounexepa, pasunili 1 npu »=0 u 0 upn || > 0. Baa-
rofaps 3TOMy COOTHoIeHuio B (3.43) ocTaooTes amms craraeMsle ¢ » =0,
uTo u gokaswiBaer (3.41). W

Caegcrrme 3.1. IMyemv A€L](X), BELY3(X), 0<d<p<l
u onepamop B — cobcmeeHnbii. Toe&a onepamopul AoB u Bo A, pac-
emampusaemvie kark onepamopwvr uz CF°(X) ¢ C®(X), npunadaexncam
L2 (X)),

JokxazareancTsBo. Pazasoxum A B cymmy A= A; + R, rae ome-
paTop A; —cobcTBenHnll, a R umeer agpo R(z, y) € C®(X x X). Jer-
KO TPOBEPHUTH, ITO omepaTophl BR m RB umeloT riajkmue gipa, pas-
Hble, COOTBeTCTBeHHO, B, R(z,y) u ‘ByR(z, y), rae B, —omnepatop B,
IpPUMEHSEMBIN 10 MEePEeMEHHON Z HIpU (PUKCUPOBAHHOM Y, U AHAJOTUIHBIN
cMbicT uMeeT 'B,. YTBepxjeHHe cIeICTBHA BHITeKaeT Telepb U3 Teo-
pevsr 3.4. W

3.7. Kinaccudeckue CMMBOJIHL U IIceB {0 AU $ep eHIMAILHEIe OePATOPHL.
Nuorga yao6uo paccmaTpuBaTh Gomee yakue kaaccewl I1J0. Oauu us Ta-
KOX KJIACCOB, BRIJEPKUBAIOIINN GOIBIINHCTBO HEOOXOUMEBIX OTEPAIINT, MbI
celvac OIMIIEM.

Onpegenenune 3.5. Kaaccuueckum cumeoaom HA3LIBAETCSI TaKas
dyuknusa a(z, §) € C° (X x RN), YTO IPU HEKOTOPOM KOMILIEKCHOM 1M UMe-
eT MeCTO ACHMITOTUYECKOE PA3T0OKeHUe

th/) ) am—j(z, 8),

rae ¢ € C®(RN), (0) =0 mpn |0 <1/2,¥(0) =1 npu |0|>1, a am_;(z, 0)
IOMOKUTEILHO OJHOPOAHAa 1o f mopagka m—j, T. e. am_j(x, 1) =
:tm_jam_j(m, 0) mpm Beex t >0 u (z, 0) € X x (RV\0). Kaacc Bcex cumso-
0B, 0614 JATOMINX DTUM CBOHCTBOM, MBI Gyaem o6oznagaTs C'S™ (X x RY).
Yepes C'L™(X) mel 6ygem oboszHadaTs kiaacc ILTO, koTopsle MOTYT GBITH
saganel B Buge (2.18) c a(z, y, £) € CS™(X x X x R"). Takue IIJO Mul
O6yaeMm HaswBaThb Kaaccuueckumu IIIO.

Ecan ag(z, ) nomoxurersHo ogHopogHa mo f mopagka k, To
0592 ax(z, §) momoxuTersHo ogHopoama mo f mopagxa k — |a|. IosTomy
acuo, 110 CS™ (X x RY) C SRem(X x RN).
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ODpegaoxenne 3.7.

a) Ecau A€ CL™(X) u A cobemesennwiii, mo o4(z, &) € CS™(X x R™).

6) Ecau AcCL™ (X), BECL™(X) u A, B — cobcmsennvie IITO, mo
BAE CL™+ma(X).

B) Ecau Ac CL™(X), mo'Aec CL™(X) u A* e CL™(X).

dJoxaszaTelIbCTBO HENOCPEICTBEHHO TOTyIaeTCA U3 TeopeM
3.1-34. 1

TaxuM o6pazoM, kaacc Beex kaaccumdeckux 1110 BeigepxuBaeT B3ATHE
KOMIIO3UIIUY, CONPAKEHHOT0 I TPAHCIOHIPOBAHHOTO OMepaTopoB. B gaan-
HelimeM 6ygeT OKa3aHO, ITO OH BLIJePKUBAET TaKKe 3aMeHy [lepeMeHHbIX,
B3ATHE IapaMeTPUKCA 3IIANTHIECKOr 0 onepaTopa (cM. § 5) 1 KoMILIeKCHEIX
CTemeHel 3IINITHYECKOTO OMepaTopa.

3.8. Ympaxuenusa u 3ajgatu.
Ynpaxnaenue 3.6. JlokaszaTe caegylomee obobmenue dopmyasr Jlenbuuma
(3.43): ecmm p(z, €)= Y. aa(z)é?, p(z, D) —cooreercrByromui guddepeHnnais-
lalgm
HEIU OMEpaTop, TO

p(z, D) (f(=) g(2)) = D_[p!™) (=, D) f(2)] [D*g()]/a!, (3.46)

rae pl®) (=, €)= 0gp(=, £).

Ynpaxuenue 3.7. BeBecTn Teopemy 3.4 miaa guddepeHINATBEHBIX ONIEPATOPOB
U3 pe3yJbTaTa yrnpakKHeHud 3.6.

Ynpaxuenune 3.8. [lycrs 1, x3, ..., T — n-MepHBIE BEKTOPH], & — 7T-MEPHEIN
MyabTHUUHIeKC. [lokazaTs, 4T0

“ al ay a
(I1+l‘2++l‘k) = +z+: ~ ml‘l l’kk (3.47)
al+...tap=«a
BriBecTn orcioga, 9To
1
[ f1(x).. . fr(z)] = > L'(aalfl)(z)...(aakfk)(z). (3.48)

ar+..tar=a 011!. O
Yunpaxuenne 3.9. Ilycre gana dbyskuma a(z, £) € 52?5()( xR"), rae X —
o6aacts B R™. /lokazaTh, 4To cymecTByeT Takou cob6cTeenHHbm [1]JO A B X, 4To
a—ca €ST®(X XxR™M).
Yk a3sanne. Paccmorpers oneparop, 3aganuui ¢hopmy.oi (2.18), Baas a(z, y, £)=
=x(=z,y) a(z, ), rae byakuma x(z, y) Takasd ke, Kak B JOKa3aTe/IbCTBE IIP€LI0XKeHNA 3.3,
Ynpaxueunune 3.10. BuBecTn us ynpaxxuenus 2.4 u 3.9, 94T0 onepanusa B3ATHA
cnMBoua onpegenser (npu § < p) mzomMopdusm

L7 s(X)/L™%(X) QSZ?(;(X xR™) /ST (X xR™).

Jagaua 3.1. Paccmorpum B R” omepaTop

Au(z) :// ei(x_y)fa(;r, &) u(y) dy d¢, (3.49)
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rge a(z, £) yAOBIETBOPAET YCJIOBUAM:
|0 Oa(x, €)|< Cap(E)mrleI+IAL, (3.30)

Ipeanonoxum, ato p>0, a § < 1. llpngaTs cmeica uaTerpany (3.49) B cae-
AVIOIMX ABYX cuTyanuax: T. e. |02 u(z)| < Cq Aag 106070 MyIbTHNHIEK-
ca a. IlokasaTsh, 9¥To A ompefgerseT HempepLIBHEIE 0TOOpaxkeHHUd B cebs
npoctparcrs S(R”) u Cp°(R"). IlokasaTs, 4T0 cuMBoi (&, £) 0JHO3HATHO
onpegenen geiicrBuem A ma S(R") miu CP°(R").

Jagagua 3.2. [TokazaTs, 4TO omepaTOpHI OIMUCAHHOT O B 3aga4e 3.1 Bu-
Ia 06pa3yioT alre6py ¢ MHBOJIIONNEH, W HOIyINTh ACHMITOTHIeCKHEe (Pop-
MyJbl 1A CHMBOJOB KOMIIO3HUIINHA ABYX OIEPATOPOB, TPAHCIOHUPOBAHHOTO
U CONMPAKEHHOTO OIePATOPOB.

Jagaua 3.3. Ilyers K(z, 2) € C°(X x (R™0)) n K(z, z) noroxu-
TeILHO OJHOPOAHA 10 z MOPAIKA —N, IPUIeM

K(z, z)dS, =0 (3.51)
|z]=1

(naTerpax mo mosepxuocTu cdepsl |z|=1). JokazaTs, uTo gua u € CF°(X)
CYHIeCTBYeT Ipeaen

Au(z) = 511_13(1) K(z, z —y)u(y) dy, (3.52)
lz—y|2e

ompeaeastommuit 10 A€ CL°(X).

Omnepatop A, oupegeasemsin popmyron (3.52) (mpu ycaosum (3.51)),
HA3BIBAETCS CUHRYAAPHbIM UHMeEZPaabHbli onepamopon. Taxum o6pazom,
5TOT OIepaTop ABILETCA JaCTHBIM caydaeM I1J0.

3aMmedanue. Pemenue 3agauu 3.2 MOXHO HA'TH B OJHOU U3 paboT
Kymano-ro [1]—[3], a pemenune 3aga<u 3.3 MoxHO u3Bieds u3 kHurn Mnx-
auna [1]. Pemenne >Tux 3aa3 J0BOJABHO TPYA0EMKO, OAHAKO OYEHD II0JE3HO
gag nornmanusa Teopuu II10.

§ 4. 3amena mepemMeHHOM
¥ mceBoAnddepeHINATEHEIE 0NIEPATOPH HA MHOT'0006pa3max

4.1. JdeucrBue 3amennl mepemenmHod Ha II/[O. Ilycte gam auddeo-
Moppuam : X — X; obaactu X CR”™ ma apyrymo obmacts X; CR™.
Nuaynuposansoe oTobpaxenue *: C°(X;)— C®(X), mnepesogamee
pyukmuio v B (QYHKIUIO U0 3, ABILETCI U30MOP(PUIMOM U OTOOpaxka-
er C°(X1) B CP(X). Myers A—IIAO B X. Omnpegeanm omepaTop
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Ar: CF°(X1) = C*°(X1) ¢ DOMOIIBI0 KOMMYTATHBHON JHATPAMMBL

e (X) 2~ 0 (X)

2* *

Al
C5°(X1) = C=(Xy)
Ecan 3 =1, To

Aru=[A(uo )] on. (4.1)

Ilycts omepaTtop A 3agan ¢popmynon (2.18). Torga

Avula)= [ [ @D a1 (2), 4, €) (o) dy e

u, monaras y = s (z), moxydaem

Aqu(z // iGa (@)= )€ (50 (1), 501(2), €) | det 54 (2) | u(z) dz dE,
(4.2)

rae s (z) —varpuna fIxo6u orobpaxenus s . Orcioga BugHo, 9T0 A —
NO® ¢ pazoson dpyukmuenn ®(z, y, ) = (301 (z) — 511 (y)) - 0. Mur moxaxem,
aro npu 1 — p << p omepatop A1 —ILJO. DToT PaxT 0IeBUIHEIM 06Pa3oM
BLITEKAeT U3 CIeAyIOmen 6oxee 06IIell TeopeMEl.

Teopewma 4.1. Ilycmv & —makas Pazosas Gynryus 6 X x X x R”,
umo

1) ®(z, y, 0) aunetina no 8;

2) Y(z,y,0)=02z=y.

Ilyemy Ay —NOD ¢ Pazosoti Pynkyued P(z,y, 0) u a(z, y, )€
ESZ}%(X x X xR™) (em. popmyay (2.1)), npuuen

1—p<d<p. (4.3)
Toeda A, ELZ?(;(X)‘

s goxazaTenbcTBa MOHAJOOUTCS

Jemma 4.1. ITyemv Pazosas Pynrxyus ® ydosaemeopsem ycaosu-
am 1) u 2) meopemn 4.1. Toada cywecmsyiom makue okpecmuocmb £
duazonaau ACX x X u C®-omobpancenue : Q@ — GL(n, R) (neswipo-
acdennas mampuunaa yuxyua ¥(z, y)), umo

CI)(Ia Y, ¢(=’3; y)£)=(m—y)-€, (;‘L’, y)EQ' (44)

Ilpu smom

det ¢ (z, z)-det ®7y(z, y, 0)|y=0 = 1. (4.5)
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HJoxazaTeasncTso. Umeem

3

b(z,y, 0)= D;(z,y)b;, (4.6)
7j=1
npuieMm ®;(z, 2) =0 u ecan ®;(z, y) =0, j=1, ..., n, To z =y. Jazee,
S 00, "~ 00,
[— 7 4. 719,
@x,g_( EHJ"“’,Zmng]’q’l’“"q’”)'
j=1 j=1

3ameTn™, 9To aupdeperunposanue mo z coorHomenus P(z, z, ) =0

noxaseiBaeT, 9TO By [y—y = —P; |;=y. Ho mo onpegenenmio dazosoit pynk-

mun &, ,#0 mpu 6#0. Tax xax ®y(z, 2, 0)=0, To gorxHO GHITH

@' (z, 2,0)#0, T. e. mpu mo6oMm 0 #0 cymecrByer Taxoe k, 1<k n,

no 09,

gTo y, —=
J

-0; #0. OTcroga ciegyeT, ITO
el i # A AyeT,

+0. (4.7)

=y

det (%JZQJ)

ITo nemme Agamapa npu 6AU3KUX T U Y

n
iz, 9) = B2, y) (2k — ui),
k=1
rae ®5; € C°(Q'), @ —HexoTopas oKpecTHOCTH AuaroHamnm B X X X; mpn
3TOM _
0®;(x, y)

Bpjz, 2)= —5

. (4.8)
=y
Ecmn uepes ®(x, y) oboznauurs maTpuny (Pp;(z, y))gd-:l, To u3 (4.7)
n (4.8) caegyer, 4UTO CyLmeCcTBYeT Takasd OKPECTHOCTh §) OIHMATOHAIN
B X X X, uro det ®(z, y) #0 upu (z, y) € Q. Hoxoxum

U(x, y)=d(x, y)~ . (4.9)
BBuay Toro, uTo

Bz, y, 0)= > Brilz, y) 0 (xk—w)=(z—p) (B(x, v) 0),
J, k=1

u noaaras ®(z, y) § =&, MBI noaygaeM, odeBuaHO, popmyay (4.4). Popmy-
na (4.5) Burexkaer u3 (4.8) u (4.9). W

HJoxazaTeancTBo Teopewms 4.1. B cuny npearoxenus 2.1
n ynpaxHeHus 2.4 MOXHO cuumTaTh, 4TO omepaTtop A 3agaeTca op-
mymon (2.1), B xoropon a(z,y, #)=0 npu (z,y) ¢, rge @ —mobas
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OKpeCTHOCTb aumaroHanu. [deras B mHTerpate (2.1) saMeHy mepeMeHHON
6 =1(z, y) £, MBI HOXy4IHM TOT A

Avua)= [[ D Cala, v, )] det (o, ) uly) dyde. (£20)

Ocraerca 3aMeTuTh, uTO yciaoBue (4.3) obecmeunsaeT gas aq(z, y, ) =
=a(z, y, ¥(z, y) §) Bxmouenne ai(z, y, ) €57 5(X x X x R") B cury 1em-
mer 1.2. W

4.2. ®opmyaa npeoGpa3oBaHUA CUMBOJA.

Teopewma 4.2. [Tycmsy dan dudpeomopPuzm sc: X — X1 u cob6cmeaen-
wout IO A€ LT 5(X), npuven 1 —p<6<p. Ilycmw onepamop Ay nocmpo-
e no gopmyae (4.1). Tozda

1 (« a il (2)-
oa, (v, 77)|y:%(1‘)~2 aag)(a:, b (z)m) - D2t (2)n , (4.11)

2=
o

ade 0';&)(1‘, §)=0¢oa(z, §), a #))(z) sadaemca gopmyaoti

7 (2) = 52(2) — 2(x) — 5 () (2 — z). (4.12)

T

1
JoxaszaTeuasctTso. OTMeTnM npexae Bcero, 9To GyHKnus <. (2)
UMeeT IPHU Z = £ HyAb BTOpOro nopsaiaka. IlosTomy, ecin 0603HaIUTH

B, (z, 1) = DI ()| (4.13)

z=x’
T0 ®,(, 7)) —MHOrOUIEH 10 7) cTenenn He Goablue |«|/2. IIpuHEMaz Bo BHI-
MaHue JeMMy 1.2, MBI BUAUM, UTO

o) (e, ' (x) ) D EN| e sy em Il (y w mm,

Ho u3 ycaosus 1 — p<J < p BeITeKkaeT, 410 p>1/2, Tak 4To acuMnToTude-
ckas cyMMa (4.11) gellcTBUTEIBLHO IMEET CMBICI.

[dus gokasarenscTBa (opmyasl (4.11) bl BocmoabsyeMcs Hopmy-
non (4.2), 6epa B Hent a(z, y, ) =oa(z, §). oapayscs npeoGpasoBaHueM,
ONNCAHHLIM B J0Ka3aTeAbCTBE TeopeMbl 4.1, MBI IOIyYUM U3 Hee, ITO

Aru(z) = // TN G4 (51 (), (2, y)n) Dz, y)u(y) dydy,  (4.14)
rae D(z, y)=| det 3 (z)|| det (2, y)|- HHo Teopeme 3.1 M uMeeM

o, (@, m)~ S 0% DY [oalea (@), ¥(o, ) 1) Dz, Y/l lyms.  (4.15)

W3 4neHOB ¢ MyJIBTUHHIEKCOM (¢ MOIYIUTCA (IO HMOACTAHOBKH Y =)
CyMMa Y/ICHOB BHUJaA

e(z, y) o) a (@), ¢z, y)n), (4.16)
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rge c¢(z, y) 3aBHCHT TOIBKO OT 3aMEHBI IIEPEeMEHHEIX (HO He 3aBHCHT OT A).
IIpu 5ToM A1 MyIbTHHHIeKCOB ¥ 1 3 B (4.16) BBIIOIHEHB OLEHKN

|B1<2]al, (4.17)
|y1+ <181 (4.18)

B camom gexe, ouenka (4.17) oueBngna, a ouerka (4.18) cregyer us Toro,
4TO omepaTop Dy, MpUMeHEHHBIN K BhIpaxeHmio Buga (4.16), He MeHseT
|31 —17v]|, a oneparop d, yBernuusaer |3|—|v|=Ha 1.

W3 (4.17) n (4.18) umeem

IyI<IBl=lal<IBI=181/2=181/2 (4.19)

OTMmeTnM Temeps, uTo u3 Gopmyas (4.9), npumenennon aas ®(z, y, ) =
= (501(z) — 511 (y)) - 0, BEITeKaACT, wTO (2, )= (5] (;13))_1.
Teneps npoussegeM B (4.15) rpynnuposky urenos Buga (4.16), cobupas

BMECTE€ BCE€ TJIE€HBI C OANHAKOBBIMNI /3 HOJIy'{HM TOT OJa

oz, )~ > oY Ga(e), (4 (2) " n) Wa(x, n)/BL, (4.20)
B

rae ¥g(z, n) — DOIMHOMEI 10 7) cTeneHu He BoIe | [ |/2 (¢ koaddunnenTamu
m3 C°°(X1)), me zaBucsamue ot A. IIpu stom ¥ = 1.
3amensas B (4.20) z Ha »(2), MBI HOAY9UM, OUEBUIHO, SKBUBAICHTHYIO

dopmyry:

o, (el), )~ > o) (e, o () ) B (2, m) /B, (4.21)
B

B koTopont ®4(z, ) —moamHOMEI IO 7) cTemenn He Bbiue |3|/2 (¢ koad-
dunuentamu uz C* (X)), He 3apucamue ot A, npudem ®y=1. Ocraerca
IPOBEPUTD, YTO 3TH NOINHOMEL 3agaioTca popmynon (4.13).

Byaem BerancaaTs nomnaoMs! $5(z, 1) ¢ momomibio guddepeHnuaIbHEX
omepaTopos. 11 guddepernnaipaoro onepaTopa A nmeem

TA, (yJ 77) |y:z(z) = 6—iy~77A16iy~77 |y:%(17) = E_i%(z)Ana'A(Z; Dz) ei%(z)ﬂ |z:1:
(4.22)
(3meck 04 (z, D) o3navaeT omepaTop A, IeNCTBYOUUN IO EPEMEHHON z).
Hanwuimem Tenepn

(2) = 5(x) + 5 (2) (2 — 2) + 2 (2),
OTKYZa

x#(z) -n=3(z) ~n+z~t%'(a:)n+%g(z) ~77—;1:~t%'(;13_)7].
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IMogcraBaas B popmyay (4.22), morydaem
O'Al(:% n)lyzz(l‘) :e_z~t%'(l')’7 {O'A(Z, Dz)[eiz.f%/(z)neizg(z)ﬁ]}| . (423)

Bocnoassyemcs Teneps Gopmy.on Jenbunna (3.46) (ympaxuenne 3.6) gas
AudpepeHnNpoBaHU NPOU3BeAeHN IBYX >KCIOHEeHT B (4.23). Torga momy-
YUM, OYeBMIHO,

! o o i (2)-
oa, ((z), 77):2 aﬁg)(r, t%'(m) n)- DZe = (2) 77|

o

. (4.24)
(MBI BOCIIOJIB30BANNCE 3J€Ch €llle 09eBUIHON (hopMyaon guddepeHnuposa-
HIIA TUHEHHOH dKCmoHeHTRL: 04 (2, D) e* € =2 € g (2, €)).

Dopmyna (4.24) oszHadaeT cHpaBelaMBOCTL i AupdepeHINATbHBIX
onepaTopos dopmyasr (4.13) gas noaunomos @, (z, 1), Bxogamux B (4.21).
Ho BBuAy yHEBepcaabHOCTH moanHOMOB D, (2, 1) OHa Xe BepHa U B 06IIEM
caygae. H

Opumepsn. ®g=1, &3=0 upu |3|=1, ®5(x, n) = D5 (ix(z) - n) npu
181=2.

CaegctBume 4.1.

cay (v, ) = aala(y), () ) =805 T (X xR (4.25)

DTO yTBepXKJeHNE IOKA3LIBAET, 9TO MO MOIYJII0 CUMBOJOB MEHBIIIETO
HOpAJKA CHMBOJBI BCEX OMEPATOPOB, MOIydYaeMBIX m3 A 3aMeHaMH Tepe-
MEHHBIX, 06pa3yoT KOPPEKTHO ONpeAeleHHY0 (DYHKIINIO Ha KOKACATEIEHOM
paccaoenun 7™ X.

Crnegcreue 4.2. Ecau Ac CL™(X), mo A, € CL™(Xy).

JokxaszaTelbCcTBO HENOCPEICTBEHHO TOdydaeTcs U3  (op-
myx (4.11). W

4.3. IlceBaoauddepeHumaabHbIe ONEPATOPHI HA MHOT000pasuu. IlycTn
M —n-MepHoe rragkoe MHoroo6pasme (kmacca (). Yepes C(M)
u C§° (M) Mbl 6y geM 0603HAYATH IPOCTPAHCTBO BCEX NIAIKUX KOMILIEKCHO-
3HAYHBIX (QYHKIUN Ha M U ero HOAIPOCTPAHCTBO, COCTOSINEE U3 (PYHKIUN
C KOMIIAKTHBIM HOocuTexeM. IIpeamonoxum, 9To gaH JAMHEUHBIA OIEPaTOp

A: G5 (M) — C™(M).

Ecan X — HekoTopas KoOpAMHATHAS OKPECTHOCTL B M (He 06a3aTelbHO
cBs3Has) u x: X — X1 —ee audpdeoMopdpusM Ha OTKPHITOE MHOKECTBO

X1 CR™ To gmarpaMmma
C(X) > C™(X)

2* 2*

Cg(X1) 2 0 (xy)
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OJHO3HAYHO OIpefendeT omepaTop A; (OTMETHM, ITO B BEPXHEH ee CTPOY-
Ke CTOUT ONePaTOpP, PABHBIN KOMIIO3ULINN rx © A 0ix, Dge ix — eCTeCTBeH-
Hoe BaoxeHue iy : C§°(X)— Cf° (M), a rx —ecTecTBeHHOE OrpaHMYEHIE
rx: C®(M)— C*®(X); gra mpocToTHL MBI 0G03HAYaeM 3TOT OLEPATOD
Ton ke GykBoH A, 4TO 1 HCXOAHBIN oLepaTop).

Onpegenenne 4.1. Onepatop A: C§°(M)— C* (M) maseBaeTCA
ncesdodudpepenyuabrvin onepamopom wa M, ecim gas a060ro Koopan-
HaTHOrO guddeomopduszma »>: X — Xy ompegeseHHBIN BEIIIe onepaTop A;
asasgercsa [I10 B X;.

Teopema 4.1 moxaswmiBaeT, uTo BBegenunle Boime 1110 B oGaacTu
X CR" mpu 1—p<I<p peucrBureasHo asisiorca 110 Ha MHOr006paA-
aun X.

Hdanee, memma 1.2 moxaswiBaer, 4To mpu 1—p<J<p KOPPEKTHO
ompefeleH KIacC CHMBOJIOB S;’}(S(T*M) I COOTBETCTBYIOIIUN KIACC OIe-
paTopoB L;%(M), a creacTBue 4.1 moka3bIBaeT, UTO KOPPEKTHO OIpe-
OETeH 2Aa6HbI CUME04, SBIAOIIANCA 3IeMEeHTOM (PaKTOPIPOCTPAHCTBA

(T M) /S5 20D (1 ).

Hanee, B cuy TeopeMsl 4.2 KoppekTHO ompegenes kaacc C'L™ (M) xaac-
cuaecknx IITO ua M. Ecan A€ C L™ (M), To riaBHEBII CUMBOI olepaTopa A
MOXKHO CYNTaTh OJHOPOIHON (yHKuUUen 04(2z, &) Ha T*M mopsgka ogHo-
poaHocTn m, u6o ecam aBe GyHKUUU a1 (z, &) u az(z, {) MOIOKUTEILHO
oaHopoausl no & npu |€|>1 mopsaka m u onpefeasloT OJUH U TOT XKe
K71acc BEMeToB mpocTparcTsa S™ (X x R™) mo Mogymo S™H(X x R™), To
oHu coBmagarooT upnu |&|>1.

JaMeTHM B 3aKJIIOUEHNEe, UTO CYLIECTBEHHO Da3peliaThb B OIpejele-
unu 4.1 ynorpe6aeHne HeCBA3HBEIX KOODAUHATHLIX OKPECTHOCTEN, N60 NHA-
e NpUAEeTCs CIUTATh IceBAoAuG(EpPEeHINATLHEIM ONEPATOD OTPAKEHUS

f(z) = f(=z) 3 R\{0}.

Yunpaxueunue 4.1. [lokazats, ato [1/10 A nHa mHOroo6pasnuu M npogoaxkaerca
[0 HEMPEPHIBHOCTH IO OTOGpaKeHNA

A: &'(M)— ' (M),

rge &'(M) u 2'(M) o3Ha4aoT NPOCTPAHCTBA, AyadbHEE K MPOCTPAHCTBAM COOTBET-
CTBEHHO BCEX MMATKHUX U TIATKUX (DUHUTHEIX CEYE€HHH OJHOMEDPHOTO PACCIOEHUA TIOT-

HocTen |A™(T*M)| *).

*) DTo pacciloeHHe MOXHO ONpeJeluTh, HANPUMep, BH6pas nokpeitue M koop au-
HATHBIMH KapTaMW, CAUTad €ro TPUBHAJLHBIM HAJ KaXKTOH KOOPIWHATHOH OKPECTHO-
CTBIO U 3aKaBad GYHKINN MEPexXosa pAaBHEIMH MOIYTI0 AKOGHAHA KOODAWHATHEIX TIpe-
o6pasopannit. Ce9eHNA paCCIOeHNA TMIOTHOCTEH MOYKHO WHTETPUPOBATE IO MHOT006Gpa-
310, 9€r0o HeNb3A CKA3aTh O BHEITHUX n-(opMaX, IJi HHTETPUPOBAHNA KOTOPHX HEOO-
XO/IMMO 3ajaHle OpHeHTaluu (T. e., MO CylecTBy, 3ajanue nsomopdusma A”(T*M) u
|A™(T*M)|). Ecim na M ¢dukcnposaHa HeKOTOpad riagKasd HOJ0KHTENbHAA LIOTHOCTS,
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Baoxenue C®(M)— 2'(M), uagyunpyiomee Bioxenune C§(M)— &'(M), ¢ —
€CTeCTBEHHEIM 06pa3oM onpegeaseTca GpopMyToin

(u, @) :/ u-p, (4.26)
M
rae u € C® (M), ¢ — raagkas GUHATHAA IVIOTHOCTE (TaK 9TO U - ¢ — 3TO TaKXKe rajKas
¢dunnTHAZ II0THOCTE). IIpOBEPHTE CBONCTBO IICEB JOJIOKAILHOCTH ollepaTopa A.
Ynpaxuenue 4.2. [lycrs F, FF—raajgkue BEKTOPHBIE PAcCCIOEHUA HA MHO-
roo6pasun M; m: T*M — M — ecrecrBennas npoekuns; 7*FE, 7* F — ungyuuposan-
Hele paccioenna Ha T*M. [ate onpegenenme IIJIO A: C°(M, E)— C>(M, F)
(C§° (M, E) — raaakue guanTHEE cedenns paccioenus F; C° (M, F) — raajkue cede-
HHUA pacciloeHnd F) H nokasaTh, 9TO €ro IVIaBHBIH CHMBOJ — KOPPEKTHO OINPEENeHHEIN
AJEMEHT MPOCTPAHCTBA

St s(Hom(m* E, W*F))/SZ?EMP—U?) (Hom(r*E, 7*F)).

Jagaua 4.1. Hycts A — quddepeHInAIbLHBIN OIepaTOP HOPAIAKA M
Ha MHOroo6pasun M (Taxon omeparop Aj: C§°(M)— C§° (M), uTo Beaxkun
oneparop A: C§(X1) — C§°(X1), onpeeneHHBIN Bhlllle, ABIAETC Audde-
PeHIIATLHEIM OIIEPATOPOM HopAika m). JaTh HHBAPHAHTHOE ONpejJeeHne

[JIABHOTO CHMBOJIA G, (2, §) Kak pyHxnun Ha 7™ M, aBiasiomeiica 0JHOPOA-
HBIM MHOTOWIEHOM 10 & (T. €. BAOAb CJIO€B) CTENEHN M.

Yk aszaumne. Bocnoaszosarhca popmy.ion
am(z, o) = lim A"MeTrA(A), o e O (M). (4.27)
A=+ oo
Jagada 4.2. BeruucanTs NIaBHBIN CHUMBOJ omepaTopa d BHEIIHETO
auddepennupoBanus e Pama:

d: AP(M)— APTH(M),

rae Ak(M) O3HAa4aeT NPOCTPAHCTBO TMIAAKUAX BHeImHUX k-popm Ha M
(k=0,1,..., n).

Jagaua 4.3. JoxasaTb, ITO OZHOMEDHEBIN CHHIYIAPHLIN HHTETPATb-
HBEIU OIIepaToOp Ha rIagkon 3amMkHyTou kpuson I' C C

. . K(t, 1)
Au(t) =a(t) u(t) + lim T
|[t—7|2¢e

u(r)dr, t,T€T,

npu a(t)eC>®(T), K(t, 7)€ C®(I'xT') saBaserca kaaccudeckum IIT0
3 CLO(T).

To oHa 3ajaeT nzoMopdusm paccaoernn |A”(T*M) | u M X R, aTo nosBoager paccma-
TpuBaTh (DYyHKINH KaK ILOTHOCTH M CYMTATh aleMenTH &' (M) u 2’ (M) dbynkunonaiamu
Ha PYHKIINAX.
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§ 5. TMIOSIMNTHYHOCTD M HILIMIITUIHOCTH

5.1. Ompepenenre TUNO3LITNIITHIECKUX CHMBOJIOB U OIIEPATOPOB U IIPH-
MepHL.

Onpegenenne 5.1. Pyuxmua o(z, ) €C®(X xR"), rage X —
o6macte B R”, HA3BIBAETCH 2UNO3AAUNMUNECKUM CUMEOAOM, €CJAU BBIIOJ-
HEHBI CJIeIYIONINe YCIOBIA:

a) CYLeCTBYIOT TakKHe BellleCTBEHHBIE HHCIA Mg, M, ITO Ad A060r0
xommnaxTa K C X HaungyTcs Takme HoJgoxuTenbusle nocrosuusie R, Ch, Oy,
4TO

Gilg|™ <oz, <™, [E12 R, zeK; (5.1)

6) cymecTByIoT Takme umuciaa p u 0, 9to 0<I<p< 1, u ana moboro
xommakTa K C X cymecTByeT Takas NOCTOSHHAA R, ITO A7 II0OBIX MYJIb-
THHHIEKCOB o, 3 HangyTca Takue mocTosHusle Cy g K, ITO

108 920 (x, )] 07" (2, £)I < Cap, x|[E]7 VL ¢| 2 R, 2e K. (5.2)

Kuacc cumBoaos, ygosaeTsopswommux ycaosuaM (5.1) u (5.2) ¢ dukcn-
POBaAHHLIMU ™M, Mg, p U § MBI OygeM o6o3HAYATH HS;”’(sm0 (X xR") nan
,
IpoCTO HS;”’(SmU, ecan ACHO (mIm 6e3pa3sin<Ho), 0 Kakol obractu X HIeT
;

peus. U3 (5.1) u (5.2) oueBUAHBIM 06PA30OM CIEAYET, UTO
HS;’?’(;’””(X xR") C S5 (X xR").

Yepes HL;'?’(Sm” (X) et 6ygem obosHadaTh Kaace cob6erBernnx II0 A
B obnactu X, 114 KOTOPHIX 04 (2, &) € HS;'?’(SMD(X x R™).

Onpegenenne 5.2. IIJO A HasbBaeTCA 2uUNO3AAUNMUYECKUM,
ecan cymecTByeT Taxon cobereenHen IIJO A; € HL’:(’smD (X), dro
A=A1 4+ Ry, rge Ry € L™°(X), 1. e. Ry —omnepaTop ¢ 6eckoHedHO gud-
depeHIupyeMbIM A1POM.

OTMmeTuM, 9TO 44 A0GOT0 MPEeJCTABICHUA TUIORLIAITAYECKOTO OIle-
patopa A B Buge A=A, + Ry, rge A1 — co6erBennnin I1110, a Ry onepaTop
¢ TJaJKHUM SIpOoM, BepHO, 9To A € HLZ?’(;mU (X).

ODpumep 5.1. Ilycte A — guddepeHnuaibupll omepaTop, T. €.
A= Y aq(x) D%, rae aq(z) € C®(X). O6oznaanm wepe3 am,(z, £) ero

al<m
rJIaBlHILH?I CUIMBOJ:

am(z, &)= Z aq(z)E°. (5.3)

|a]=m

Onpegenenune 5.3. Jupdepennuansuniii onepaTop A Ha3bIBaeTCs
SAAUNMUUECKUM, €CAN

am(z, ) #0 mpn (x, £) € X x (R™\0). (5.4)
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ODpegnoxenne 5.1. Jas dufdepenyuasvnozo onepamopa A cae-
dyroujue Yeao6ul IK6UEAACHMHDBL:
a) A sasunmuuen;

6) A€ HLT," (X).
doxaszaTrenscTso. Umnmukanua 6) = a) odeBugua. [Jaa goxa-

3aTeJbCTBa 06paTHOﬁ IMIIITKAIINN BBeIEM TIOAHBIA CUMBOJI onepaTopa A

a(, )= Y an(x)€, (5.5)

lal<m

1 3aMeTUM, ITO €CIU a) BBIIIOJHEHO, TO

a8 _ x x
am(x7 6:)_1+b—1( ’€)+"'+b—m( :E);

rae Gyuxnuu b_;(z, &) € C°(X x (R™\0)) ogHOpOAHE O ¢ CTemeHH —j.
Orcioga cregyet ouenka (5.1) ¢ mg=m, a oumenka (5.2) moaysaercsa
ananorudHo. M

IMpumMeps DAJUITHIECKUX ONEPATOPOB:
onepaTopﬂaHﬂacaA:%—i—...—i—%B}R”;
=g iy B R
IMpumep 5.2. OnepaTop TemLIONPOBOIHOCTH

0 _A_0 9? 92

ot T T ot ox2 T T aad

oneparop Komun—Pumana

TUIIOSJIJINIITUYCH B Rn-l_l, XO0TA U He ABAACTCA SAIUINTIIECCKIIM.

Ynpaxuenue 5.1. [I[poBepuTh rUNOIIUNTHYHOCTE OMEPATOPA TEILIONPOBOI-
HOCTH M HANTH COOTBETCTBYIOIIHE 1M, Mq, P, 0.

Mpumep 5.3. Iycts A —xaaccuueckun 110, a,(z, &) —ero raas-
HBII cuMBOJ. Torjga uMeeT CMBICT

Onpegenenune 5.3. Onepatop A€ C'L™(X) HazbiBaeTCA s44unmU-
YECKUM, €CIN €0 TIABHEBIN CIMBOI 4, (2, §) yA0BIeTBODsET yeaoBmio (5.4).

Tak xe, Kak U B JOKa3aTeAbCTBE NpeAIoXKeHuA H.l, Jerko IpoBepUTS,
uTo ecan omeparop A€ CL™(X) sBaseTcs COGCTBEHHBIM, TO €rO BJJINI-
THYHOCTB 3KBuBaleHTHa BKaoodermo A€ H L] (X ). He npeanonaras co6-
CTBEHHOCTH omepaTopa A, MOXHO cka3aTs, 170 omepatop A€ CL™(X) ax-
JUOTHYEH TOMJa U TOAbKO Torja, korga A=A, + R, rge A € HLT’Om(X)
n Re L™>°(X).

IIpumepsr 5.1 u 5.3 Ae1ai0T €CTECTBEHHLIM Cledyiollee

Onpeaexenne 53" Oneparop A€ L} 5(X) maseiBaercs saaunmu-
weckum, ectu A=A; 4+ R, rge A, € HL’:’(Sm (X)u Re L™=°(X).
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Hpeanoxenue 5.1'. Ecau onepamop A€ L7 5(X) sa6asemea cob-
CMEEHHLIM, MO €20 IAAUNMUYHOCTIL PAGHOCUABHA MOMY, YN0 YCAOBUE A)
6 onpedesenuu 5.1 svinoansemcs daa e2o cumeosa ¢ mg=m. Bez nped-
noaoxcenus cobemeennocmu onepamop A€ L7 5(X) saaunmuuen moada
u moavko moeada, kozda cyuwecmeyem npedcmasaenue A 6 sude A=A+ R,
2de RE€ L™°(X), a onepamop Ay Aeasemca co6CMEEHHBLI U YCAOBUE A)
6 onpededenuu 5.1 ewinoansemesa das cumsoaa onepamopa A1 ¢ mg=m
(u moada smo eepro das 4106020 MaKo20 npedcmasieHUR).

JoxazaTelbCcTBO NPEIOCTABIACTCS UNTATEII0 B KadecTBe
ynpaxuenus. Wl

5.2. IlpocTemime cBOMCTBA TUNOXLIUIITHIECKAX CAMBOIOB. Y CIOBHMCS
Ipexje BCero TOBOPHUTE, 4To o(z, &) € Sm(; npu Goavwur £, eCan IS JIO-
6oro xomnakta K C X cymectByeT Takoe R= R(K), uTo ¢yuxnus o(z, &)
ompegenera npu z € K, |£| > R(K), u npu s>tux (z, £) BEIIOIHEHH! BCe He-
o6xogumsble onenkn Tuna (1.10). Ecan npu 5ToM elje BBIIOIHAIOTC OLEH-

u (5.1) u (5.2), To 6ygem rosoputs, uTo o (z, £) € HSm " npn Goabmmx €.

OtmeTnM, 9TO ecau o(z, E)ESmé mm oz, E)EHSm ™ npnm 601B-
mux &, To, yMHOXad 0(z, {) HA DIAJKYIO CPE3AOIyIo (byHKLu/IIo P(z, &),
pasHyo 1 «pu Goasmmux &» (Hanpumep, npu z € K, || > R(K)+2 ans
mo6oro kommakTa K) m 0 B OKPECTHOCTH TOTCO MHOXKECTBA, T'e CHM-
BoX 0 He ompefeler (Hampumep, mpu z € K, |{| < R(K) + 1), MBI moxy<unm
cumBon 01(z, §) € 577 5(X x R") mrm, cooTseTcTBenHO, cnMBox 01(2, §) €
€ HSm 5% (X x R™), coBnajatomuit ¢ o(z, £) «apu 6oabmmx &».

Jemma 5.1. Ecauo(z, &) € HSm " npu Goavwur £, mo oz, £) €

EHS O™ npu Goavwuz &. Jaaee, &Jm A10661T MYyabmuundexcos a, 3

0z lo(x, €)/a(z, &) € S, IV

npu boavuwur &.
JoxaszaTeanctso. Iycrs y=(z,£), v, § — 2n-MepHBIe MyIbTHIH-
gekcel. Muaykuuen o |§ | mposepseTcs, 9To

191 9 u+’Y

} Z Z Cso...0k y) H aél )y . (5.6)

k=0 do+...+dr=

1%

Tenepsb BUIHO, 9TO €CIH B3ATh ¥ = (3, &), TO Bce OLeHKN, HEOGX0 AUMELE
1A JOoKa3aTelbCTBa yTBEDXK IEHUA JeMMbI, CIeIyI0T HeMOCPeICTBEHHO U3
onpegenenun. Wl

1
m m m m
Jemma 5.2. Ecau O'EHS o O'”EHS ° mo oo’ e

EHSm +m m +m0‘
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JokxaszaTelbCcTBO HENOCPEICTBEHHO MOMYyIaeTCA W3 (POPMYJIBI
Jen6uumna. W

Jemma 5.3. FEcau o(z, £)EHSmmD r(z, §) €55, 2de m1 <my,
mo o+7r EHSm e

Ndoxasza T eabcTBo. Ucnoassys npeacrasienue o+r=o(l+r/o)
u deMmul 5.1 u 5.2, MBI BUAUM, ITO JOCTATOYHO PACCMOTPETH caydan o =1
u mo=m=0, orkyga m; < 0. Ho Torga yTBepxaeHne TeMMBl CTAHOBUTCS
oueBugusiM. W

Jdemma 5.4. ITyemv o(z, §) EHSm ™ npu 6oavwuzr & u o1y, n) =
=o(z(y), &(y, n)), ede omoépameuue (y, n)— (z(y), £(y, n)) Acazemcs
duppepenyupyemin  omobpancenuen X1 x (R™\0) s X x (R™\0), npu-
uen &(y, ) noaoxcumeavro odHopodro no 1 nopadka 1. ITyems 1— p<Ld<p.
Tozda o1(y, 1) € HS'm " ppu Goavuuz 0.

JoxaszaTensn c TBO BIOJTHE AHAJOTHYHO JOKa3aTeILCTBY JeM-
Mbl 1.2 n mpegocraBasgerca unTtaTeno. W

5.3. IlpocTermme cBOMCTBA THIOD/LIMITTHIECKUX OTIePATOPOB.
Mpegnoxenune 5.2. Fcau A’EHLm m”( ) uA”EHLm m”(X),

mo A'o A€ HLTF™ Mt (),
,Z[OKaaaTeJIBCTBO. Ilo Teopeme 3.4

d TA! D 1"
oaran(z, €) ~ o, &) oan(z, €) |1+ |E v
al>21

B cuny memm 5.1 m 5.3 B KkBaapaTHBIX CKOOKAaX CTOUT PAJ, aCUMITOTHIeE-
CKasg CyMMa KOTOPOT'O (B CMBICIE IPeATOXeHNA 3.4) IpHHALICKUT HSS:(?.
Ocraercsa Bocnoab3oBaTbes aemmon 5.2. W

Mpegnoxenue 5.3. Ecau AEHLm 5 (X)), mo tAEHL’:’(;m”(X)
u A* EHLm 50 (X).

Odoxa 3 aAaTeNbCTBO AaHAIOTUYHO AOKA3ATEILCTBY NpPeIbIIYIIETO
npeanoxenns. Wl

Ilpeanoxenne 5.4. Feau AEHLm’mu(X), Re L5(X), ede
my <mg u R —cobcmeennniti, mo A+ R€ HLm "0 (X).

doxaszaTeabcTBo. 3 TBepXK JeHTe O‘IeBI/IJlHBIM 06pa3oM BEITEKaeT
u3 adeMMmsl 5.3. W

IMpegnoxenune 5.5. Fcau 1 — p< < p, mo kaace HLm 50 (X) un-
6APUAHMEH OMHOCUMEABHO 3AMEH NEPEMEHHBLT, M. €. ecau dan &uﬁgﬁeomop-
dusm 32 X = X1 u onepamop A onpedeaen, kax 6 § 4 ($opmyaa (4.1)), mo
A€ HLZ:L’émU (Xl)

JdoxaszaTeasncTso. I[lo zemme 5.4

ca(a(y), (i (y)~"n) € HS)™ (X)
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(3gecs s = 3~'). Ho Torga 3 Teopemsr 4.2 u aemMs! 5.1 fcHO, ITO

ca, (Y, M) =0a(a(y), () n) (L+r(y, ),

rae r(y, ) € S;%(p_l/m Ipu GOJBIINX 7). YTBepXKAeHNE NPeIToKeHUI Cle-

ayeT Temepsb u3 gemMm 5.2 u 5.3. B
IIpeanoxenne 5.5 mo3BoOIgET ONpeJeInTh Ha M060M MHOToo6paszmu M
kaacc runoxaanntodeckux 1710 HLm (M), ecn Toabko 1—p< < p.

5.4. IlapameTpukc u rpy6ag TeopeMa peryiapHOCTH.

Teopema 5.1. Ilyecms AEHLm S5O (M) u aubo 1—p< 38 <p, aubo
d<puM=X —obracmb ¢ R™. Toe&a cywecmeyem maxot onepamop B €
€EHL, T (M), umo

BA=I+Ry,, AB=I+R,, (5.7)

ede R;j € L=°(M), j =1, 2; I —moxcdecmeennsiti onepamop.

Aaanee, ecau B' — dpyzoii IIA0, dasa komopozo aubo B'A=1+ R, aubo
AB'=T+R; (2de R; € L= (M)), mo B'—= B€ L™ (M).

Canegcrsue 5.1. Ecau A —eunosasunmuuecrkuti II00 6 M (ne 06a-
sameavro cobemeennbit), mo cywecmsyem maxot cobemesennviti IO B,
umo cnpasedausvt coommuowenus (5.7).

JoxazaTeabcTBo TeopeMmu H.1. 1. [Iycrs BHAwANEe M =X —
obmacte B R”. Ilycts 04 —cumBoa omepaTtopa A. PaccmoTpum Takyio
dbyukumio by (z, ) € HS_mU’_m(X x R™), aro by(z, §) ZO'Zl (z, &) mpu 60aB-
mnx ¢. Hanigem Teneps Taxoll co6cTBeHHBIN onepaTop By € HL_m”’ "(X),
9T0 0, — bg € ST (X x R"™). IIposepum, 4TO

BoA=T+ Ry, (5.8)

rae Ry € L;(ép_é)(X).

B camowm gexe, no TeopeMme 3.4 umeem npu Goabmmx &

_ 1 ogo, D2
OByA ‘~1+Z ?O'Al DatrA_l-l—Z ¢ A ;—AUA
la|z1 la|21 A

I OCTaeTCcA BOCIOAb30BaThbeA JdemMon 5.1, IlyeTs Teneps Cjy — Takon cob-

crBennsn 110, uTo
(o]

Co~> (-1) R, (5.9)

7=0

~Z ) URJ. (5.9
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13 (5.9) oueBngHBIM 06pa3oM CIEgYeT, UTO
Co(I+Ro)—IT€L™,
Tak 9TO ecau Mbl momoxuMm By = CyBg, To
BiA=1+ Ry, (5.10)

rae Ry € L~°°(X). U3 mocrpoenus scHO, €UTO BleHL;?”’_m(X). Ha-
Jee, AHAJOTUYHBIM O6GpPa3oM MOXKHO IOCTPOUTL TaKou omepaTop B €
€ HL;?D’_M(X), 9TO

ABs =1+ R,, (5.11)
rae Ry € L™ (X).

IIpoBepum Teneps, uto ecau By, Bs —ao6eix gsa IIJ0, g1a xoTopsix
BoIoAHeHb! cooTHomerus (5.10) u (5.11), To By — By € L~ °(X). Stum 6y-
JeT JOKa3aHo CyIIecTBOBaHUe TpebyeMoro B (B KaduecTBe KOTOPOrO MOXKHO
B3ATb JMI060H U3 0omepaTopoB Bi, Bz) 1 ero eIMHCTBEHHOCTH (C TOYHO-
cTeio go omeparopa u3 L~ (X)). Ormerum, uro B; m Bz MOXHO c4n-
TaTb co6CTBeHHBIMU. YMHOXad (5.10) cupasa Ha By U MOAB3YICH COOTHO-
menneM (5.11), moayunm B; — By = Ry By — By R, u ocTaeTcs 3aMeTUTh,
aTo By Ry m Ry By npuragrexart L~ (X).

2. lycts Teneps M — mpomsBoasHoe MHoroo6pasue, M =|J XV —mno-

N
xpeiTue M xoopauHaTHBIMEI okpecTHocTamMu X '. Torga B X7 cymecTByeT
(B cuIy TOJBKO U9TO JOKA3aHHOTO PE3yIbTATA) TAKON COGCTBEHHEIN Olepa-
Top B, uTo

BYoA=I+R], AoBY=I+Rj],
rae R}, R} —omepaTopsl ¢ riagxumu sipamu.

IIycTs Temeps ¢;, j=1, 2, ..., — pasbueHue eJUHUILI, TOJINHEHHOE II0-
KpBITHIO MHOr006pasus M oTKpuITBIMEU mogMHOXecTBaMu X'. DTo 3Ha-
YUT, 9TO BBHIIOIHEHH! CIEAYIONE yCI0BUA (CM., HAmpuMep, Teopemy 6.20 B
kunre Pyansa [1]):

, [e] . , p— Y.

1) ¢; €CF (M), ¢; >0, supp ¢; C X" npu mekoTopoM v =7(j);

2) ans mo6oro z € M cymecTByeT Takas OKPECTHOCTb % TOYKH T B
M, uTo %, nepecekaeTca UMb ¢ KOHETHBIM IHCIOM MHOXKECTB SUPD ¢;;

3) Zj pi=1

Teneps mocTponM Takne ¢yukmun ¢; € C5°(M), 4T0 oHE ygoBIETBO-
pAOT cHOPMyIHPOBAHHLIM BhIlle yCIoBEAM 1) u 2) (¢ Temnm xe v(j)) m
BJ06aBOK 1; =1 B OKPECTHOCTH MHOXKECTBA SUPD ©;.

O6o3masnm gepes ®; n ¥; omepaTopsl yMHOXKEHNA Ha ¢; I 1); COOTBET-
cTBeHHO. Temnepsb TOJ0XKIM

B=) &;BV) g,
i
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rjge DoApa3yMeBalTCA HeoOX0JUMBIe OE€DALNN OFPDAHUYEHUS U PO JOIKe-
unsa HyleM. Torga Mbl yTBepxKgaeM, 4TO B yI0BIeTBOPSET BeeM TpeGoBa-
HOAM.

AcHo, ¥T0 B — cOGCTBEHHBIA OoNepaToOp. JaMeTHM eIlle, ITO Ha [epece-
qemmn X7 N X7 onepaTopsl B u B oramuaooTcd Ha OIEepaTop ¢ IIaIKIM
AAPOM, TaK ITO IO MOAYII0 ONEpPATOPOB 3 L~ °° oHH MOTryT 6LITH 3aj1a-
HBl OJHUM U TeM K€ CHMBOJOM. JTO IIO3BOJAET BBIUYUCIATH KOMIIO3UIINN
BA u AB mo mogymo L~ °°, ucnoaszoBaTh (opmyry xommozunun (3.41).
Hanpumep, cumBoa onepatopa BA 0kalbHO UMeeT BUJ

1

opa(e, €~ — ®i(2) (0gon(z, €) D3 (ralz, €) ¥ (2)).
J o
Ecnn mpomssognas mo x mpuMeHsaeTca K ¥, TO BO3HUKAIONINA HUIeH 06pa-
maeTca B 0, mockoapky ®; DI, =0 ana mo6oro a# 0. IlosTomy

o

opalz. )~ (30 2, ¥(2) | (X0 7 ofon(e. € DE(oale, &) | ~1.

YTO BKBUBAIEHTHO [ePBOMY COOTHomIeHNO B (5.7). TouHo Tak xe LOKa3bl-
BaeTcA u BTopoe cooTHomeHue. W

Jameuanune. Ilorydennyo Boime Gopmyay gias B MOXHO yIpo-
CTHUTH, €CIH JO6ABHUTL JOCTATOTHO MaJable OKPECTHOCTH MHOXKECTB SUPD ¢
K MHOXeCTBY Bcex X 7.

B sToM caydae MBI MOXEM HANUCATD

B=Y &,B'¥,,
¥
rie { YAOBICTBOPAIOT TeM XK YCIOBHAM, UTO PACCMATPUBABIINCCH BBIIIE
¢byuxmun ;. Ilpn 5ToMm mogpasyMeBaeTcs, 9TO HEKOTOPhIC U3 (GYHKIHH .
MOTYT OBITH TOXIECTBEHHO PABHEI HYJIIO.

Ecan M — xoMnaxTHOe MHOr006pasne (6e3 Kpad), TO MBI BCETAa MOXKEM
cunTaTh nokpeitue { X7} KoHeuHBIM, Tak 4TO cymMMa B ¢gopMmyste aia B
Takke CTAHOBATCA KOHEYTHOM.

Onpegenenne 5.4. Oneparop B, yIOBIETBOPAIOUIUN YCIOBU-
aMm (5.7), HaswEIBaeTCA napamempurcom omeparopa A.

CaegcrBue 5.2. Daaunmuueckutd onepamop A€ LZ?(;(M) umeem
napamempuxc B € HL;’?’ (M.

Teopewma 5.2. Fecau A — cunosaaunmuueckud II10, mo
sing supp Au=sing supp u, uedé&'(M). (5.12)

Huwtmu caosamu, ecau @ —omrpwimoe nodmnosxcecmso M, mo Aulg€
€ C® () mozda u moavko moada, kozda u|g € C*(Q).
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-

Feau A — cobemeennniti eunosasunmuneckud IITO, mo (5.12) sepro
das 060t obobuennot dynryuu ue P'(M).

doxaszaTeanncTBo. JocTaTouHo, 0UYEBHAHO, A0KA3aTh MEPBYIO
YaCTh yTBepXKIeHUsA TeopeMbl. Ilpu sToMm BraodeHnme sing supp Au C
C sing supp u BBITeKaeT U3 NCeBIOAOKAIbHOCTH A (cM. mpegnoxenune 2.4)
I 0CTaeTCs JOKA3aTh BKIIOUEHUE

sing supp u C sing supp Au. (5.13)

IIycts B —co6erennnin [0, apagomuiics napaMeTPUKCOM OIEPATO-
pa A. Torga us ¢popmyast u = B(Au) — Ry u u nceBgorokalbHOCTH B BhITe-
KaeT, ITO

sing supp u C sing supp(Au) Using supp Riu,

HO Riu € C*(X), Tak 4To sing supp Riju =&, uro u gokaseBaer (5.13). W

Teopema 5.2 siBageTcA TpyOOI TEOPEMOU O PEryJIIPHOCTH PeIleHull TH-
HO3IIUNTHYeCKUX ypaBHeHul suga Au — f. Boree TounEle TeopeMsl 6y Iy T
JOKa3aHBI OCAe BBeJEHNUA TOUHBIX KIACCOB TJIAIKOCTH (DYHKINH — MKAIBI
npoctpancts Coboaesa.

5.5. IlapaMeTpHKC KIACCMYIECKUX IILIUNTHYCCKUX IceBaoauddepen-
IMAIBHEIX omlepaTopoB. B caydae kaaccudeckux smauntudeckux 11O
ImapaMeTPUKC MOXKHO CTPOUTH 60ee SIBHO.

Iycres A —kaaccuueckun smaunrudeckun I1J0 B o6aactu X CR”, cum-
BOJ KOTOpOro a(z, ) gomyckaeT npnu 60abmux { ACUMITOTHIECKOE PA3IO-
KeHUe -

a(z, &)~ am_j(z, £), (5.14)
j=0
rae am—j(z, £) € C®(X x (R™0)), ¢m—;(z, {) moT0KUTEILHO 0THOPOLHA
no ¢ mOpAAKa M — j U U BBIIOIHEHO yCI0BHe >aaunTudsoctn (5.4).

IIycte B —mapameTrpukc omepaTopa A. IMokaxem, aTo B — kiaccude-
cknit IIJO, cumson koToporo b(z, £) gonyckaeT npu 60IBIINX ¢ ACHMIITO-
TUYECKOe PAa3I0KeHUe

e}

bz, &)~ bomj(@, &), (5.15)

rae b_m_j(z, ) €C®(X x (R™\0)) u b_p,—;(z, £) TOIOKUTEIBLHO OJHOPO-
Ha 1o & mopsigka —m — j.

@Dopmyna KOMIO3NIUN OKA3EIBAET, ITO CAMBO b(Z, &) JOAKeH yAOBIe-
TBOPATE YCJIOBUIO

S ozae, €) DIb(z, &) /ol ~ 1,
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nan

> 0 am k(@ &) DIboymj(x, &)/al~1. (5.16)

a,k,j

fcHo, 1TO0 ecau MuI crpynnupyeM B (5.16) Bce <WIeHE [0 TOpsAAKaM OJHO-
poauoctn, To (5.16) GyaeT o3HAYATE IPOCTO PABEHCTBO COOTBETCTBYIOIINX
OJHODOTHBIX KOMIIOHeHT. [lenas 3To, mory4uM

> amk(z, &) DIbom_j(z, &)/al=8, p=0,1,..., (5.17)
k+j+lol=p

nau, 6o1ee noapoOHO,

Am b =1, (5.17")
Am - b_m + Z (g am—k) (Dybom—t) /al=0, j=1,2, ... (5.17")
k4i4|ol=j
I<j

W3 ypasuenunn (5.17) o4eBHAHBIM 06pa30M OJHOBHAYHO ONIPEENAIOT-
¢ MONOKUTEILHO OJHOPOAHBIC GYHKIUE b_p,_;(z, {) mopagkoB —m —j
(7=0,1,2, ...). Ecan Teneps oupegeauts b(z, {) popmynon (5.15) u nan-
T Takon co6crenunit II0 B, uto op(z, {) —b(z, £) € ST (X xR"), To
onepaTop B 6yjaeT mapaMeTpukcoM omepaTopa A.

®Dopmyasl (5.17) ompegersiorT mapameTpukc omepaTtopa A um B cay-
gae, korga A sBasercs MaTpudHbIM daannTudeckuM IIJ0: B aToMm ciyuae
a_pm—; (2, £) aBaAIOTCA KBAAPATHBIMU MATPHYHEIME QYHKIIUAMIL, & YCIOBIE
AILIUNTUIHOCTH UMeeT BUI

det am(z, £) #£0, (z, &) € X x (R™0). (5.18)

3agaua 5.1. Iokazars, 9To WieHBl b_,,_;(z, &) (j>0) mapame-
TPHUKCA KIACCHYECKOTO 3LTUITHICCKOTO oMepaTopa A BhlpaxkaioTca uepes
am—k(z, £) B ckanapHOM cIydae QpopMyIaMu BHIa
2j+1
— , ) =l
bomj(z, &)=Y alx, &) (am(z, &), (5.19)
=2
rae ¢ (z, £) —HEKOTOpEHIE IOI0KATEILHO OJHOPOAHBIE (QYHKINH 110 £ TOPAI-
koB m(l — 1) — j, ABIAAIOIINECS HOINHOMAMHE OT GYHKIMI Ay, Gppp— 1, - - -, Ap—j
U WX TPOM3BOTHBIX TOPAIKOB < j.
Anagoruunsie GOpMyIBl B MATPUIHOM CIYIae UMEIOT BU
2j+1

b—m—j (I: f) = ‘1;11 (‘E: 5) H [Ck,l(‘ra f) a;bl(;r, f)] (5'20)
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§ 6. TeopeMEl 06 OrpaHMYEHHOCTH M KOMIAKTHOCTH
nceBoAuddepeHIUATEHEIX 0IIePATOPOB

6.1. ®opMyIMPOBKA OCHOBHOM TeOpPeMH orpanudeHHoctTu. Ilycte A —
I110 B R™. Byaem paccmaTrpuBaTh A xak oTo6paxenne

A CF°(R™) — C(R™).

IIycts K4 —aapo onepatopa A B cmbiciae JI. IlIsapia. Ecan supp K4 —
xommaxT B R” X R™, To A ompegenser oTobpaxenue

A CF(R™) = C5° (R).

ITocTaBuM BoOmpoc: MOXKHO U NPOJOIXHUTHL OnepaTop A IO HempephIB-
HOI'O JINHEHHOT O OIlepaTopa

A: LA(R™) — L*(R™)?
AcHo, 9TO 411 3TOr0 HEOOXOAUMO I JOCTATOYHO, ITOOBI ObLIA BBHIIOJHEHA
OlleHKa -
[Aul| <Cllull,  we CF°(R™), (6.1)
rae C >0 He 3aBUCHT OT u, a || - || osmauaer mopmy B L2(R").
Teopewma 6.1. Ilycms AELSV(;(]R”), 0<d<p<], usupp K4 — xom-
nakm 6 R" x R™. Toada svinoanena oyenra (6.1) u, caedosameavro, onepa-
mop A npodoancaemesa do aunetinozo nenpeprisHozo onepamopa 6 L?(R™).

6.2. BcmomoraTeapHEIe YTBEPXKA€HNA M JOKA3aTeIbLCTBO TeopeMEl 6.1.
B pampHeniem ucnoabzyeTcs oGo3HaUMeHIe
lim |a(z,¢)|= lim sup |a(z, £)|.
€] o0 (=& E=00 |2t (=
rzeK reK
Teopema 6.2. IHyemv A —cobemeennviti 1100, A€ Lg’ 5(X), ede
0<d<p<l u X —obaacmv ¢ R™. [Ipednosodcum, umo cyuecmeyem ma-
Kaf nocmoannas M, umo

lim |oa(z, &)|<M (6.2)
|¢] 00
reK

dasa aobozo komnakma K C X. Tozda cywecmeyem makoti cobcmesennblil
unmezpaabubiti onepamop R ¢ apmumosvin adpom ReE C™(X x X), umo

(Au, Au) < M*(u, u) + (Ru, u), u€C5(X). (6.3)

Fcau npu smom supp Ka —xomnakm ¢ X x X, mo u supp R makace
komnakm 8 X x X.

JdoxaszaTeabcTBo UMONaAnKanuu Teopema 6.2 = Teo-
pema 6.1. loctaTouno mposepuTs orpanntenHocts B L2(IR™) omepaTo-
pa R ¢ raagknM (uHATHEIM AgpoM. Ho 5To Xopoimo m3BecTHO (MOXKHO
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noKasaTh, HanpuMep, 1To || R||? g/ | R(z,y)|* dz dy, vae || R|| — mopma ome-

patopa R B L?(R"), a R(z, y) — aapo onepaTtopa R). B

[dus pokasarerbcTBa TeopeMbl 6.2 BBuAY cooTHomeHus (Au, Au)=
= (A*Au, u) ZOCTATOYHO HMOCTPOUTH TAKOU COGCTBEHHBIN omepaTop B €
€ L27 s(z), 9To

A*A+ B*B— M*=R, (6.4)

rge R umeer riagkoe sapo (B 3ToM caydae omepaTop R cOGCTBEHHBIH, Tak
Kax B J1eBoll dacTn (6.4) cronT co6crBenHbIn onepaTop). Ilepenuceias (6.4)
B Buge B*B=M?— A* A+ R, MEI 3aMeTHM, ITO IO MOJY.TIO CHMBOIOB K.IaC-
ca S;(f_é)(X) cumBox onepaTtopa M? — A*A paser M? —|o4(z, €)%, oT-
Kyaa
li_m Re [O-(M2—A*A)(m1 6)]>0, (65)
€] o0
reK
rae lim ompegensercsa TOYHO Tak ke, KAk lim, HO ¢ 3aMeHOH sup Ha inf i
ao6oro komnaxkTa K C X. IlosToMy Teopema 6.2 BEITeKaeT U3 ClleIYIOMIET O
TIpeI0KeHN .
Mpegnoxenue 6.1. ITycms CELSV(;(X), 0<d<pLl, C—cob-
emsennwiti ILAO, C* =C u

lim Re oc(z, &) >0, (6.6)

|€] =00

rzeK
dasa awbozo komnakma K C X. Toeda cywecmeyem makoti cobcmesennlil
onepamop BEngé(X), umo onepamop R= B*B —C' umeem 6eckoneuno
duPepenyupyemoe adpo.

Jemma 6.1. ITyemv a(z,§) € 52,6(X xR™) u a(z, &) npu awbuz
(z, &) € X x R™ npunumaem 3Hauenus, aexcawue 6 romnakme K CC.
ITyemv  komnaexcnosnaunas @Gyukyus f(z) onpedesena 6 oxkpecmuocmu
komnakma K u 6eckoneuno dufdepenyupyema rax Gynrxyua deyr scuye-
cmeennbiz nepemennbiz Re z u Im z. Toada

fla(z, €)) € S) 5(X xR"). (6.7)

JdoxasaTreanscTso. Obosnavas u=Re z u v =Im z, noay4unm, oge-
BHIHO,

RFaW) = D g s w, (007 F) (aly) X

w1+ Fxp+
Fwit.. . Ffwe=y

x dy' (Re a)...d;7(Re a) dy* (Im a) .. .dy*(Im a), (6.8)
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oTkyga u cieayet (6.7), Tax kak |(&1(fj’vq)f) (a(y))| <Cpy- N
JoxazaTeancTBo npegaoxenus 6.1. I3 zemmeur 6.1 caegy-
eT, uT0 pyakuns \/Re o¢(z, §) npunagrexnr SS s Ipu 6oapmux . IlosTo-
My cymecTByeT cobcTBenunn II]JO By € Lg 5(X) ¢ TakmM BelmecTBeHHO-
3HAYHBIM cuMBoaoM b (z, £), aTo0 |bo(z, £)]|> —Re oc (2, &) € S, - Ozcrona
CIeyeT, ITO
—(p=36
C-BiBoe L)Y (x). (6.9)

OnepaTop By cayxuT (HymeBeIM npubamxenuemy ais B. Bygem mckaThb

mepBoe npubanxenue B Buge By + By, rge By € L;((Sﬂ—é)()(), Nmeem

C—(Bi+Bj)(Bo+B1)=(C—B{Bg)— (B;B1 + By By) — B{ By. (6.10)

NmeeT cMBICa yMEHBIIATS TOPAI0K onepaTopa B By 4+ B By, B3aB By co6-
crBenasM IIJ0 ¢ Takum cumBoaoM by (z, ), 9To

2b1(z, &) bo(z, §) =0c—ByB, (2, §), (6.11)

ITO OYeBHIHO BO3MOXKHO, TaK Kak bal(m, & e S’g s TIpH GOIBIINX & TO TeM-
me 6.1. U3 (6.10) u (6.11) cregyeT, uTo

C—(Bo+B1)*(Bo+Bi) € L,V (X). (6.12)

[lelicTBya MO WHIYKITMH, MBI MOJXKEM Telepb TOYHO TaK kKe IOCTPOUTH
—j(p=6 i
Taxne co6cTBennsle II0 B; ELpVJ(;(p )(X), j=0,1,2, ..., 9To

C—(Bo+...4 Bj)*(Bo+...+ Bj)e L\~ (x). (6.13)

IIycts bj(z, ) — cumBoa omepaTopa B;. Temepb ocTaeTcs HOCTPOUTH
TaKOU COOCTBEHHLIN omepaTop B, 410

oplz, 5)~Z bi(z, €).

U3 (6.13) aerxo cregyet, 9T0 3TOT onepaTop B u GyaeT uckoMbiM. Teum ca-
MBIM Ipeanoxenue 6.1 1oxa3zaHo, a BMecTe ¢ HIM JOKa3aHBI I TeopeMEI 6.1

n6.2. W

6.3. Teopema o koMmakTHOCTH. MEI BEIBEJEM T€OPEMY O KOMIAKTHOCTH
110 u3 caegyromero 6omaee 06IIEro yTBEPXK JCHUS.

Teopewma 6.3. ITycms AELg’(S(R”), 0<d<p<l, unyemy adpo Ka
umeem Komnakmuud Hocumeav 6 R” x R™, a cumson o4(z, &) ydosaemso-
pAEM YCAOBUIO

lim |oa(z, &)< M. (6.14)

|€]—o00
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Toeda cywecmeyem maroti onepamop Ay, umo A— A3 € L= (R"),
Aadpo K4, umeem romnaxmmwiti Hocumeavb u

Al < Mlull, e G5 (R™). (6.15)

JoxazaTteasctBo. IIycrs dyuxmua x € C§°(R") Takosa, 4TO
x(z) >0, [ x(z)dz=1, 0<x(¢) <1. Takas ¢yHknus cymecTByeT. B ca-
MOM fJele, IyCTb BHadame QyHKIUA Xo(z) Takosa, drto xo(z)€ CF(R"?),
xo(z) >0 u [ xo(z) dz =1. Toraa scro, ato | Xo(¢)| < 1. Teneps nmozoxum
X(2)=  x0(z+1) x0(y) dy. Bomay Toro, 110 £(€) = | $o(€) |? oy x(x)
yAOBJAETBOPAET BCEM TPeOOBAHUAM.

Tonoxum Teneps X.(z) =¢ "x(z/¢) n onpegenum omepatop A. Gop-
MyJIOn

Acu=Au— A(xe *u), (6.16)

rae (- * u)(z) —cBepTka QYHKIUA X, U U, 3afaBaeMasi GOPMY.IOH

(s ()= [ xelo =) uty) dy= [ e —2) xe ) do
Torga B cuny TeopeMs! 6.2
[Acu||* < M2)|u— xe *ul|? + (R(u — e *u), u—xe *u), (6.17)

rge R—omneparop ¢ aagpom R(z, y) € C° (R" x R™).
3ameTnM, ITo mpeobpazoBanme Dypbe (DYHKIUH U — Xe * U PABHO
(I —x(e€)) 4(§) n u3 ycrosus 0 < x <1 BEITekaeT, 4TO

[l = xe * ul[ < [lull- (6.18)

Mamee, ecam 0603HAYUTL depe3 R. omepaTop, MEePeBOAAIINA U B
R(u — x. * u), To ero agpo R.(z, y) 3agaeTca GpopmMyron

R.(z,y)=R(z, y) —/ R(z, ) 5_”X(2_y)dz,

€

nIn
R.(z,y)=R(z, y) —/ R(z, y+ez) x(z)dz,
OTKyJa BUAHO, ITO supp R.(z, y) 1€XUT B HEKOTOPOM (PUKCUPOBAHHOM KOM-
nakTe K (He 3aBucsameM ot € npu 0 < £ < 1) u, xpome Toro,
sup |R:(z,y)| =0 mpu £—0.
z,y
Orcioga caeayet, 9To ||R.||— 0 npu £ — 0. Teneps u3z (6.17) u (6.18)

MEI IIOJYaeM

[[Acull* < M2|[ul|* + || Reu]| [|ull. (6.19)
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U3 ycaoBus TeopeMsl ACHO, YTO MBI MOXKeM 3aMeHuTs M uwa M —J, rae §
gocraro4uno Mato. Ho Torga us (6.19) cregyer, 9To Ipu J0CTATOYHO MAIOM
e>0

| Al < M2||u][*.

Teneps momoxum Ay = A.. Tak Kak omepaTop CBEPTKH C Y. HMEeT CIM-
Bon x(£€) € ST®(R" xR"), To scuo, utro A— A; € L~*°(R"). Henocpea-
CTBEHHO IPOBEpAETCS Takxke, 9TO Agpo K4, omeparopa A umMeeT KoM-
naxTHBIN HOcuTe b, M

Teopewma 6.4. ITycms AELSV(;(}R”), 0<d<p<l, adpo Ka umeem
Komnakmuuit Hocumeab 8 R™ x R™ u

sup |oa(z, &)| =0 npu [E] > +o0. (6.20)

Tozda A npodoancaemcsa do komnakmuozo (6nodne HENPEPBIEHO20) onepa-
mopa 6 L?(R").

JoxasaTensbcrTso. Is Teopemnr 6.3 BrTekaeT, 9TO Aas 1106000
€>0 cymecrByer pasmoxenne A=A, + R., rae ||A:|| <e, a oneparop R.
IMeeT LIagkoe (GpUHNTHOE AAPo (M, CIeJoBATEeIbHO, KOMIAKTeH). Takum
o6pazom, 81% [|A—R:||=0, oTkyga u clegyeT KOMIAKTHOCTb OIEPATO-

paA. B

Caegcrsue 6.1. IHycms AEL’;?(;(R"), 0<d<p<L]l, m<0 u Ky
umeem Komnaxmuwiii Hocumeav. Tozda A npodoascaemea do Komnaxkmmuozo
onepamopa 6 L?(IR™).

6.4. Cayuau omepaTopoB Ha MHoroobpasmm. PaccMoTpuM cHadaia
cIydall 3aMKHYTOTO MHOT006pasus M (KOMIAKTHOTO MHOT006pasns 6es
kpas). C moMomsio pa3bueHns e TMHUIELI Ha MEOT006pa3un M 1erko BBeCTH
Mepy, IMEOUIYIO I'MaIKyI0 MOM0KNTEIbHYI0 ILIOTHOCTL o Mepe JleGera B
JI00BIX JOKAJILHBIX KoOpauHaTax. Ecian dy — xakas-Huby b Takasd Mepa, TO
ompegeneno ruas6epToBo mpoctparcTso L2(M, du). OTmeTnm, uTo MHO-
KeCTBO »7eMeHTOB 1 Tomoiaorua B L?(M, du) me zaBucaT or BEIGOpa dji.
[lo>ToMy HMeeT CMBICA TOBOPUTH O mpocTpascTse LZ(M), sBaswomemcs
TONOJOTUIECKIM BEKTODHBIM NMPOCTPAHCTBOM, B KOTODOM TOIOJOTHUA MO-
XKeT OLITH 3aJaHa C IOMOIILI0 HEKOTOPOT'O HeOTHO3HAYHO OIPeIeleHHOT O
ruIs6epTOoBa CKaAAPHOTo Ipou3Begennd. 13 Teopem 6.1 u 6.4 oueBUIHBIM
ob6pa3oM cregyeT

Teopewma 6.5. IlTyemv M — 3amrxnymoe mno2006pasue, A€ Lg s(M),
1—p<d<yp. Toeda ’

1) onepamop A npodoancaemea do aunelinozo HenpepbisHO20 onepa-
mopa

A LA(M) — L*(M);
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2) ecau  zaaswwiii  cumeoa  oa(z, &) E 52, s(T* M)/S;:gp"'l(T*M)
ydosaemsopaem  ycaosuto  (6.20) (oo osxeusasenmmno  daa  ecer
npedcmasumedeti odwozo u mozo odkce odemenma  Paxmopnpo-
cmpancmea Sg’é(T*M)/S;%pH(T*M)), mo noayuewwwlti onepamop
A: L2(M)— L*(M) 6ydem komnaxmuvim onepamopom.

Cregcrsme 6.2. Fcau A€L) (M), 1—p<d—p um<0, mo A
npodoasicaemca do KomMnaxkmmozo onepamopa

A: L* (M) — L*(M).

Mzerl chopMyaupyeMm Tellepb BapHaHT TeopeMbl 06 OIrpaHUYEeHHOCTH,
IPUTOHBIN B caydae HexkoMnakTHOTo M. g 3Toro BBeeM NpoCcTpaHCTBa
LIQOC(M) u Lzomp(M)‘

IIycts f—xoMmnaexcHosHauHas (GyHKUus Ha M, ompegeleHHAs BCIO-
1y, kpoMe, ObITb MoxKeT, MHOxecTBa Mepul 0 *). Bygem muncats, uto
fELL (M), ecin aas mo6oro auddeomoppmsma s: X — X1 obracTu
X CR” ma o6aactes X1 C M u gas ao6on nogobaactu Xo C X, g1 koTopon
Xy —xommaxT B X, cmpaseqmuso sxmotenne [s*(f|x,)]|x, € L2(Xo, dz),
rae dz — mepa JleGera na X, ungynuposannas mepoin Jle6era ma R”. To-

2 o
noxorus B L;, (M) sagaercs cucTeMOl IOIYyHOPM

1 £1152, x0 = 12" (f1x)]1 %01l 22 (X0, dz) -

Ectn M umeer cuetnyio 6aszy, To LI _(M)— npoctpanctso Pperme
(momHOE MeTpH3yeMoe JOKAIBHO BEIIYKJIOE IPOCTPAHCTBO HIH, ITO TO XKe
caMoe, IOJHOE CIeTHO-HOPMHEPOBAHHOE IPOCTPAHCTBO).

Hanee, uepes Lzomp(M) 0603HaYaeTCA MUHENHOe I[I0AMHOT000pasue
2 2
Li (M), cocrosamee u3 Tex f€ Lj. (M), gna xoropsix supp f— KoMIakT
B M. Ilycts gaubl onucammble Boimie 3¢: X — X1 u Xo C X. Onpegenum
OIIepaTOP BIOKEHNA

. .72 2
2y, Xo ¢ L (X(L dl‘) — Lcomp(M)’
conoctapasmomuit ¢yrkunn f € L*(Xy, dz) dymxumo f(y) ma M, pas-
uyio f(x) B Touke x(x) € M u 0 mpu y € M\ »(X,). Tononorus 8 L2, (M)
onpefenseTCs KaK NHIYKTUBHAS TOIOMIOTUA, T. €. caMas CUJIbHAA JOKAJILHO
BBHINYKJIad TOIOJIOTHA, 14 KOTOPOH BCe 0TOGPaKEHNd 1, X, HEIPEPLIBHEL.
- .72
Orcroga cregyet, 4To JuHenHOe oTOOpaxeHne A: Lcomp (M)—= E,rae E—
M1060€ JIOKAJIbHO BBHIIYKIOE IPOCTPAHCTBO, HENPEPLIBHO TOIJA U TOALKO

*) OTmerum, 9T0 BCIogy B JalbHENNIEM MH GyJeM CUATaTh gBe GyHKIHU fi u fa,
2KBUBAJEHTHEIMH, ECJIM OHH COBIMATAIOT BHE HEKOTOPOI'O MHOXKECTBa MepH 0. DieMeHTa-
MU NPOCTPAHCTB LIQOC(M) u Lgomp(M) 6yayT Ha caMoM feje He (PYHKIINU, a UX KJIACCHI
3KBUBAJEHTHOCTH, XOTA MBI U 6yaeM mucaThb f EL%OC(M) masa GbyHKIUN f, UCTIOAb3YS

OﬁH.[el'IpHHHTyIO BOJBHOCTHE peYn.
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Torfa, KOTa HEMPePLIBHEI Bee KoMmoaunuu Ao i, x,. YINTHIBasg 3T0 06-
CTOATENbCTBO, MEl OUEBHIHLIM 06Da30M MOIydaeM, UTO CIPABEIINBA Cle-
aytomas

Teopema 6.6. Ecau AELS’(;(M), 2de 1 —p<Ld<p, mo A npodoa-
Haemea 0o AUHEHO20 HENPEPHIEHOZ0 ONepamopa

A L2 (M) = LE (M),

comp

0
Ynpaxuenune 6.1. [lokaszars, 9To ecan A € Lp7 s(M),1—p<é<p, oneparop A
COB6CTBEHHBIN, TO OH PO JOKAETCA JO JAUHENHOTO HEMPEPHIBHOT'O OMIEPATOPA

A L2 (M) —= L2 (M),

comp comp

a TakXe [0 JUHEHHOT'O HEMPEPHLIBHOT'O OMEPATOPa

Az Liy (M) = Lis (M).

§ 7. IIpocrpauctea CoGomeBa

7.1. Onpegenenne nmpoctpancts CobomxeBa.

Jevmma 7.1. Iyemv M —npoussoavnoe muozoobpazue. Tozda das
a0bo20 ecujecmeennozo s na M cywecmeyem cobcmeenublli Kaaccuueckul
saaunmuueckuti IIAO A nopadka s, 2aasuwlii cumeo.s Komopoz2o noaoxHcu-
meaen (npu £ #0).

HdoxaszaTeancTso. llycts BHavame M = X —o6aacts B R™. To-
rja MBI MOX€M B3ATb B kadecTBe A; mpousBoabHbIN co6cTBenubin 11710
Ay, €CL*(X) ¢ rnaBuBIM cumMBoaoM | € |°.

IIycTe Temeps M mpoOM3BOJABLHO U MyCTh 3aJaHO HOKpeITHe M KOOpau-
naTHEIME okpecTHOCTAME M =|J X|. Yepes 5" 6yaem o603HAYATE KaKue-

¥

Hn6yab KoopauHaTHble auddeomopdusmbr 7 : XV — X|, rae X7 —ot-
kxpoiThe ToaMHEOxecTBa R™. [TocTponm Ha X onepaTops: A], o6iagaromniue
Tpe6yeMBEIMI CBOICTBAMHE, W IlepeHeceM HX Ha X, CTaHJapTHOH HIpoIle-
aypoit (cm. § 4) ¢ momompio auddeoMopdusMoB 37, HITOTOBUB TaKUM
o6pazom cobcrBenuble kiaaccudeckue 110 AZ,1 Ha X| ¢ HOTOXHUTEIBHEI-
Mu raaBabiME cuMmBoaamu. Quepatop Ay Ha M ckiremBaeTCs U3 OmepaTo-
poB AZV 1 € IOMOIIBIO TON e MPOUeAYPHl, 4To B n3 BY B JoKa3aTelbCTBe
Teopemsu! 5.1. W

Onpegenenne 7.1. Bygem mucats, uro u€ Hj (M), ecin u€

loc
€Z'(M) u Aueli (M). Nazee, momomum Hno(M)=HE (M)N
N&'(M) *). Ecan M — 3aMkHYTOe MHOrooGpasme, To 6ygeM 0603HAYATD
npoctparcTso Hyf, (M) = Hl.,,(M) npocto 1epes H*(M).
Ecan K —xommnakT B M, To depes H*(K) GyieMm 0603HAYATL MHOXKE-

CTBO TeX u € Hcsomp(M), 118 KoTopsIX supp u C K.

*) Tlo nosoay 2'(M) n &'(M) cm. ynpaxknenne 4.1.
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hed S S S g
B pansmeitmem B mpoctpanctsax Hy, (M), Hl .., (M) n H*(K) 6yaet
oIpeeneHa TOMOJOTHA, & [OKA HAM CYLIeCTBeH JUIIL 3aIac 3IEMEHTOB B
5TUX IPOCTPAHCTBAX.
Huxe 6ygeT Taxxke I0Ka3aHO, 9TO 3TH NPOCTPAHCTBA HE 3ABUCAT OT

BBIGOpa omepaTopa Aj.

7.2. Jeuctsue II/IO B npocTpancTBax CobGomeBa. Tounaa Teopema pe-
T'yJIApPHOCTH.

Teopema 7.1. Ecau A€ L7 s(M), npuuemn 1 —p<LS<p uaud<p u
M =X —obaacmv ¢ R, mo A ocywecmesasem omobpadcenue

At HS (M) — HiZ™(M).

comp loc
Ecau donoanumeavro npednoaoscums, umo A — cobecmeennviti, mo A mak-
sce zadaem omobpanxcenus

At HE (M) — H:Z™ (M),

comp comp

Az Hy (M) — HLZ™(M).

loc
II oOKasz3aTeJabcCcTBO. be3 OT'PaHU'I€HUA 06mHOCTI/I MOZKHO CUUTaTh,
9TO omepaTop A_; ABAfETCA MapaMeTPUKCOM A4 omepaTopa A, mpu 106om
sER, T. e.
A—SA+S:I+R57 (71)

rge Rs — COGCTBEHHEIN OIepaTOp ¢ MNMAJKUM AIPOM, IePEBOAALIMI, CIeJ0-
BaTensHo, &' (M) B Cg°(M) u 9'(M) B C*(M).

Ecan u € Hl,pp, (M), To, nonaras Asu=ug, Mbl noayum us (7.1), 1To

u=A_sug+v, rge ug € Lgomp(M), v € C§°(M). ITosTomy

Ay _mAu=As_m A(A_sug+v) = Ay m AA_sug + A° Av,

u BBUAY TOTO, 4TO0 Ay AA_ € Lgyé(M), MBI TOIy49aeM 13 TeopeMsl 6.6,
910 As—m AA_sug € L2 (M), M Ave C*® (M), orkyga A,_pAu € L2 (M),

loc loc

T. e. Au€ H ™ (M). Mel gokazaam mepBoe yTBepikieHHe TeopeMsl 7.l

OcTajabHBle BHITEKAIOT U3 HEMO WK JOKa3wiBaloTca anagtorudHo. W
Mz MmoxkeM Teneps gaTh oupegeaenune npocrpancTts CoboeBa, He 3aBU-

camee oT BeIGopa A;. JocTaTouHo, odeBHAHO, onpefeants Hi (M).

Onpegenenne 7.1'. Bygem mucars, uro u € HJ (M), ecin u€

€Z'(M) n Aue L}, (M) gra mo6oro cobersennoro A € L o(M).
DKBUBAIEHTHOCTh ompegenenuil 7.1 u 7.1’ o9eBuAHEIM 06pa3oM BEITe-
KaeT m3 TeopeMsl 7.1.
Teopema 7.2. ITycmy AEHL;'?’(Sm”(M), 2de l—p<Ld<p uaud<p
u M =X —obaacmv 6 R. Toeda, ecau u€ P'(M) u Au€ H{ (M), mo

loc
u€ HIEmo (M),

loc
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HJokxazaTeascTso. [Ilycte B —mnapamerpuxc A, BEHL_’”O’_m

Torga mo Teopeme 7.1 umeem BAuEHlsotm”(M). Ho BAu_u+v, rae
v€C™(M). Orcioga u€ HX™(M). B

loc
Crnegcreue 7.1. a) Ecau A —saaunmuueckuii onepamop nopaoc-

kam, u€& (M) u Aue H (M), mo ue H:E™ (M).

comp

6) Ecau A — cobemesennnii (6 wacmuocmu, ecau A — duddepenyuans-
Hbltl) aaaunmuueckuti onepamop nopadka m, u€ P'(M) u Aue H{ (M),
mo u € HiY™(M).

loc

loc

7.3. Jlokammzanua. II3 Teopemur 7.1 odeBHAHBIM 06pa3oM BHITEKAeT,
uro ecan u € Hi (M), a(z) € C*(M), o au€ H{ (M). Ecan, B qacTHO-
crm, a(z) € C§° (M), o au € Hiypp (M ). Caegytomee yTBepxK JeHHe ABAACTCH
TOYHON (POPMYIUPOBKON O6PATHOTO YTBEPK ICHUA.

Mpegaoxenne 7.1. Iycmv obobuennas Pynryua u € Z'(M)
maxosa, umo das awboti mouku xgE€ M wnatidemcs maxaa Pynkyusa
Pz, €CGP (M), umo @u,(20) #0 u pr, - u€ Hep, (M), Toeda ue HYf, (M).

doxaszaTeanbcTso. Ml MoxeM BHIOPATh U3 QYHKUUHA ;, TAKyIo
cucreMy {¢4}, 9T0 HEKOTOpPBIE OKPECTHOCTH SUPP -, 00pa3yioT JOKAILHO

KoHeuHOe HoKpeITHe M u qis a:06ol Touku zg € M HaugeTcs Takoe 7, ITO
Py iy

ZI pIPMES

TeMH e CBOHCTBaMIH, ITO U -, 1, KpOMe Toro, ¥, >0 un Z hy = 1. Hmeem

@~ (20) # 0. IlonoxuM Temeps )., = Tor ga AcHo, 4TO 1), 061aaIOT

Telepb

Asu= Z As(%“) € Lizoc(M):
~

IOCKOIBKY B CHIY COGCTBEHHOCTH omeparopa A,, cymma Y A, (hyu) asuas-

~
eTcqa AokaabHo koHeuHon. W

CrnegcrBue 7.2. Hyemv M =[] X, —nokpumue M omkpuimuvismu
¥

mnoncecmeamu, u € Z'(M). Toeda ycaosue u € Hi, (M) pasnocuswro mo-
My, umo ulx, EHIOC( Xy) das aobozo 7.

Ilpeanoxenunee 7.1 moxaswiBaeT, YTO, HO CYILIECTBY, AOCTATOYHO WU3Y-
waTh npoctparctBo H*(K), rae K —xoumaxr B R”.

7.4. MlpoctpancTeo H*(R™).
Onpegenenne 7.2. IIycts seR, ue S'(R"). Bygem nucars, uTo
u€ H*(R"), ectn 4(¢) € L (R") n

= [ 1) (6 de <+ (72)

(3TO paBEeHCTBO CIYXKHUT ONpegeleHIeM HOPMEL || - ||5).
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Ynpaxuenue. Ilposepurs noanory npocrpanctsa H*(R"™) (c Hopmon || -||s).

B mpoctpanctse H*(R") MoxeT GBITH BBeJeHO FIILGEPTOBO CKALIPHOE
IIpOU3BeeHNE

(). = [ (€ T (€ . (7.3)

npuieMm oTobpaxenne (D)*, mepesogamee u € S'(R™) 8 F~H¢) a(€) (rae
F —npeo6pa3zoBarue Pypbe), 3a1aeT I30METPUIECKIN ©30MOPOU3M:

(DY*: H*(R™) — L*(R™). (7.4)
JdJemma 7.2. llyemv K —xomnaxm ¢ R™. Toada
H*(K)=&"(K)n H*(R") (7.5)

(uepes  &'(K) obosnaueno wmuoxmcecmso makur u€ & (R™), wumo
supp u C K).

NoxasaTeancTso. 1. Iockorexy (D)* € Lj o(R") u omepatop
(D)* osaiunTmdeH, TO B CHIY CIEACTBHS 7.1 fCHO, UTO M3 BKIIOTe-
mnit u€&(K) n (D)'ueL?(R") sBurexaer, uto u€ H*(K), T. e.
S'(K)NH*(R™) C H*(K).

2. lycts Teneps u € H*(K). Hago nposeputs, wto (D)*ue L*(R"), B To
BpeM# Kak usBecTHo, uTo (D)*u € LL _(R"). Ha camom gexe BepHO gaxe 60-
Tee cuabHOe yTBepxk gerne: ecan ¢(z) € C§° (R™), ¢ =1 B okpecTHOCTH K, TO
(1—) (DY ueS(R"). Joxaxem sto. Ilycts Gpyukuns ¢ € CF° (R™) Takosa,
9T0 ¢ =1 B okpecTHOCTH supp ¥ (B dacTHOCTH, (1 — ) 1) =0) U B TO XK€ Bpe-
M1 ¥ =1 B okpectHOocTH K. Torga Yu=uu (1 —¢) (D) u=(1—¢) (D) Yu.
Usyuum onepaTop (1 — ) (D)* . fcuo, uTo ero sapo K (z, y) npuHa1iexuT
C*®(R" xR™). Ham gocTaTo4Ho mpoBepuTs, uro K (z, y) € S(R” x R"). Ho
K(z, y) 3agaeTcsa oCHMLINPYIOMNM HHTETPAIOM:

Kz, 0)= [ 00— p(@) (6 ¥(0) dé

KOTOPBII MOXKHO IPe06pa3oBaTh TaK:
Kiz, )= [ @008y 2V (1 pla)) wlo) (-2) V(€)' e

HOCKOABKY |2 —y|>¢>0 npu z €supp (1 — ), y Esupp ¢. Hpu 2N >s+n
HOXYIaeTCA CXOAAMIANCT UHTEerpad, KOTODHIA OLEHUBACTCA  <Iepe3
C(l+|z|+]|y|)~?". Amarormvso mNOTYYAlOTCA ONEHKN TPOW3BOJHEIX
aapa K(z, y). B

Otmeuas, uro H*(K) sABIseTcA 3aMKHYTHIM IOAIPOCTPAHCTBOM
H*(R™), MB BHAUM, YTO CKaIIpHOe MpOM3BeleHHe (U, U), MHAYLUDPYET
Ha H*(K) cTpyKTypy ruibbepToBa IPOCTPAHCTBA.
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Jemma 7.3. Hycmo K —maxoii komnakm & R™ umo K ClInt K.
Toeda, ecau u€ H*(K), mo cywyecmsyem makas nociedosamesbHOCMb
up € C§°(R™), supp u, C K, umo ||tn — ulls = 0 npu n— +o0.

HoxaszaTeancTso. [Iycts ¢(z) € CP(R"), [ ¢(z)de=1, p.(z)=
=& "p(x/e). Monoxum

ue () = (pe ¥ u) (2) = (u(y), pe(z—y)), >0,
fAcwo, uro u.(z) € CF°(R"). Jokaxem, 4TO lir_r:O ||ue — u||s = 0. Mockoabky
’ ’ g

() =¢(e€) m ¢(0) =1, To geno cBOAUTCA K yCTAHOBICHNIO COOTHOIICHNA

. ~ 2 |~ 2 2s _
Jim [l =1 la(@)* (€)% dé =0,
0YEBUHOTO U3 TeopeMHl JleGera.

7.5. Tomomorusa B mpocTpancTBax CoGoxeBa Ha MHorooGpasun. IlycTn

M ={J X] — noxanpHO KOHeuHOe TIOKpHITHE MHOT006pazus M KoopInHaT-
¥
Y. XY 3 XY
HBEIMH OKPECTHOCTAMH, " : — X —xoopgunaTHble guddeomopduaMb

(XY —obaacts B R"™), ¢ — pazbuenne eguuunsl Ha M, mogunHeHHOE IIO-
kpurruio { X| }. llycrs K —xomnakT B M. Beegem B npoctpanctse H*(K)
CKaJsApHOE NPOU3BeJeHNe, T0Marast

(u, v)s =D () (), ) (970))s, v € H(K). (7.6)

IMpeganoxenune 7.2. Craaaproe npouseedenue (7.6) undyyupyem
6 H*(K) cmpykmypy 2uibbepmosa npocmpaHcmed.

MoxaszaTeanbcTso. fIcHo, 9TO B IpOBepKe HYXKAAaeTCA JHUIIb IO
HoTa mpocTpaHcTBa H®(K) mo Hopme ||-||s, ompenerseMoll CKaIApHBIM
npoussefenueM (7.6). IIycTh mocaegoBaTeIBHOCTH {Up}n=1,2, . DiIeMeH-
ToB H?*(K) dynaamenTanbHa mo HopMe || - ||s. Torga

(") @ u, —v] € H* (5] (supp ¢")) (7.7)
1o HOBMG H*(R") (3gech 3] = (k7)) ™). Me1 moxen B3aTs v¥ = (k] ) 0], Tak

aro v] = (57)"v". Torga v” € H*(supp ") u Mbt monomum u ="y v” (scHo,
¥
9TO 3Ta cyMMa KoHeuna). flcuo, uro u € H*(K), nockoasky v € H*(K).
Ocraerca goxaszats, 9To lim ||u, —u||s =0. 310 o3magaer B cuay (7.6),
n— 00
9TO
. . _

lim [(5)7 " (un — )]s =0,

n— 00
npu axo60oM 4. Ho u3 (7.7) acHO, 9TO JOCTATOYHO IPOBEPUTH COOTHOIICHUE
v¥ = " u, o9eBUAHOE BBUAY TOTO, UTO Uy —>u B P’ (M), otkyga ¢V u, = ¢vu
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BY'(M),aus (7.7) cregyer, aTo ¢ u, —v"¥ B ' (M) (cxogumocts B 7' (M)
HOHNMaeTcs 34eck B craboM cmeicae). W
Teneps MBI XOTUM 10Ka3aTh HE3aBUCUMOCTD TOMOJOTUY, NHIYIIUPOBAH-
Hol HopMol || - ||; Ha H*(K'), oT BBI6Opa IPOU3BOILHAIX 31eMeHTOB B (7.6)
(mOKpHITHS, pa3bueHNs eIUHUNBI I KOOPANHATHEIX Au(@HeoMOpQU3IMOB).
[dns 3Toro 1esecoo6pa3sHo 1aTh APYroe OmpejeleHre 3TOU TOMNOJOTIH.
IIycts A, BeIGpaHBI MO deMme 7.1, npudem A_ ABAsSeTCA mapaMeTpPUK-

coM A; (BeimonHeHO cooTHomerne (7.1)). Imeem Torga
u=A_,Au— R,u. (7.8)

IIycts p>s, p—wHarypaiasHoe u @1, ..., Qn — guddepennuaisuse orme-
paTopsl, mopoxgaomue Jgeseii C'°°(M)-Moayas Beex aupdepeHnnaIbHbIX
omepaTopoB nopagka He Buime p Ha M. Iloroxum Torga

N
(u, v)t = (Asu, Agv) + ) (QrRsu, QxRsv), (7.9)
k=1

2

rae u, v € H*(K), (f, g) —cxanaproe npoussegenue B Lgo, (M), nagynu-
poBaHHOe 10601 I IKON HOJOKNTEILHON II0THOCTRI0 Ha M. W3 (u, u)) =
=0 caegyer, uro A,u=0 u Ryu=0, Ho Torga B cury (7.8) mmeem u=0.
TosToMy ckanspHOe mpoussegeHne (7.9) MOTOKUTEILHO ONPEJENIEHO U MBI
GyeM o6o3HaIaTh depes || - ||, cooTBeTCTByIOMYO rIIL6EPTOBY HOPMY.

Mpeganoxenune 7.2. Craasproe npouzeedenue (7.9) undyyupyem
6 H*(K) cmpykmypy 2uibbepmosa npocmpaHcmed.

HoxaszaTeascTso. OnaTh-Taku B IPOBEPKe HY XK AaeTCA NI IO
soTa. OTMeTHM cpasy, ITO U3 CXOJUMOCTHU TOCTEJOBATEIBLHOCTH Uy €
€ H*(K) no nopwme ||-||. BeITekaer crabas cxogumocTs B Z'(M). Ecan
HOCIeJOBATEIBHOCTS U, € H*(K) dpyHiaMeHTalbHa 10 HOpME || - ||5, To 5TO
osnagaeT, uro B Tonoxoruun L%(K) (rge K — mexkoTopniit xommaxT B M)
CYIIECTBYIOT TIpeIessl

lim Asu,=v, lim QR,u,=wgq, (7.10)

rae (Q —mo6oi1 guddepeHnInaILHEIT olepaTop Hopsagka < p. B wactrocTn,
Asu, u Ryu, cxogarca B Tomonorun L7 (M), Tak uro us (7.8) ciegyeT
cnabas CXOAUMOCTh U, B &' (M). O6o3nadas depe3 u mpegel Uy, (B crabon
Tononorun %'(M)), Mel 6ygeM IMeTb, OUEBHIHO,

u=A_,v—w, (7.11)

rge w1 = lim R,u,.Bepsa B kadectse ) B (7.10) sminnTudeckus omepaTop
n—00 :
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HOpAIKA P, MBI TIOJYIIM
Qui = nlirfoo QRsu, =wq € leoc(M)’

otkyga wi € Hl, (M) u, suaunt, wy € H (M), HO Torga w; € H*(K) pns
HEKOTOPOro koMmakTa K BBHIY coGCTBeHHOCTH omepaTopoB A, u R,.

Ocraerca mpoBepuTh, 9T0  lim  ||uy, — ul), = 0. Nmeem
n—4oo

Up— U=, —A_v+wi =A_;Au, — Reup, —A_jv+w =
=A_(Asup —v) — (Rsup —wy).

Orcroga
N
= s < HAA = (At =)+ 3 Q6 ReA—(Astin — 01+
k=1
N
+ A (Roun = wi)l[+ Y |QkRs (Roun —w1)]. (7.12)
k=1
(3gecs HOpMa || - || HEAYIIpOBaHa TeM XKe CKATAPHBIM IpousBegerueM (f, g),

uTo u B popmye (7.9)).

CxoanMocTs k () IepBBIX ABYX U MOCJeJHET 0 claraeMblx B (7.12) caegyet
13 orpaHndIeHHOCTH omepaTopoB A A, Qr RsA_; u Q R Xax omepaTopos
m L*(K) B Lz(f(). [das o6uapyxenus cxogumocTu K () TpeTsero ciaraeMo-
IO BO3bMeM INNTHIeCKUE AuddepeHnualbHbLil onepaTop () Iopsajka p u

ero co6cTBeHHEIN napameTpukc (1. Torga
As(RsUn - (-01) = ASQIQ(RsUn - wl) + AsR(Rsun - w1)7

rge Re€ L™°°. llckoMoe yTBepXK IeHne cleJyeT Tellepb U3 TOr 0, 9T0 A;(Q)1 —
co6ctaennntit II10 nopsaka s — p < 0, HenpepsiBHO oTo6paxatommuit L? (K )
B [>(K).

Ecte eme TpeTuit cnoco6 BBecTu Tomosormo B H* (K ) —3agaTs ee mo-
JIyHOpMaMn

lulla, g =lAulgll,  A€L] o(M). (7.13)

Mpegnoxenue 7.3. Bce mpu e6sedennvic eviue monoao2uu

Ha H*(K) (¢ nomowpio wopmot ||-||s, Hopmor ||| u noaynopm (7.13))
coenadaiwm.

doxaszaTteanctso. CoBnajeHne TONOJOTHH, 3aJaHHBIX HOpMa-
mu ||-||s = |||}, ficHO U3 Teopemnl o 3aMkHyTOM rpaduke. Tomomorns,
3agaBaeMad oayHopMami (7.13), oueBnaHEIM 06pa3zoM CHIbHEE TOIOIOTHN,
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ompegeasgeMoll HopMoi || - ||%, u6o HopmMa || - ||} ouennsaeTca cymmon N + 1
noxysopm Tuma (7.13), coorBeTcrBylomux omepaTopaM A, paBHBIM A,
n Qi Rs. s mpoBepkn Xe COBIAJEHNA STUX TOMOJOTHN JOCTATOYHO YCTa-
HOBUTB, uT0 ecmu A € Lj oM)n K, K — KOMTIaKTH B M, To cnpaBeanusa
OLICHKA

[|Au

A<Clllll,  ue B (K). (7.14)
Ho, npeacrasaas u B Buge (7.8), MbI moxydaem

Au=(AA_;)Asu — AR u,

n, mockoabky AA_; € L?’O(M), AR, € L™°°(M), ouenka (7.14) cregyetT us
Teopemt! 6.6. H

Cnegcrsue 7.3. Tonoaozuu, onpedeasemvie 6 H®(K) wnopma-
au || -ls w ||-|ls, He sasucam om npouzeoAbHLIT IAEMENMOS, BTOOAUUT
6 onpedeaeHus SMuUL HOPM.

Ilpegnoxenune 7.4. Ilycmo K —makoti xomnaxm 6 M, umo
KcClnt K. Tozda, ecau u€ H*(K), mo cywecmsyem maxaa nociedosa-
meavnocmy g, € C3°(K), umo @, —u npu n— +00 ¢ monoaoeuu H*(K).

doxaszaTeabcTBo. ITO yTBepXKAEHNE CIeJyeT U3 JeMMEL 7.3 C
ydeToM ompegeaeHus HOpMEHL || - ||s. W

Opegnoxenme 7.5. lyemv K —womnakm 6 M, u A€ L} (M),
npuuen 1 —p<Ld<puau d<p u M =X —obaacmv ¢ R".

Toada, ecau A —cobcmeennwiti, mo A onpedeasem aunetinviii Henpe-
pwlenbit onepamop

A: HY(K) = H™™(K),
2de K — komnaxm 6 M, zasucawuii om K. Bes npednoaoncenus cobecmeen-

Hocmu 2mo Jce 6epHo das onepamopa A, 2de p € CF°(M).
dokaszaTenbcTBo. YI06Hee BCero HCIOMB30BATE HOpMY || - ||4. To-

rAa A1 mpoBepku HempepbisHocTn A m3 H®(K) B Hs_m(lg’) HYXHO OIle-
HUT |[As—mAu|| 1 ||QRs—mAul|| gepes C||Asul| n C||Q'Rsu|| (3mecs Q u
Q' — mo6sle auddepennuaibase onepaTopsl). Ho u3 (7.8) umeem
Au=(AA_;) (Asu) — ARsu,
OTKya
Ay mAu=(As_m AN) (A_su) — (As—m AR;) u,
QRs—mAU = QRs—mA—sAsu - QRs—mRsu:

U HUCKoMas OlleHKa cjaeiyeT m3 TeopeM 6.1 u 6.6, ecim ydectn, uTO
A AN, EL275(M), a omepaTopsl Ag_m ARy, QRs_mA_; u QR,_,, upu-
HagmexaT L~ (M). B

Teneps BBegem Tomonormo 8 Hi, (M) us Hly,(M).
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2 (M) ompegensercsa kak camad clabad U3 BCEX JTOKAJb-

HO BBLINYKJILIX TONOJOTHUI, 14 KOTODPLIX HENPEpPLIBHEI BCe OTOOpaKeHUs
. s s ) ) o) .

My: H) (M)— H?*(supp ¢), rae ¢ € C*(M), Myu= pu. NanmMu croBa-

MI, 3TO TONOJOTHA, 3a,1aBacMasi CUCTEMOI HOIYHOPM

llulls, o =lleulls, v €Co”(M). (7.15)

Tomoaorusa B H

Tonoxorua 8 H,,,(M) onpefenseTca Kak caMas CUTbHASL U3 BCEX JI0-

KaJbHO BBEINYK/IBIX TOMNOJOTHH, AJAA KOTODPHIX HENPEPLIBHLI BCE BIOKEHNA
y . 8 e 8
ikt H(K) = Higmp
PH3YIOIINM 5Ty TOHOJIOTHIO (HA3BIBAECMYIO UHOYKMUEHOM ), ABIAETCI TO, ITO
o . B
JuHenHOE OTOGpaxkenue f: Hcomp(M) — F B n1060€ IOKAJbLHO BBIIYKIOE
IPOCTPAHCTBO F HempephIBHO TOTJa M TOALKO TOIJA, KODJA HENPEPLIBHLI
Bce xoMmmozunuu foig: H*(K)— E.
U3 »>Tux onpefeneHu# U IpeLTOXKeHUA 7.5 BLITeKaeT CAeIYIOMIas
m — J—
Teopewma 7.3. HIycmp A€ELT 5, 20e 1 —pLo<pumud<puM=X
obaacmy 6 R™. Toada das aobozo s €R onepamop A asasemca AuHetiHbIM

HENPEPLIGHBIM ONEPAMOPOM:

At (M) = Hi™ (M),

(M). BaxHeHmnM CBOHCTBOM U CBOHCTBOM, XapaKTe-

loc
Ecau A — co6cmeennpiii, mo on mosxcem 6vimv npodoascen do AUHEHBLT

HENPEPbIBHBLE 0MOBGPaANCceHUT

At Hlgp (M) — HISE (M),

comp

A HY (M) — H..™(M).

loc

7.6. Teopemu Baoxenua. OTMeTuM mpexjge BCENO TOT TPUBHAILHBIN
(I/I yxKe chonbaoBaBHmfICﬂ) ¢daxT, ITO UPHU S > s’ UMeroTCa BIOXKeHHA
HY(K)CHY (K), Hye(M)C Hi (M),
Hgomp(M) - Héomp(M)J

KOTOpBIe HeIpepHIBHEL. MeHee TpuBHaAbHA CIeYIOMIAL
Teopema 7.4. ITycmv s>5 u K —wxomnakm ¢ M. Tozda onepamop
BAOHCEHUA

i H*(K)— H* (K)

ABAAEMCA KOMNAKMHBIM ONEPATNOPOM.
JoxaszaTeunscTso. Ucnoassys Toxgectso (7.8), morydum

As/u = (ASIA_S)(ASU) - (As/Rs) U=
= (AvA_y) (Agu) — (AwA_,) (AyRou) + (Ay Ry) (Rou).
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Moxoasky AgA_ € Ll_’(g_sl) (M) (u, smauuT, mo cregersuio 6.1 gas mo6oro
KoMIakTa K; HalgeTcsa Takom KOMIAKT Kg, 4To omepaTtop Ag/A_, aBmasa-
eTca KoMmakTHEIM omepaTopom m3 L?(Ki) B L%(K3)), To sicHO, uTO ecan
u mpoberaeT orpanmdeHHoe MHOXecTBO B H*(K) (u, cregoBaTeasHo, A u
u R;u npo6eratoT orpanutennsie MaoxecTsa B L2(K1)), To Ay u npo6era-
eT xoMmaxTHOe MHOKecTBO B L?(K3). AHATOTUYHO A0KA3BIBAETCH, UTO B
»ToM crydae () Ry u mpoberaeT xoMmakTHoe MHoxecTBO B L%(K>) a1a mto-
6oro guddepennuaisaoro omeparopa (). Ho sro B cuay Toxgecrsa (7.8)
U ompejeeHUs HOPMBI BAeYeT KOMIAKTHOCTH COOTBETCTBYIOIIETO MHOMXKE-
ctBaB H* (K3) (u, 3sHauuT, B H* (K)), mOCKOJBKY Ha CAMOM JeJjle OHO JeXKUT
B HSI(K), a TOMOJIOTHA HSI(K) UHAYIUPYETCA TOIOJOTHeH HSI(KQ), ecan
Toapko K C K. A

O606muennem TeopeMsl 7.4 sBaseTcsa

Teopewma 7.5. ITycms AELZ?(;(M), A —cobemeennwiti u 1 — p<LI<
<pummd<puM=X —obaacmv 6 R". [lycmv uucaa s, s' € R maxoswi,
umo s' <s—m. ITycmv K —komnakm ¢ M u K — maxoti komnaxm 6 M
(sasucawuii om K), umo A& (K)C &' (K). Tozda onepamop

A: H*(K)— H* (K)

KOMNAKMEN.
JdoxazaTeancTso. Teopema 7.5 AB1geTCa CAIEACTBPEM NpEATOKE-
HuA 7.5 u TeopeMbl 7.4, mockoabKy omepatop A: H*(K)— HSI(IA() MOXKHO
paccMaTpuBaTh Kak kommnosunuio H°(K) A gs-m (K) LNy (K) |
O6o3naunm gepes C? (M) npocTpancTBo GyHKIuN Ha M HMeEOMNX He-
IPEPHIBHBLIA IPOU3BOAHbIE IOPAAKA < P B IIOOBIX JOKAILHBIX KOOD AMHATAX.

Tomnoaorus B C? (M) ompegenseTcs HOLyHOPMaMu

l|ulla, x = sup |Au(z)], (7.16)
reK

rae A — mo6oil guddepeHnuaIbHEI olepaTop nopaika < p. Yepes Cf(K)
GyaeM 0603HAUATH HOANPOCTpaHCTBO Takux ¢yuxnumu u € CP(M), uTo
supp u C K. flcao, uro Tonoxorus CP(M) uagyuupyer 8 CI(K) Tomomxo-
THI0, KOTOpad MOXeT OBITh 3aJaHa 6@AHAXOBOU HOPMOM.

Teopema 7.6. Ecau s>n/2+4+p, mo Hf _ (M)CCP(M), npu-
uem ed0x%ceHue HenpepvisHo. Ecau K —womnakm e M, mo eaodcenue
H*(K)CCP(K) npu mon e ycaosuu s >n/2+p A644mca KOMRAKMHLIM
oOnepamopom.

NdoxaszaTeanbcTso. [lockoabky auddepeHNuAIbLHbIE ONepPaTOPLI
mopsAka p HempepsIBHO oToGpaxkator H*(K) B H*~P(K), To sicHO, 4TO J0-
CTATOIHO paccMOTpeTh caydan p=0. [Jamee, J0CTATOIHO IPOBEPHUTHL, ITO
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npu s>n/2 umeercs HempepbiBHoe Biaoxkenne H*(K)C CJ(K), ubo xoM-
HAKTHOCTL TOTO BIOKEHUS MOIYyUNTCA, €CAU MBI IPEJCTABUM €r0 B BUJE
KOMIIO3UIUY

HY(K)C H**(K)C C§(K),

(e >0 TaxoBo, 94TO s— & >n/2) u Bocnoabayemcs Teopemon 7.4. Hakomer,
SICHO, ITO JOCTATOYHO PACCMOTPETSH caydall, korga K J1eXuT B KOOp JUHAT-
HOHU OKPECTHOCTHU U, 3HAYUT, AeJ0 cBOAUTCA K ciaydaio M =R".

Urax, nycts K —xomnaxt B R™, s>n/2. I3 aemmbl 7.3 caegyer, 94TO
JOCTATOYHO AOKA3aTh OLEHKY

sup [u(z)|<Cllulls, we CF(K), (7.17)
reR™

rae C' He 3aBucur oT u. MBI JoKaxkeM 3Ty OLeHKY gaxke ¢ mocTosuHHoun C
He 3aBucamen ot K. lIMeem

@) =| [ @it | < [ i) 1de= [ 1)1 @ de<

1/2 1/2

<[[ 1u@r©=d] " [ [ =ciu.

rge C'= (f(f)‘Qsdf_)l/? < 400, 9TO U TPeGOBAIOCH.
Caegcraue 74. (| H (M)=C>(M).

loc

Jto cregcrBue odeBugHO. (OTMETHM emle JBONCTBEHHBIN (DAKT:
U H*(K)=¢&'(K) ana mwo6oro xommakta K C M. DToT QakT BHTeKa-
k]

€T U3 XOPOIIO U3BECTHOIO B TeOpUH 06O0OUIEHHBIX (DYHKIUI YTBEPXK JeHUS
N

0 ToM, uTo ecan u € &'(K), To u MOXKHO 3anncaTh B Buge u= y . (Q;v;, T e
j=1
2 i ,
vj € L?(K), a (); — auddepenmnnansusie onepaTopsl. O6o3Hadas depes m
Han6GOIBIINH TOPATOK (J;, MBI BuguM, ¥To u € H ™ (K).

7.7. AsoucTBenHocTh. IlycTh Ha M 3ajaHa raagkas MOMOKHUTeIbHAS
maoTHOCTE dp(z). OHa ompegenaseT GnanHenHyo0 GopMy

(u, v) :/ u(z) v(z) du(z), (7.18)

ompegeleHHOT0, Hampumep, ecan u € CF° (M), v e C®(M).

Teopema 7.7. Buaunetinas gopma (7.18) npu awbom s €R npodoa-
acaemea do cnapusanus (pasdeavro HenpepbieHo2o budunetinozo omobpa-
HCEHUA)

Homo (M) x HZS (M) = C, (7.19)

comp loc
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komopoe Mmbl Oydem o6o3nauamv no-npexncnemy {(u, v). IIpocmpancmea
S S o
Hlomp u Hi,. conpasicenst omuocumeavno amozo cnapusanus, m. e. a06ot

Aunetinviti wenpepvienwiti Gynxyuonaa l(u) na Heyp (M) moxcno 3zanu-

camv 6 sude (u, v) npu Hexomopom v€E H (M), a mobot aunetinviti
nenpepwienbili Pynryuonaa l(v) na HJ . moocno 3anucamv 6 eude (u, v),
2de u € Hgomp(M). Ecau mnozoobpasue M zamxwymo, mo omobpadice-
Hue, conocmasasioujee npoussosvrony v € H~* (M) aunetinviii fynxyuonan
Ly (u) = (u, v), a6asemeca obpamumbiy AUHETHBIM HENPEPBIBHBIM ONEPAMO-
pom uz H™*(M) e (H*(M))* (nocaednee npocmpancmso cuumaemcs
HadeaeHHbLI ecmecmeenHoti 6anazrosoti monodozuet).
doxaszaTeanctso. l. [IposepuM mpex e BCero BO3MOKHOCTE IIPO-
gonxenus gopmsl (7.18) xo cmapusamms (7.19). OTMeTum mpex e Bcero,
9T0 omepaTopsl Ay, purypupymonme B onpegeaenun npoctpaacTs Cobose-
Ba, MBL MOXeM CUNTATL CUMMETDUYHLIMA B CMEIC/IE 3aJaHHON IIOTHOCTH,

T. e. TakuMH, 9T0 (A u, v) = (u, A v) nas mo6sx v, u € C§°(M). B camom
Jdele MBI MOXKeM 3aMeHHTBL omepaTop A, Ha 5(/\5 +'A;), 9uTO He MemseT

riuaBHoro cumsoiaa. [Jamee, 6ygem cumraTh, 9T0 Ag=1/ u omepatop A_j;
ABJIAETCA IAPaMeTPUKCOM omepaTopa A (3TOro MOXKHO JOGUTLCH, €CIH 0~
cTpouTh BHadamle Bce Ay mpu s> 0, caenaB nx CHMMeTPHYHBIMH, a 3aTeM
paccMoTpeTh UX mapaMeTpukcekl A’ | m B3ATL B kKadecTBe A_; cuMMeTpu-

1
sanumio At A_ = g(Al—s +tAL ).
13 ompegenenus TOMOJOTUHN B Hgomp(M) BBITEKAET, YTO JOCTATOYHO
npogoxxuTs Gopmy (7.18) g0 cnapusanus

s

H*(K) % HZ (M) = C, (7.20)

rge K —mo6oi xomnakT B M. ITo0, oueBuaHO, BoaMoxHo npu s = 0. IIpn
s#0 msI BosbMeM u € C° (K), v € C*° (M) u sanmuem u B Buge (7.8). Torga

(u, v) =(A_sAsu— Ryu, v) =(Asu, A_;v) — (Rsu, v), (7.21)

OTKyJa U cledyeT IPoJOLKIMOCTS (u, v) 1o cnapuBanud (7.20), TOCKOIBKY
omepaTopsl A; u A_, 3a1a10T IUHEHHLIC HEIPePLIBHLIC 0TO6DAKCHN

Ag: HY(K) = L*(K), A_,: H2S(M)— L3 (M).

loc

2. Ilycts Temepb [(v) —IMHENHBI HENPEPLIBHBIN (DYHKIMOHAL Ha
H i(M). TokaxeM, 9TO €ro MOXHO 3amucaTs B Buge [(v) = (u, v), rge

loc
ue H! . (M). IIpexge Bcero, nockoasky C'°° (M) C H, i (M), npuiem Bio-

comp
XKeHHMe HeNpephIBHO, To orpanudenue [(v) ma C'°(M) MoxHO 3anucaTb B
Buge (u, v), u€&'(K), rge K —xomnakt B M. IIpu »ToM 0606ImeHHAas

GyHKINSA u OJHO3HAYHO OIpejeleHa, M OCTaeTCA NMPOBEPUTH JINIIb, YTO
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ue H*(K), 1. e. wro Ayu € L?(K). Ho
<Aqu ’U>:<U, AS’U>:Z(A5’U),

I IIO3TOMY HUCKOMOE€ YTBEDXK I€HIE BBEITCKaeT 113 TOT'O, ITO As HEIIPEPBIBHO

2 —8
otobpaxaer L (M) B H .(M), a Takxke u3 TeopeMmul Pucca, o6ecnetu-

BaOIIell CIPABEIINBOCTE UCKOMOTO yTBepxk JeHusd upu s = 0.
Anamornuso OokasbIBaeTCA NpeJCTaBUMOCTb (QyHkImMoHaTa [(u) Ha
8 P _ p —38
Hiomp(M) B Buge l(u) = (u, v), rae v H 2 (M).
3. Ilycte Temepr M —3amxuyTOe MHOroob6pasme. IIposepmm, uTO
oTobpaxkenne v 1l,(-)=(:, v) gBIgETCA TOMOIOIHIECKUM H30MOP(HI3-

mMom H™*(M) ma (H*(M))*. Do, oueBugHO, BepHO mo Teopeme Pucca
upu s =0. PaccmoTpum cayuan nponssoasuoro s € R. I[lockoabky 6mexkTus-
HOCTB 0TOGpaxkeHns v l, (-) yXe JokazaHa B II. 2, JOCTATOYHO IPOBEPUTH

ero HenpepeiBHOCTh. Ho ona cpasy caegyer ms (7.21). W

7.8. YupaxHenuda u 3ajgatu.

Yunpaxuenne 7.1. Ilposeputs, aro §(z) € H*(R") npu s < —n/2. ,

Yunpaxuenne 7.2. llokasars, aTo oneparop Broxkenns H*(R")C H® (R”) un
npu kakux s u s’ (s> s’) He ABAAETCA KOMIAKTHEIM.

Yunpaxuenne 7.3. [Iycre T"=R"/27Z" — n-mepHbi Top (Z™ — neno4ncies-
Had pemerka B R™). Eci f € C°(T") (= C§°(T™)), To dyHKIMIO f MOXKHO Pa3ioknTh

B pag Pypbe
) — ik-z 5O
flz)= D> fre'®", (7.22)
kezZr

rae fr — koadduunenTr Pypbe, 3agaBaeMbie HOPMyJIaMi

fo=(2m)" / F(2) =t da. (7.23)

Tn
Ta xe ¢opmyna npumennma u npu f € Z'(T") (=&'(T")), ecan nox unTerpa-
gom B (7.23) noHuMaTh 3HaueHne byHkHoHana f Ha pynkiuu e~** (B >TOoM cayuae

pag (7.22) cxoaurca B caaboit Tonoaornu Z'(T™)).
lokasaTk, uto ecmn f € Z'(T™), To ycaoeue f & H*(T™) paBHOCHIBHO TOMY, ITO

Do P+ IRP) <4oo, (7.24)
kezZr

npudeM Jepad 9acTh (7.24) onpegenseT kBagpaT HopMe B H °(T™), sKBNBaIeHTHOM JTio-
601 3 BBEIEHHBIX BEIIIe HOPM.

Ynpaxuenue 7.4. [MokasaTs, 9To ecin A yJIOBIETBOPAET yCJIOBUAM TeOpe-
MHE 6.4, To npn ao6om s €R omepatop A: H*(K)— HS(I%) ABJAAETCA KOMIAKTHHRIM
orepaTopoM.

Yunpaxuenne 7.5. [Iposepurs, yTo npocrpanctea H*(R™) u H™*(R") gyans-

HEL JpyT K ApYry OTHOCHTENBHO 6mnHenHoN hopmut (f, g)= [ f(z)g(z)dz.

3agaua 7.1. lokasaTs, 9To ecin N — nogMHOr006pasue KopazMep-
HOocTH d MHOTOOGpaszua M, To orobpaxenue orpanndenus f — f|y (ompe-
JeneHHoe a priori gas f € C°°(M)) npogonxaerca upu s >d/2 1o 1uHEHHOTO
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HeIIpePBIBHOTO 0TOOpakKeHNs

Hi (M) = H (V).

loc

Jagaua 7.2. Ilokazars, 4To onpegeneHuoe B 3ajgade 7.1 oTobpaxe-
HUe SIBAAETCA SIUMOPQHUIMOM.

§ 8. ®peAroALMOBOCTH, MHAEKC, CHEKTP

8.1. IIpocTeymme cBoMcTBa (pPeAr OILMOBHX OIMEPATOPOB.

Ounpegeaenne 8.1. Ilycrs E;, Fs— 6aHaxXoBH IPOCTPAHCTBA,
A: F1 — Fy— nmuHelHBI HeNpepHIBHBIA omepaTop. Byaem HasmiBaTh OIle-
patop A ¢pedzoavmosvin, ecim dim Ker A < +oo m dim Coker A < 400
(mamomuum, uto Ker A={z: z€ F1, Az =0}, Coker A=F5/Im A, rge
Im A= AF;, a paxTOpIpOCTPAHCTBO NOHUMAETCA B AACeOPANIECKOM CMbI-
cre, T. e. 6e3 ydera Tomomornu). Hrdekcom dpearonrbmosa omepaTtopa A
HA3BIBAETCA TUCIO

index A =dim Ker A — dim Coker A. (8.1)

MHoXkecTBO BCeX JUHENHBIX HEIPEPLIBHBIX omepaTopoB A: Fy — Fy Gy-
AeM obosuataTe L (Eq, Es).

MuoxecTBo Bcex GpeiroabMoBHX omeparopoB A€ Z(Eq, E;) Gyaem
o6osnavaTs Fred (Eq, E»).

Jemma 8.1. Ilyemv A€.L(FE1, F2) u dim Coker A< +o0o. Tozda
Im A —3amxnymoe nodnpocmpancmeso 6 Es.

HdoxkaszaTreasncTso. fAcao, ato Ker A —3amxuyToe mognpocrpan-
ctBo B Fj. Ilosromy B dakropupocrpancrse Fi/Ker A umeercs ecre-
cTBeHHass OaHaxoBa cTpykTypa. OQuepaTtop A mHAynUpyeT HenpephIBHOE
orobpaxenue A;: Fy/Ker A— E,, npudem Im Ay =Im A. OrmeTnm, uTo
Ker A; =0. Tenepr o6ozmadum depes C' a060€ KOHEUHOMEPHOE IIOAIPO-
ctparcTBO Fsy, aasa xotoporo Fs =Im A+ C (upamas cymMa B arre6pan-
geckoMm cmbicae). Ompegeanm omepaTop

A: Ey/Ker A®C — B, (8.2)

nepesogamui napy {z, ¢} B A1z +c€ Fsy. flcao, uTo A 6uexTuBeH U Hempe-
PBIBEH, eCJy MPOCTPAHCTBO CJIeBa PACCMATPUBATEL KaK 6AHAXOBY IPAMYIO
cymMy (mampmMep, ¢ Hopmon ||{z, c}||=||z|| + ||c||, rae ||c|| onpegeaserca
¢ moMomBio Tpon3BoasHoit HopMsr B C). Ilo Teopeme Banaxa omepaTop A
6yAeT TOMOIOrUIecKIM H30MOP(U3IMOM, HO 0TCIOAa cledyeT, 4To Im A 3a-
MKHYT B Fs, 160 mognpoctpanctso A~ (Im A) = E; /Ker A® 0 3amkayTO
B Fi/Ker A C. B
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CanegcrBue 8.1. Ecau dim Coker A <400 u L1 —makoe 3amrny-
moe nodnpocmparcmeo 6 FEi, umo F1 =L +Ker A, mo A onpedeasem
monoao2uneckuti uzomopgpuszm A: Ly - Im A.

OTmertnM, uTo B caydae A € Fred (Eq, E3) moampoctpancTso Ly yxasas-
HOT'O THUIIA BCerja CyLUIeCTBYeT, u6o mo TeopeMe XaHa—bBaHaxa MBI MOXKeM
IPOJOIKUTE ToXKAecTBeHHOE oToGpaxenue Ker A — Ker A 1o Hempepnis-
HOro AuHenHOr o0 onepaTopa P;: F1 — Ker A usarem nonoxuts L1 =Ker P;.

Crnegcreue 8.2. Feau A€ ZL(FE1, Es) u dim Coker A< +oo0,
mo dim Coker A=dim Ker A*, 2de A* —conpaxcennviii onepamop
A*: E5 — ET.

JoxazaTeasbcTso. I3BecTHO (I TPUBHAILHO), 9TO

Ker A*={f: feE3, {f, Im A)=0}.
13 szamxuyTOoCcTH Xe Im A u Teopemnbl Xana—Banaxa BuITekaeT, ITO

Im A={z: z € F3, (Ker A", z) =0},

OTKyga u caegyeT uckomas ¢popmyaa. Wl

Jemma 8.2. Ilyemv E — 6anaroeo npocmpancmeo u onepamop T €
€L (FE, E) koneunomepen, m. e. dim Im T'< +oo. Toeda onepamop I+ T
dpedzoavmos, npuuen index (I +7)=0.

JokxazaTeancTBo. Jlerko mpoBepuTh, UTO CYWIECTBYET pPAa3jo-
xenne F=Lo+ Ly, rae Ly —3amkayTOe moampocTpancTso, Lo C Ker T,
LiDIm T, dim Ly < 4oo. Torga (I+T)|r,=1|r,, (I+7T) L1 C L1, Tak xax
TLyCImT C Ly. Takum o6pazom, Lg u { —UHBapUaHTHLIE TOANPOCTPAH-
ctBa gas omeparopa I + T, npudem Im (I +7) D Lo, Ker (I +T) C L. ITo-
sToMmy omepatop I +7T dpearoasmos, npudeM index (7 4+ 7T') paBen uagexcy
omepaTopa I + T, paccMaTpuBaemMoro xax omepaTop u3 L, B L1, Tak 4TO
€0 CBOAUTCS K TPUBUAILHOMY YTBepXK AeHUI0 u3 auHenHon aare6put. l

Jemma 8.3. Ecau A€Fred (Eq, E2), mo cywecmsyem maroti onepa-
mop B € Fred (E5, E1), umo

BA=I-P, AB=I-P;, (8.3)

2de Py —npoexmop na Ker A, a I — Py —npoexmop na Im A (max umo
P1, Py — KOHEUHOMEDHBIE NPOEKMOPLL).

doxasaTeancTsBo. [Iycts Ly —3amkHyTOe gomoaHeHme kK Ker A
B F1, Ly —mo6oe gonoauenune x Im A. Qupegennm onepatop B Tax, IT00BL
OBLIN BBLINOJHEHEl YCIOBUS

BAlL, =1|r,, BlL,=0.
B cuny caeactsps 8.1 sacuo, uto B €.%(F2, F1). Kpome Toro, o4eBngHo,

aro Ker B= Ly, Im B=1,. Orcioga cregyer dbpearoabMoBocts B. Yciro-
Bus (8.3) mposepsaroTcsa HenocpegcTsenno. M
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Jemma 8.4. Ilyemv A€ Z(F1, Es), u cywecmeyiom maxue onepa-
mopwl By, By € £ (FE2, E1), umo

BlA:[—}-Tl, ABy =141, (84)

ade Ty, Ty — koneunomepuvie onepamopwl. Tozda onepamop A @peo-
204bMOG.

JokazaTeanbcTBo. YTBepKIEHNE CIeyeT U3 OYEBUIHBIX BKJIIO-
qeHUN

Ker ACKer (ByA)=Ker (I+T71),
Im ADIm (ABy) =Im (I + T3),

u gemMmel 8.2. H
Jemma 8.5. Iyecmv A€Fred(FEy, Fy), BeEFred(F2, E3). Tozda
BA €Fred (E1, E3), npuuem

index BA =index A 4 index B. (8.5)

JdoxaszaTeabcTso. Mbl mokaxeM Ipexge BCETO, ITO CYIIECTBYIOT
Takme 3aMKHYTHIe mognpoctpancTsa L C E;, j=1, 2,3, aro Ker A|p, =0,
ALy =1Ls, Ker B|,=0, BLy, = L3, mpuuem codim L; < +oo, j=1, 2, 3 *).
B camom gexe, ecin L} —3amkuyToe gonoauenue k Ker A B Ey, L) —3a-
MrHyTOe gonoarenue X Ker B B Fy, To MBI MOXeM MOIOKUTH

Ly=L4NnIm A, Li=(Al))"" (L2), Ls=BLs.

Teneps oTMmeTuM cregyiomuil baxT: nycTh L1, Ly —3aMKHyTEIe IOATIPO-
crpacTBa B Fyi, Fy, A€Fred (F1, Fs), Ker A|p, =0 u ALy = La; Toraa,
ecan O0GO3HAYMUTL Uepe3 A oTobpaxeHune A:El/Ll — E5/ Ly, ungynupo-
Bammoe oneparopom A, To A€ Fred (F1 /L1, E3/Ls) u index A=index A.
Ilo>ToMy mcmONBL3OBaHIE TOCTPOEHHBIX BhHINe HogmpocTpancTB L; C Fj
LO3BOJSET CBECTH [JOKa3aTeIbcTBO (opMmyasl (8.5) k caywaio, korja
dim E; < 400, j =1, 2, 3, oueBuaHoMy BBUAY TOr0, 9T0 ectu A€ L (E1, E3)
ndim F; <400, =1, 2, To index A=dim F; —dim F,. &

IMpeaganoxenune 8.1. Fred (Fy, F2) Asagemea omkpuimbism nodmHo-
aecmeom L (F1, E3) (8 pasnomeproli onepamopHoti monoao2uu, m. e.
monoaoauu, onpedeasemoti Hopmoti onepamopos). Ilpu amom Pynryus

index: Fred (E1, E2) = Z

HENPpEPLIGHA (m €. NOCMOAHHA Ha 6Cer CBA3HBIY KOMNOHEHMAT

Fred (El, Eg))

*) Ecoim L —noanpocrpancreo E, To no onpegeaenmio codim L =dim(E/L)
(codim L nasmBaeTca kopasmepHocTbio L B E). 31€ch, B 9acCTHOCTH, HMEETCHA B BHAY,
uro codim Ly =dim FE;/L;, j=1, 2, 3.
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B uacmmuocmu, ecau Ay —wnenpepwvisnas (no wHopme) onepamopuas
Pyuryua t €10, 1] co anauenuamu e Fred (F1, Es), mo index Ag=index A;.

JoxaszaTeanctso. [Iycrs A€Fred (£, Fy). Hyxno gokasars cy-
ecTBOBaHUe Takoro 4ucia € >0, uro eciu D € L (Fy, Fs) u ||D||<e, To
A4 D €Fred (Fq, F2) u index (A+ D) =index A.

IocTpoum Taxon onepatop B € .%(Fs, 1), 4T0 BHIIOIHEHE! YCJIOBUA
BA=T+T], AB=I+Ty, (8.6)

rae T}, T4 — KOHeIHOMepHEIE OLEPATOPHL (3TO BO3MOXKHO 1o aeMme 8.3).
[posepuM, uTo MoxHO B3aATh ¢ =||B||~'. B camom gese, mycTs Torga
||[D]|<e. Nmeem B(A+D)=I+BD+T], u ecin moroxuts By =(]+
+BD)"'B, To Bi(A+D)=1+Ti, rae Ti xomeinomeper. OTmeTuM,
4T0 index B; =index B. AHamoruvHo cTpouTcs Taxou omepatop Bs, ITO
(A+ D) B, =I+4T5, rge T, koneunoMepen. Io zemme 8.4 omepatop A+ D
dpearoasmos. ITo mo aemmam 8.5 n 8.2 MBI UMeeM

index (A4 D) = —index B; = —index B =index A. [ ]

B ganpuenmem depes C'(F1, Fa) MBI 6y 1eM 0603HaMaTh MHOXKECTBO KOM-
[IAKTHEIX JINHENHEIX omepaTopoB u3 Ky B Fs.

JTemma 8.6. IIycmv E — 6anazoso npocmpancmso, REC(E, E). To-
2da I+ R€Fred (E, E) uindex (I + R)=0.

HdoxaszaTeanscTtso. [lockorbky [|Ker(I+R) = —R|Ker(I+R), TO equ-
ununem map B Ker (I + R) xomnakTen, n noromy dim Ker (I 4+ R) < 4o0.
Hanee, mockoabKy omeparop R* Takxke xommakTel, To dim Ker (I + R)* <
<400, n gaa gokazaTelbcTBa (pearoasmosoctu (I + R) ocraercsa mpo-
BepuTh Jumb 3aMKHyTOCTb Im (/4 R) (m6o Torga dim Coker (7 + R)=
=dim Ker (7 + R)*).

Iycrs 2z, € E, n=1,2, ... n y,=(I + R) 2, = y mpu n— +oco. Hazgo
J0Ka3aTh cyliecTBoBaHme Takoro z € F, aro (I + R) z=y. [Iycts L — mo6oe
3aMKHyTO€ NOANpOCTpaHcTBo, gomoxaHswomee Ker (I + R) B E. Jobasraa
K ,, BekTopsl u3 Ker (7 + R) (4T0 He MeHSAET ¥y, ), MBI MOKEM CIUTATD, ITO
zp € L mpm Bcex n.

IMoxaxeMm, 9TO MOCICZOBATEILHOCTDL I, TOTJAa GyIeT OrPAHNYCHHOMN.
B camoMm gene, eciu 3To He Tak, TO, 3aMeHAA {Z, | Ha MOANOCIEI0BATEIb-
HOCTB, MOXHO CUHTaTh, 9TO ||Z,|| — +oo mpu n — +oo. Hoxoxum Torga
e =zn/||zall, v, = (I + R) z},. Imeem y,, — 0 npu n — 400, a TOCKOIBLKY

||z,]| = 1, To MOXkHO cunTaTH, 9TO CymwlecTBYeT npegen lim Rzl,. Ho To-
n—4oo
riacymecrsyer u lim z/,=— lim Raz] ==z, npuiem scHo, uTo ||z||=1,

n—+4o00 n—+4oo
z€ L, (I+ R)z=0, 9T0 IPOTHBOPEIUT HPEINOIOKEHNIIO 0 BEIGOpE L.
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Urak, mocregoBaTeasHoCTs {2,} orpanmiena. Ho Torga MoxHO cum-
TaThb, YTO CYLIECTBYeT IIpeies] nkr_‘r_loo Rz, u, cregoBaTelbHO, CyIIeCTBYET

lim z,=y— lim Rz,.O6o03navasxr= lim z,, Vsl 6ygeM UMeTh, OIe-
n—+4oo n—+4oo n—+4oo

BuaHo, (I + R) z =y, 9To gokasbiBaeT 3aMKHyToCTb Im (7 + R) mu, 3Ha4ur,
dpearoasmoBocTs [ 4+ R.

B cnay mpegnoxenus 8.1 mpu ¢ € [0, 1] umeem index (7 +tR) = const,
otkyfa index (I + R) =index /=0. W

Dpegnoxenune 82. IIyemv A€ L(E1, E3) u cywyecmsylom maxue
onepamopwr B1, Bs, umo

BiA=1+ Ry, ABs=I+4 Rs, (87)
ede R; € C(Ej, Ej), j=1,2. Toeda A€ Fred(Ey, Es).

JdoxaszaTeabcTBO HoaydaeTcs U3 JAeMMHI 8.6 aHAJOrHYHO JOKa-
3aTeabcTBy JdeMMEl 8.4. W

Mpenganoxenne 83. Ilycmv A€Fred (F1, Fy), ReEC(F1, E3). To-
2da A+ R€Fred (E1, Ea), npuuem index (A + R) =index A.

Joxa3zaTelbcTBO O4YeBHAHO u3 mnpegroxenus 8.2 m memm 8.5

u 8.6. B

8.2. ®peATr0IBEMOBOCTD M MHAEKC DIUMITHIECKUX OIEPATOPOB HA 3a-
MKHYTOM MHOr0006pa3uu.

Teopewma 8.1. Iyemv M —3amknymoe mHozoobpasue, AE
EHLZ?’(Sm(M), 1—p<d<p. IHocmpoum npu awbom s€R onepamop
As € L(H* (M), H*=™(M)), asaswowuiica npodoaxcenuem onepamopa A
no HENPEPHIBHOCTNU.

Tozda

a) As €Fred (H*(M), H*~™(M));

6) Ker A, CC®(M), men camvinm Ker A; ne 3asucum om s u 6ydem
o6osnauamuvcsa npocmo Ker A;

B) index A; ue zasucum om s (mwvl 6ydem ob6osnauamsv e2o npocmo
index A) u swvipancaemes dopmyaoti

index A=dim Ker A —dim Ker A*, (8.8)

2de A* — dopmaavro conpancennviti ILTO (cam. § 3) 6 cauvicae ckaaaprozo
npoussedenus, 3adasaemo20 nPouzsoabHot 24adKot NAOMHOCMbIO;

r) ecau D€ LZ?:;(M), 2de m' <m, mo index (A+ D) =index A.

HdoxazaTeancTBo. [To Teopeme 5.1 MOXKHO NOCTPOUTHL IIapaMe-
Tpukc B € HL;’?’ ~" (M) omeparopa A. Oneparopst R; € L~°°(M) B cuny
TeopeMHl 7.5 IpoJorkaTcs 10 onepaTopos R; , € C(H* (M), H*(M)) npn
mo6oM s € R. Temeps u3 npegroxenns 8.2 ciegyeT GppearoibMOBOCTE BCEX
omepaTopoB Aj.
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Hanee, u3 TeopeMsl 5.2 cIeAyeT yTBepXK JeHHE II. 6) T€OPEMBI, & IIOCKOIb-
xy A* € HLZq’ém, TO MBI IOIyYaeM H yTBEPXKICHHE II. B).

HaKoneu,lyTBep)K,qume II. T') BEITEKAET I3 MPeAIokKeHnuA 8.3, IOCKOIbKY
ectu D e L) s(M), m'<m, To DeC(H*(M), H*=™(M)) B cu1y Teope-
Mmer 7.5. W

Jameuanue 8.1. YTBepkIeHUE 3TOU TE€OPEMBI BEPHO, KOHEYIHO, HE
TOJBKO JJs CKAJAAPHBIX OEPATOPOB, HO U JJs ONEPATOPOB, AEUCTBYIOIINX
B CEYEHUAX BEKTOPHBIX PACCIOCHUH.

Jameuanne 8.2. [Jaa xaaccudeckux saaunrtudeckux IO yrTeep-
XKJeHHe I. T') 03HAYaeT, YTO HHIAEKC 3aBHCUT JHIIb OT [IABHOTO CHMBOJA.
U3 Teopemsur 6.2 merko BEIBECTH, 9TO HHAEKC HE MEHSETCS IPH JOOBIX He-
IPEPHIBHBIX Ae(OpMAalUIX TIABHOIO CIMBOJA B KJIAaCCE OTHOPOJHBIX HJLIII-
TUYECKUX CHMBOJOB. DTO YTBEPKACHNAE BAXKHO B TEOPUN WHIEKCA DILINITU-

IECKHNX OIIepaTOpPOB.

8.3. Cnektp (mpocrevmume cegenus). Ilycts M —3aMKHYTOe MHOrO-
obpasue, A€ HLZ?’(Sm (M), 1-p<d<p, m>0. PaccMmoTpuM B IPOCTpaH-
cree L?(M) HeorpaHUYeHHBIN JuHENHLIN OepaTOp, OIpeIeaaeMbIll Onepa-
TOopoM A, ecIn cIuTaTh 061aCTBIO OmpedereHus npocTpascTeo H™(M).
Mzl 6y geM 0603HaYaTh 3TOT HEOrPAHUYEHHBIA onlepaTop deped Ag miu nHo-
rga IpocTo depe3 A, ecinm He oracHa BO3HHKAIOMIAS TBYCMBICAEHHOCTD.

IMpegnoxenue 84. Onepamop Ay 3amkuym, m. e. ecau Up €

€EH™(M), n=1,2, ..., ue L}(M) cywecmeyiom npedeavt u= hr—E Un
n—+00
u f=lim Au,, mou€ H"(M) u Au=f.
n— o0

NoxazaTeascTso. [Hockoasky us cxoaumoctu B L%(M) cregyet
cxoguMocTs B &' (M), a onepatop A HenpepwiBer B &' (M) (B cMblcie, Ha-
npuMep, craboll Tomonornu), To Mel umeeM Au=f, a Torga u € H™ (M) B
cuny Teopemsr 7.2. W

U3 toro, uro C* (M) mroruo 8 H™ (M) (B Tononoruu H™(M)), BeITe-
KaeT

Caeagctsue 83. Onepamop Ag asasemca zamvikanuem (6 L2(M))
onepamopa Alces(ar)-

Ounpegeanenune 8.2. Chekmp omepartopa A —3TO NDOIMHOXKE-
ctBo o0(A) xommrexcuon maockoctn C, ompegeasemoe Tak: ecan A€ C,
To ycaosue A¢ o(A) paBHOCHIBHO ToMy, 9TO omepaTop Ag— A/ umMeer
B L?(M) orpanuyeHnssIit BCiogy onpeteneHubit o6paTaeii (Ag — AI) 1.

Jlerko mposepseTcs, 4To o(A) —3aMxHyTOE HoAMHOKecTBO C, mpmaeM
(Ao — AI)~! —ronomopduas omepatopras ¢pyrknuz ot A Ha C\o(A4) co
anavennamu B £ (L?(M), L?(M)). Dra ¢pyrkuna Ry = (Ag—AI)~! masn-
BAETCs pe3oabeeHmot omepaTopa A.
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MDpegnoxenune 8.5. lTyecmv na M gurcuposana 2iadkas noaoxncu-
meavnaa naomuocme dy(z). Toeda ycaosue A ¢ o(A) pasnocusbruo momy,
umo Ker (A — M) =Ker (A* — AT) =0.

doxaszaTeabcTBso. YTBepK IeHHEe BEITeKaeT U3 TeopeMsl 8.1, mo-
ckonbky (A — A€ HLZ?“’(;m BBuay ycaosus m > 0. W

Teopema 8.2 (Teopema 06 obpaTHOM omeparope). [Tycmv A€
ELZ?’(Sm(M), 1—p<d<p, m>0 u onepamop Ao nocmpoen no A, rar
onucano eviwe. Iycmv A ¢ o(A). Toeda onepamop (Ag— AI)~! asasem-
ca npodoancenuem no wenpepvishocmu (¢ C®(M)) uau oepanuuenuem
(¢ @9'(M)) onepamopa u3 HL;’?’ (M) (mwr 6ydem obozwauambv ezo
(A= XI)~1). B wacmuocmu, onepamop (Ag — M)~! komnaxmen 6 LZ(M).

JdoxaszareabcTBo. [ocraTrouno paccMoTpers caydan A=0.
Ilycte B € HL;?’ ~™(M), B—mnapameTpuxc onepaTopa A. B wacTHOCTH,

AB=I-R, (8.9)

rae R—omepatop ¢ raagkuMm sgpoMm R(z, y) (cimTaeM Aas IpOCTOTHL
(buKCcHpoBaHHON TI'MaIKYI0 MOJOKUTEILHYIO IMOTHOCTL Ha M, Torga Aapo
R(z, y) —»To0 ob6brunas pyuxnusa Ha M x M).

s (8.9) cregyer, uTo

AT'=B+ AR, (8.10)

I oCTaeTcs MPoBepuTh, uTo A~! R —53To omepaTop ¢ raagkmm sapom. Ho
omepatop A~! mo Teopeme 7.2 oTo6paxaer H*(M) 8 H*t™ (M) npu mo-
60oM s € R, 1 mpuTOM HEIPEPBIBHO 11O TeopeMe 0 3aMKHyToM rpaduke. Ilo
Teopeme Baoxenus 7.6 omepaTop A~! mempepriHo oTo6paxaer C'°°(M)
B C°°(M). Ho Torga onepatop A~!R 3agaeTca rraaxum sapom Ri(z, y),
rae Ri(z, y) =[A7'R(-, y)] (z). A

Teopewma 8.3. Iycmb na 3amxHymom muozo06pasuu M Purcu-
posana 2aadkaa nododcumebras naomuocmsv du(z), A€ HLZ?’ém(M),
1—p<d<pum>0. Hycmov A*=A. Toeda Ay — camoconpascennsiii onepa-
mop 6 L?(M), npuuen 6 L>(M) cyuwjecmeyem noanas opmoHopMuposanHas
cucmema {@;}, j=1,2, ..., cobemeennviz Pynxyuti onepamopa Aqy. Ipu
amom p; € C® (M), Ap; =Xj@;, cobCMEEHHbIE 3HAUCHUA N} 6EUECTNGEHHDL
u |Aj| = +oo npu j —+0o. Cnexmp o(A) coenadaem ¢ mnoxcecmeom scex
CcO6CMEEHHBIT 3HAUEHU.

JoxaszaTeascTso. 3aMeTuM npex e Bcero, 9to o(A) CR BBRAgY
npegroxenus 8.5, mockoabky omepatop A cummerpuder Ha C° (M) u He
MOXET IMeTh TaM HeBEIIEeCTBeHHEIX COOCTBEHHBIX 3HAUCHUN.

ToxaxeM Tenepsb, uTo 0(A) #R. Ecan 651 66110 0(A) =R, To A1s Iio-
6oro A€ R MoxHO 65110 GBI yKas’aThb Takylo (yHknuio gy € C° (M), aTo
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Apx=Apx u ||ps]|=1. Ho Torga (px, ¢u) =0 npun A# p m3-3a cuMMeTpud-
HocTn A, 4To mpoTuBOpednT cenapabensrocT L2 (M).

Bosbmem Temepsr Ag €ER\o(A). ITo Teopeme 8.2 omepatop Ry, =
=(A—Xo])"! aBIfeTCA KOMNAKTHEIM CAMOCONPAXKEHHBIM ONEPATOPOM
B L?(M). Ilo m3secTHOll TeopeMe (pyHKIMOHATHHOTO aHAIN3A OH HMeeT
opToHOpMUpOBAHHEN Gasnc {;}7Z; w3 coGeTBeHHBIX QYHKIWI, TpmIeM
ecan r; — coOGCTBEHHBIC 3HadeHNd, To 7; — 0 mpu j — +00.

3ameTnm Temeps, uTo 1; #0 (Tax xak Ker (A— o)~ =0). IlosTomy
yeaoBue Ry p; =T;¢; MOXKHO HEPelncaTh B BHIE

(A=Xol) g =r7"p;
nan
Ap; = (rj_1 + Xo) ;. (8.11)

N3 (8.11) scro, 4o ¢; € C° (M) u ¢; —(iOﬁCTBeHHBIe dyHKIIUN omepaTo-
pa A ¢ co6cTBeHEBIME 3HAMEHUAME Aj =7 + Ag. OteBugno, 1TO || — +00
upu j — +oco. Ocransbuble yTBepK geHus TeopeMul 8.3 oueBugusl. PaxT co-
BrajeHnd cuekTpa o(A) ¢ MoxecTBoM {A; } cregyer us mpegnoxenns 8.5, a
CaMOCONIPAKEHHOCTD onepaTopa A —u3 npeacrasienus A = R;[Jl +XI. N

Cregyromas TeopeMa DPacHpOCTPAHAET OJHO U3 YTBEPXKAEHHH Teope-
MBI 8.3 Ha HECAMOCOIPSKEHHBIN CIy9Ian.

Teopema 8.4. Iyems ACHLY ™ (M), 1—p<d<p um>0. Tozda
das cnekmpa o(A) svinoanena odna uz caedyouur deyr 603.moicHocmeE:

a) 0(A)=C (smo, 8 vacmnocmu, max, ecau index A#0);

6) 0(A) — duckpemmnoe (6vumv moocem, nycmoe) nodmmosncecmeo C
(nodmuoscecmeo 6e3 npedebHbir mouek).

IIpu smowm, ecau cnpasedauso 6) u Ag € 0(A), mo cywecmsyem maxoe
pazaoncenue L2(M)=Ey, + ES,, wmo evinoanenvt ycaocus:

1) Ex, CC®(M), dim E), <400, Ex, — uH6apuanmHuoe noonpocmpau-
cmeo das onepamopa A, npuuem cywecmeyem marxoe namypaavroe N >0,
umo (A—XoI)N Ex, =0 (unvinu caosamu, onepamop Alg, umeem ceoum
COBCMBEHHBIM 3HANCHUEM AUWDL Ng U NOJOOEH NPAMOT CYymMMe HCOPAAHOBHIT
kaemox nopadkos < N);

2) E4 — 3amknymoe nodnpocmpancmeo 6 L*(M), uneapuanmmuoe om-

Ao )

! ! /
Hocumeavro Ag (m. e. A(Da, N EY ) C E} ), npuuen ecau uepes Al obo-
anavwumy ozpanuuenue Ag|g; (nonwumaemoe waw weoepanuuennviii onepa-

0

! ! !
mop 6 EY ¢ obaacmuio onpedeaenusn Da, N EY ), mo onepamop Ay — Aol
umeem ozpanuuennviii obpammuvii (uau, unvimu caosamu, Ao & o(Alg; )).

)

doxkazaTeancTso. l. lycrs 0(A4)#C. JoxaxeM, ato o(A) — auc-
kpeTHOoe mogmuoxkecTBo C. Cymectsyer Touka Ag & C\ o(A). Bes ymep6a
[JIs1 OBGLIHOCTY MOXKHO IPEeANONOKUTh, 9TO Ag =0, Tax uTo omepaTop Ag
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nMeeT o TeopeMe 8.2 KOMIAKTHBIA OGPATHBIN ONEPATOD Aal. Ho BBUgy
coorHommenns Ag— Al = (I — )\Aal) Ap Braouenne A € o(A) paBHOCHIBHO
Tomy, aTo A£ 0 m A"l € G'(Aal). HuckperHocTs 0(A) BEITekaeT Temepsb 13
TOrO0, 9TO O'(Aal) MOXKeT UMETh TOUYKOU HAKOILUIEHUs Juilb ().

2. Iyers 0(A) #C, A €0(A). Onare-Taku MoxHO 6e3 ymepba a1s
obmuocTu cuntath, 9T0 Ag = 0. IIycte I'g —xouTyp B maockoctu C, 06-
xogaumi 0 u He cofepxammil BHyTpHU cebs Apyrux Todek o(A) (Hampunmep,
OKPYXHOCTB JOCTATOYHO MaJOro pajuyca ¢ neHTpoM B Touke 0). Paccmo-
TPHUM OILIEPATOD

1
Py=—5— / Ry dA. (8.12)
To

Crangaptaoe paccyxgenue (cM. Puce, Cexedarssu-Hazs [1], ra. XI) mo-
Ka3BIBaeT, 9TO Py — MpoeKTOp, KOHETHOMEDHBIN B CIIY KOMOAKTHOCTH Ry,
IePeCTAHOBOUHEBIN €O BCeMH omeparopamu Ry (m ¢ omepaTopoMm A B
ToM cMmmicae, uTo PoAg C AgPy) m Takoit, uto ecin E,, = Po(L*(M)),
B4 =(I—Py) (L*(M)), To BEIIONHeHE! 3akmodeHns 1) m 2) Teopemsl 8.4.

Mgu1 mpegocTaBaseM YNTATETO0 B BUje yIPaXHEHHA BCE OTHOCAIINECS
cioga gertamn. OTMeTHM JuIIb, 9To BkIlodeHue Fy, C C*° (M) BuTekaer
m3 Toro, aTo AY E), =0, ecin mpuHATL BO BHIMAHNE SLTUNTHIHOCTD A 1
BOCIIOJAB30BaTLCA TeopeMon peryiaspuoctu 5.2. B

8.4. 3agauu.

Jagaua 8.1. Ilycte E — cenapabeibHOe TUIBLOEPTOBO NPOCTPAH-
ctBo, mo(Fred (E, F)) —MHOXeCTBO CBA3HBIX KOMIIOHEHT NIPOCTPAHCTBA
Fred (F, F), HageleHHOe HOIYTPYHIOBOI CTPYKTYDPOH, MHIYIMPOBAHHON
YMHOXeHUeM OmepaTopoB. IlokazaTh, YTo B3ATHe UHIEKCA 3a1aeT U30MOP-
busm

index: mo(Fred (E, E)) = Z.

Ykazanumne. Onepartop A ungekca 0 MoxeT 6HITh 3anucad B Buge A = Ag + T,
rge Ag o6parum, a T koHedHoMepeH. Jloka3aTh (C MOMOIIBIO MOIAPHOTO PA3IOKEHNA) U
HCMOIB30BaTh CBA3HOCTE MPYNNH BCEX 06paTHMBIX onepaTopoB B F.

Bo Bcex caegyromnx sagadax M —3zamxHyTOe MHOrooG6pasme, 1 —p<
<d<pum>0.

3agaua 8.2. Ilycts A€ HL’:’(SmD (M). Nokasats, uTo A — dpearoas-
MoB omepatop B C® (M), 1. e. dim Ker A< +00, AC®(M) samkayTO
B C°(M) u dim Coker A < +00, rge Coker A=C*(M)/AC*®(M). Hoxa-
3aThb, uT0 AC* (M) coctont u3 Bcex f € C® (M), gaa xoropux (f, g) =0
npn mo6oMm g € Ker A* (s3gecw (f, g) — ckaaspHoe mpousBejeHue, 3ajaBa-
eMoe TJIAJKOU MOJOXKUTEILHOU MIOTHOCTRIO, u A* —compsaxenusmn 110
OTHOCHTEIHHO 3TOT0 CKAJAIPHOTO MTPOU3BEIEHNA).
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Jagaua 8.3. Ilycte A€ HL;?’(SMD (M) u mg>0. Ilycre va M 3aga-
Ha DIagkas HOJOXKUTEIbHAS IVIOTHOCTB, OHNPEEIiomias CKAaAApHOe IIPOo-
msBegenue (f, g) u Qopmansro compaxenusm IIT0 A*. Ilpeamomoxum,
aro A= A*. JoxazaTs, 9To omepaTop Ag, ABASIOMINNCA 3aMBIKAHIEM OIle-
paTopa Alcee(ar), CAMOCONPSIKEH B THILGEPTOBOM CMBICIC B TPOCTPAH-
cte L% (M).

3dagaua 8.4. Ilycte A€ HL;?’(EmU (M), A* —dopMalIbHO CONpAKEH-
et 110, Ag, Af —sameikanna A|ces(ar) 1 A*|coo(pr) B L?(M). loxasaTs,
aro Ag u A} conpaxens B rub6epTOBOM cMEICIe B IpocTpaHcTBe L2(M).

Ykxaszaumne. Paccmorpers matpuansm [1/10 A suga

(1)

3agxgaua 8.5. IlpuBectu npumep omepaTopa A € HLT’Om(M), O KO-
Toporo o(A) =C.

Jagaua 8.6. IlycTs gama mociegoBaTelbHOCTH MHALOGEPTOBLIX IPO-
CTPaHCTB F; U IMHEHHBIX HENPEPLIBHEIX OIEPATOPOB d;:

028 gy doy gy By Ny Y By B0 (8.13)

JTa HOCIeJOBATEILHOCT HA3LIBACTCA KoMNAeKcoM, ecan d;jqy1o0d; =0 mns
Bcex 7=0,1, ..., N —2. Ilonoxum

Zi=Kerd;, B'=Imd;_y, H'=Z//B', j=0,1,..., N

(ecrm (8.13) —xommaexc, To B/ C Z7). IlpocTpanctsa H’ maswiatoTcs ko-
2omoqoz2uamu xoMmimaekca (8.13). Kommrexe HaszwiBaeTca (ipedzoabmosbim,
ecan dim HY < +oo mpu Bcex j=0,1, ..., N.

a) JokasaTs, 9To ecan xkommrekc (8.13) ¢pperoasmos, To BJ —3amxmuy-
ThI¢ TOATIPOCTPAHCTBA B 27,

6) Hycts Aj=6;d;+dj_1d;-1, vae §; = d}. OnepaToper A; HazeIBAIOT-
e aanaacuanany xomirekca (8.13) (uin omeparopamu Jlannaca—Xogxa).
Momoxum IV =Ker A;. JoxaszaTb, ¥TO 111 (GPeIroIbMOBOCTH KOMILIEK-
ca (8.13) He06X0IUMO I JOCTATOUHO, YTOGH Bce A; GBLIN PPeAT0IbMOBBIME
omepaTopamu B F;, j=0, 1, ..., N. IIpu sTom

dim HJ =dim IV.

Tounee, IV C 77, nmpudem oTobpaxenue [V — HJ, uaaynupoBaHHOe Ka-
HOHHWYecKOll mpoeknuen ZJ — HJ, apagserca m3oMopdusMoM (B crydae
(dpeAroabMoBa KOMILIEKCA).



§ 8] ®PEATOJBMOBOCTL, MHAEKC, CIIEKTP 91

B) Ilomoxum Temeps

N

X(E)=>_(-1)/ dim H/
j=0

(mjnepoea rapakmepucmura GppeirolbMOBa KOMILIEKCA E) HoxazaTs, 4TO

. d
ectm N =1, To sitrepoBa xapaxTepucTuka kommaekca 0— Fg— Ey —0
€CThb IPOCTO UHIEKC omepaTopa dg.

HokazaTs, aTo ecin dim F; < +o0, j=0,1,..., N, To
N .
X(E)=> _(-1)/ dim E;.
j=0

r) Jokasats, uro X (F) He MeHfeTca IpU PAaBHOMEDHOH JedopMalmu
BCex omepaTopoB d;, ecIm B mpoIecce 3TOH AedopMaIMl IOCTIeIOBATEIb-
HOCTh (8.13) Bce BpeMs ocTaeTcs PpPeArOILMOBLIM KOMIIEKCOM.

3agawa 8.7. Hyers V; (j=0,1, ..., N) — BeKTOpHBIe PACCIOCHNA HA T
3aMKHYTBIM MHOroo6pasumem M, H*(M, V;) — coboneBckue mpocTpaHCTBA
nx cedennit Hag M. Ilycrs dj: C°(M, V;)— C®(M, Vj41) — kaaccumaeckne
110 oaunakoBeix mopsgkos m. Iycts Ty (M) — kokacaTelbHOe paccioe-
Hue Ha M 6e3 HyaeBoro cederus, my: 1y M — M — ecTecTBeHHad NPOEKITHA.
Ipeanoaoxum, 9T0 0TOOPAKEHUS

0525 0% (M, Vo) 225 0o (M, V1) 2 . 220 00 (M, Viy) 250 (8.14)

0 . _*x7/. *1/, _
06pa3y10’r KOMIILJIEKC. HyCTB (de : 71'0‘/} — 7I'OV7+1 TJIaBHBI€ CIMBOJIEBI OIle-
paTopoB dj (OAHOPOAHLIC (I)yHKH;HI/I 10 E IopAagKa m) Kommaexce (8.14)
Ha3bIBACTCA 3A4AUNMUUECKUM, €CIN ITIOCICIOBATEIbHOCTD paCCJIOGHI/Iﬁ

0 0 o

* Tdy 4 7d, TdNo1 4
0—=mVo—mVi — ... —— 1V =0

ToyHa (T. €. TOYHBI [OCAEIOBATEILHOCTH BEKTODHBIX IPOCTPAHCTB HaJ
kax ol Toukon (z, &) € Ty M).

a) [JokasaTb, ITO DIINITHIHOCTh kKoMiulekca (8.14) paBHOCHIBHA 5I-
AUOTHYIHOCTH BCeX JammacmanoB A; =6;d; +d;_16;_1, rae §; —ILAO, co-
IpAXKEHHBIN K d; IpN KaKOM-HIOY Ib BBeJeHNN INIOTHOCTH Ha M 1 MeTpukn
B pacclocHuAx V.

6) MokasaTs, uTo ecan (8.14) —s>aIunTmdecKuil KOMILUIEKC, TO IPH TIO-
60oM s € R xommiexc

02 1o (0, Vo) oy oo (0, Vi) B L N e Nm (g 1) 5
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ABIAETCA (PPEAr ONBMOBBIM, IIPHYEM PA3MEPHOCTH €0 KOTOMOJIOTHI (11, cle-
JOBATEILHO, BIIEPOBA XaPAKTEPUCTHUKA) He 3aBHCAT oT s. CaMu xoromo-

JOTHH MOXKHO OIpeJeINThb TaKkKe KaK KOroMoIorun koMmmiekca (8.14), T. e.
TIONOXUTh

HI =Ker dj|co(m,v,)/dj—1(C (M, Vi_1)).

Jagaua 8.8. IlokaszaTs, uTo xomMmiexc ge Pama mang n-MepHBIM Be-
1IeCTBEHHLIM MHOT0OGpazueMm M

0= A% (M) SAY (M) SA2 (M) S LA (M) >0

(A7 (M) —npocTpaHCTBO IIagkux BHeMHUX j-GopMm Hag M, d — BHemHuR
auddepennuan) u kommnreke Joas60 HaJ KOMIIEKCHEIM MHOT006pasuem M
KOMILIEKCHOU Pa3MepPHOCTH 7

0 APO(M) S AP T (M) D 2 AP (M) 0

(AP:9(M) — mpocTpancTBO riagkux dopm Tuma (p, ¢) ma M, Jd —omepa-
Top Komm—Puvmana—/Tlonp60) ABAAIOTCA DIINNTAYIECKAMA KOMILUIEKCAMH.

BriBecTH 0TCIOa KOHETHOMEPHOCTE KoroMosoruil ge Pama u Joan6o B
caydae, korga M 3aMKHYTO.



TTABA 11
KOMILJIEKCHBIE CTEIIEHU SJIIHIITHYIECKHUX OIIEPATOPOB

§ 9. IlceBgoguddepeHMAILHEIE OIEPATOPHL ¢ MAPAMETPOM.
PesoapBenTa

9.1. Onpeaenenue u NpocTeume cBokcTBa. 1lycTs A —HeKoTOpoe o I-
MHOXECTBO KOMILIEKCHOH IUIOCKOCTH (B NPUJIOKEHUAX 3TO, KaK IPABUIO,
yroa ¢ BepmnHonl B Touke (). B cmexkTpaibHOI TeOpHE MOME3HO DaccMa-
TPUBAThL ONEPATOPHI, 3aBUCAIIME OT HapaMeTpa A€ A (mpumepom Taxoro
omepaTopa sBageTcs pesoabsenTa (A — AT)~h).

Mgzl BBegeM BHadale HEOOXOAUMBIE KIACCHI CUMBOJIOB.

Iycte X —o6aacts B R?, u mycts Ha X X RY x A 3agama Qymknma
a(z, 0, )), r€ X, 0 RN, A€ A.

Onpegeanenne 9.1. Ilycts m, p, §, d — gencTBUTENBbHBIE |HCIA,
mpuem 0 << p<l, 0<d<+oo. Kaace S5 4(X X RN A) cocrour m3
Taknx Gyaxnun a(z, 6, A), 4To

1) a(z, 8, Ao) € C®(X x RY) npu xamgom duxcuposammom \g € A;

2) gas m06bIX MYJIBTHHHAEKCOB «, f n aas mo6oro komnakta K C X
cymecTByoT Takue moctosHuble Cy g i, ITo npun z € K, 0 eERN, AeA
CIpaBeJINBa OIEHKA

|05 Fa(z, 8, N)| < Ca, g, k(L +]8] + | A[}/ &)=l #3181, (9-1)
Kax 06BI'{HO, MBI IIOJaracM
STR(X xRN, A)= ] S754(X xRV, A)
meR

(mpaBas JacThb He 3aBHCHT OT p, 0 u d).
Ecrm a(z, y, &, A) € S)'5. 4(X x X x R", A), To no dpyrkumn a(z, y, §, A)
moxHo nocrpouts IIJO Ay, 3aBucsmun ot mapamerpa A € A:

(Axu) (z) :// ei(x_y)fa(m, Y, & A) u(y) dy dg, (9.2)
u € C§°(X). M=l 6ygeM mucaThb B 3TOM CIydae, ITO
A)\ ELZ’I(;;d(X, A)

OrmernM, uTo Ay € L~°°(X, A) Torga n ToIbKO TOTAa, KOT4a IPH Kaxk-

goMm ¢uxcupoBanHoM A€ A omepaTop A mMmeeT raagkoe agpo K (z, y)

N -
U CyIeCcTBYIOT TaKle IOCTOSHHBIE C’é ,(3 x (K —xoumaxr B X, a, f—
bl bl
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MyJAbTUNHAEKCH, N —HATypalibHOE HHUCIAO), YTO BLINOIHEHBI OLEHKH

103 95 Kae, )| SCL3 (LAY, 2 yeK. (9.3)

Msuorue n3 yrBepxgenuit o IITO 6e3 mapamerpa (cM. §§ 3-7) moryT
OBITL JOKA3AHBL C YIeTOM 3aBUCUMOCTU OT A. MEI yKaxkeM celdac HEeCKOIb-
KO TaKUX YTBEPKJCHUN, HEOOXOAUMEBIX A1 JalbHEHIIero.

IMpex e Bcero, 3amMeTHM, UYTO Ha CHMBOJLI, 3aBUCAINNE OT TapaMe-
Tpa, MEPEHOCUTCA BCA TEOPHT aCUMITOTHYECKOTO CYMMHpPOBaHHS (Ompe-
genenue 3.4 u npegroxenus 3.5 u 3.6). CoorBeTcTByIOMmuUE GOPMYINPOBKU
TOJIYYa0TCA 3aMeHON Sg’lé(X x RN) ma Sg’lé;d(X xRN A), a goxaszaTens-
CTBAa, MOJAYYAONNECA TOYTH JOCAOBHBIM IOBTOPEHUEM PACCYXKAeHUR 1. 3.3,
IPeJOCTABAAIOTCS YUTATEN0 B BUAe YIPAXKHEHUA. YKakKeM JAMIb, 9ITO
poab (f) B »Tunx goKaszaTelbCcTBaX (Kak U B JalbHEHIIEM) UTPaeT 3JeCh
(L]0 + | A P/ay172,

Hamee, 6yaem HaszweiBaTHL omepaTop Ay € LT (X, A) cobemesennvian, ec-
JI1 OH COGCTBEHHBIN PABHOMEPHO 1O A, T. €. CYLIIECTBYeT TaKoe 3aMKHYTOe
muoxkecTBO L C X X X, uMeroriee coGCTBEHHBIE TPOEKIUN Ha 06a COMHO-
xurens B X X X, uro supp K4, C L mpu Bcex A€ A.

OTMeTuM, 9TO BCAKUHI ONEPATOD AEL’:&d(X, A) MoxeT GBHITH pas-
noxeH B cymmy A= A; + Ry, rge omeparop A; (3aBucAmmil oT mapame-
Tpa) ABAAETCA COGCTBEHHBIM B ONMCAHHOM CMBICIE, a Rj EL;%O;d(X, A).
[das cob6cTBennbix, 3aBucAmux oT napamerpa [I10 A, ompegemen cumBoa
oa, (2, 8)=0ca(z, £, N), Ana xoToporo BepHa Teopema Tuna 3.1. Pazymeer-
cs, opmyay (3.21) Ha g0 MOHMMATL ¢ yIeTOM IapaMeTpa, T. €.

1 [e] o m—(p—9) n
oalz, & X)) — Z a% Dya(z, y, &, )\)|y:x65p75;(; 6)N(X xR™, A).
la]<{N-1

Anamorn4so 0606manTcsa TeopeMul 3.2—3.4 0 TPAHCIOHUPOBAHHOM U CO-
IPSKEHHOM OIEPATOPAX U O KOMIIO3UIIUU.

Ynpaxuenue 9.1. [IpoBecTun akkypaTHO BCe paccy X geHud § 3 nJd ciaydas CUM-
BOJIOB U OII€PaTOPOB, 3aBUCAININAX OT MapaMeTpa.

Hdanee, moBTopas paccyx genns § 4, moxuo mpu 1 — p < J < p BBeCTH Kaac-
' .
CHI pr 5; 4(M, A) ma MmOrooG6pasun M. IlepeiigeM Temeps K PpacCMOTDPEHHIO
TUIORIUIATTAYHOCTH U DIIUITHIHOCTH.
m, Mo n
Beegem xmacc HS,'5) (X xR" A) cumBonoB o(z, £, A) (MBI Oygem
HA3BIBATh UX 2UNOIAAUNMUNECKUMU € NAPAMEMPOM), TPHHAICKAIINX

ST s a(X x R", A) m y10BIETBOPAIOMNX OLEHKAM

CrlE[+ Y™ < a(e, & N[ Ca([E[+ AV, (9-4)
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r€ K (K —xomnaxt B X), |£|+|A| >R, C1 >0, R, Cy, Cs MOryT 3aBuCETH
ot K;

[0g 9oz, & ] 0™ (@, & N)| < Ca 5, (1] + A ~1H7 (9.5)

€K, |&|4+]|A| > R (3gech, kak u Bhime, R MoxeT 3aBuceT or K).
Yepes HLZ%?Z” (X, A) 6ygem o6GosHawaTh kiacc cobcrBenHbix IO
(3aBucammx oT mapameTpa A€ A), CHUMBOIBI KOTODHIX MPUHALIEKAT

-

HSZ?’(;:Z” (X xR" A). Nmeer MecTo aHanzor TeopeMmbl 5.1: ecam Ay €
€ HL’:’éind” (X, A), To cymecTByeT Takon onepaTop Bj € HL;’:;D[T” (X, A),
Ha3bIBAGMBIN napamempurcom omepaTopa Ay, 9To

B)\A)\:I—I—RIA, A\By=1+ I;, (96)

rage Ry, Ry € L7*°(X, A). DTo xe yTBepXKAcHNE BEPHO U B cIydae, KOTJa
X —mMHOTOOGpAa3Me.

Ynpaxnuaenue 9.2. [JokazaTk TOABLKO 4TO C(pOPMYIUPOBAHHKBIN aHAJOT Teope-
MHI 5.1.

EcrecTBenHO paccMoTpeTs emme kaaccudeckue 110, saBucamme ot na-
pamerpa. CooTBeTcTBYyIOmuUE CUMBOILL a2z, £, A) JOMYCKAIOT aCHMITOTH-
geckue paznoxenns (mpu |&|+ |A|Y/?>1) Buga

+ o0

CL(;‘E, EJ )‘) ~ Z am—j(‘r; 5; )‘)J (97)

7j=0

rae am—;(z, £, \) mozoxuTersHo ogHopogHa mo (€, A/4) mopsaka m— j,
T. €.

am—j(z, t€, td)\) :tm—jam_j(;r, &, A), (9.8)

ectm t>0, AEA u tYA€A. 3gech m MOXKET GBITH MOOGBIM KOMILIEKCHBIM
YUCIOM. DTOT KIACC CUMBOIOB OyaeM o6osHadaTs depes C'ST(X x R™) A),
a COOTBETCTBYIOIINHI Kaacc omepaTopos —depes C'LT' (X, A). IToT xaace
YCTONYHUB OTHOCUTEILHO B3ATHA KOMIO3UUNN, TPAHCIOHUPOBAHHOTO U CO-
IPSKEHHOT 0 ONEPATOPOB.

Onepatop Ay € CLT (X, A) MBI Gy ZeM HAa3BIBATD SAAUNMULNECKUM C NA-
pamempom, eCIu OH COGCTBEHHBIN 1

(2, &, \)£0 mpn 2 € X m [€]+][A]1#£0. (9.9)

m,m
Orcroga oueBuIHLEIM 06pa3oM ciaeqyeT BKatoodeHue Ay € HLLb;d(X’ A).
Y KIacCUIeCcKOTr 0 AIUITUYECKOT O OIepaTOopPa ¢ IapaMeTPOM CYIeCTBY-
eT mapamerpukc By € CL;™ (X, A), Taxxke ABIAIONMACA >LINITHICCKAM
OTIEPATOPOM € TIapaAMeTPOM.
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Mpumep 9.1. IIycts A — quddepennnarbusii omepaTop B X mopsai-
ka m, [ —ToxgecTBennsn oneparop. Torga A— A € CL (X, C), npuuem
[VIABHBIN CUMBOJ 316Ch 1aeTCA (GPOPMYIon

am (2, &, X)) =am(z, &) — A, (9.10)

rjae am (2, ) —raaBabl cuMBoa onepaTtopa A. Ecin A — Takoll 3aMKHY THIT
yroa B KoMiuiekcHon miaockoctu C ¢ Bepmmuon B Touke 0, 9T0 a (2, ) mpu
|&] =1 ue nmpunumaeT 3nadenuir 8 A, To oneparop A — Al >raunTudeH c
napaMeTpoM (U, B YacTHocTH, npuHaatexnt H LT (X, A))

P P i , Ip it 1,0;m ) 17

9.2. HopMu omepaTopoB ¢ mapameTpoM. Mzl 6ygeM paccMaTpUBaTh B
5TOM IYHKTE IBa BapUAHTA ONEPATOPOB C IapaMeTPOM:

1) omepatopsl Ay B R", y koTopEIX supp K4, IeXUT B PUKCUPOBAHHOM
kommakTe K C R (mpm srom 0< 8 < p< 1);

2) omepaTOopHI Ha 3aMKHYTOM MHOT006pasun M (mpu 5ToM, Kak BCeraa,
npegnoaaraeTcs, 4To 1 — p < < p).

B gaapuenmrem Mbl 6ygeM mucaTh Ay € LT s, (X, A), umes B Buay, 4ro
X =R"” mmm X = M u BoImonsens! ycaosus 1) mim 2).

O6o3naunm wepes ||A||; ,—; HopMmy omepaTopa A, paccMaTpUBAEMOLO
kax omeparop m3 H*(R") 8 H* Y (R") mm ws H*(M) 8 H*~'(M) (3aecn
s, | — BemecTBenHble Yncaa). Hamra meab — n3y4nTs 3aBHCHMOCTS || Ay |5, -1
oT A mpu Goabmmx |A|.

Teopema 9.1. Ilyemv A\€ L5 (X, A), IZ>m u s, l€R. [lycmr
odHo u3 wucea d, s, s —1 pasno 0. Tozda

Al st S Cs i (TH[AYH™ ) ecau 130, (9.11)
1AM ]s, 5=t < Cs i (LAY =m0 ccan 1L0. (9.12)
Cregcrsme 9.1. Ecau Ay € L5 4(X, A), ede m<0, mo

NN

AN <O+ A E™, (9.13)

2de ||Ay|| oanauaem onepamopnyio nopmy Ay 6 L*(X).
Jemma 9.1 (Jemma Hlypa). Fecau A —onepamop ¢ maxum unme-
epaavrvim adpom K4, umo

swp [ 1Ka(eg)ldy<C. sup [ 1Kale, p]ds<C,
T Y

|A: L* — L?|| < C.

2
(Oma aemma sepHa das unmezpasbHuly onepamopos 6 L na a06om npo-
5 2
empanemee ¢ mepoti u dajce das unmezpasbuulr onepamopos L*(Y)—
2 5
— L*(X) das awbuiz npocmpancms ¢ mepot X, Y.)
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JdoxasareascTso. Cormacuo HepaBencTBy Kommu—bByHakoBckoro
MBI IIOIyIaeM

Au(z)? < ( [ 1Kate y>||u<y)|dy)2:
- (/ K a(z, )| Ka (e, ) ()] dy)2 <

<[ 1Ka@ wldy [ 1Kate, ) lluw) Pay<C [ 1Kate ) llutw)dy

UuTerpupys mo x u MeHss HOPAIOK HHTECPUPOBAHUN, MBI [IOJYYaeM
Tpebyemyio ouenky HopMel. W

JokxazareancTBo Teopemu 9.1. 1. Ormerum npex e Bcero,
9TO paszbuenne eUHUNLI cBOAUT caydan X — M k caygaio X =R”, koTopbin
MBI 6yJeM celdac PacCMaTPUBATD.

2. PaccmoTpum BHadaxe caydan s =/ =m=0. YTBepxgeHne TeopeMbl
CBOJUTCS K OLCHKE

A<, (9.14)

JOKa3aTelbCTBO KOTOPOU MOLYyYaeTCs JOCIOBHBIM IOBTODEHHUEM DaCy i jge-
Hull § 6 (MBI peKOMEHIyeM IUTATeTI0 IPOJeaTh STO B KadecTBe yIPaXkHe-
Hua). OTMeTHM 31ech, 9TO omeHKy (9.14) MoXKHO 6BLIO GBI JOKA3ATh, IPIMO
HCTIONIB3YA Pe3yAbTaTH § 6, ecin 6Bl IOCTOAHHBIE

Ca,5(A) =sup [9g 9a(z, & N)| (£)1*1=017! (9.15)
z,¢

ObLIM OTpaHUYeHBl TIPHU |A|— +00. DTO, 0UYEBUIHO, BLITEKAaeT M3 OIfe-
#ok (9.1) mpu d =0, mo mpu § >0 uacTe koHcTaHT Cy, g(A) MOXKeT pacTu
upu | A| — +oco. IlosTomy mpu § > 0 31ech JeHCTBUTEIBHO HEOGXOAUMO TI0-
BTOpeHUe paccyXjeHuin § 5.

3. PaccmoTpuMm Temeps B R” cTaHJapTHYIO ONEPATOPHYIO (DYHKIUIO
@, (N €L, (R, C) ¢ cumBosom @m(z, & N)= (14 |&|>+ | N|2/Hm/2.
Drot IIJI0 ¢ mapaMeTpoM 6yeT HaM TOJe3€H, XOTA OH I He YIOBICTBODA-
eT ycaosuo 1).

Ouennm HOpMYy P4y (A). OmepaTop ®,,,(0) ocymecTBasET M30MeTpUe-
ckuit maomopduzm H™(R™) ma L?(R™). TlosTomy

@ (M5, 5 -1 = [|@5-1(0) D (A) @5 (0)]]-

Ho ®;_;(0) ®,,(A) @_5(0) =@, (A) ®_;(0) ecTb mpOCTO OmEPATOP YMHO-
xenns mpeobpaszosamna Dypve u(¢) B L?(R") ma dymxmmo (14 |&]?+
+ | A2 mI2(141€1%)7Y2, n ero mopMa mosTOMY paBHa

Yt (A) = sup (L+ €7+ [ A7) (14 g7
(eR™
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Nmeem, oueBUIHO,

Yt (A) < C sup (L4 [ €]+ [AY)™ (14]€))7,
£eR™

rae C saBucuT aumb oT m u [ (Ho He oT A).
Teneps U3 JeTKO TPOBEPAEMOTO COOTHOIIEHNS

{(1—}—t)m7 ecim [ >0,

sup(1+z+t)"(14+2)"' =
pl I ) Coit™™', ecnrm 1<0 um t> Ry

20
BCIOAY MOApa3yMeBaeTcd, 4To m < [), BITekaeT, 9TO
(Bcrogy moapasy ; <), ;
Ut (V) < Cot (L+ | XY™ ecam 130,
ot (V) < Cot (1 + | XY™ ecam 10,
T. e. gua ®,,(A) cupaBegiumBa ogma u3 onexHox HopMm (9.11), (9.12), xax
yTBepXKAaeTCsa B (POPMYIUPOBKE TEOPEMBL.

4. PacemoTpum Teneps obmmit caytait Ay € L7 5 4(R”, A). meem, ove-
BUIHO,

[AM]s, s=2 = 1@ (A) - (R—m (A) - AN)]s, 5—1 <
K@ (Wlls, s - 12-m(N) Ax]ls, s (9-16)

1 aHAJOTHUIHO

1A, 1= = (AN B (A) B (V) 1, o=t <
<A@ Wamt, ot | W)l amt (9:17)

YuuThiBas yiKe JOKA3aHHYIO ONCHKY HOPMEL |[®,, (A)|[s s—;, MBI BgmM,
9TO IAf OKOHYAHHA JOKa3aTelbCcTBa TeopeMsbl mpu s =0 mwiu s —! =0 go-
CTaTOYHO IPOBEPHUTH, UTO

[-mNANSC, [[AN-2-m(AN|I<C. (9-18)

5. Onmpegennm <i>_m()\) xak onepatop c¢ aapom JI. llsapua, moayuen-
HEIM C NOMOLIBI0 YMHOXeHH: sipa omepatopa ®_,,(A) ma ¢(z —y), rae
p € CP(R™), ¢ =1 B oxpectrocTu Touku 0 € R”. Torga &)_m()\) SIBIAAETCA
paBHOMepHO cob6cTBenHBIM 11O, mpuHagIeKammIM KaIaccy Lg’fo;d(R”, Q).
Januuiem

3 (\)=®_,(\) + R_m(N) (9.19)

U UCCIeAyeM OCTATOYHBIN wieH R_p,(A), koTopeint umeer sapo JI. IIsap-
na Kgr_, , obpamatomeecs B () B e-okpecTHOCTH guaroHarn. fIcHo, ¥To oH
ABASETCA ONEPATOPOM CBEPTKH, TaK Kak K p_, 3aBUCAT TOIBKO OT & — Y
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u A. I3 mocrpoenns oneparopa R_,,(A) BuTekaer, uro Kp_, (z, y; A)=
=r_m(z—y, A), rge

rom(z, A) = / 71— p(2)) (LI + N 72 d,
]Rn
rae p € C§°(R™), ¢ =1 B oxpecTHOCTH TOuKH (.

Tenepb 1€rko A0KasaTh, 4TO T—_p (-, A) € S(R™) gas mo6oro ¢urcupo-
BauHoro A € C. Bonee Toro, Bce moayHOpMEI QYHKIMN F_m (-, A) B S(R™)
y6uIBatoT mpu | A| — 0o GuicTpee Jo6on cremenu |A|. B camom gene, mpu-
MeHAA CTaHJAPTHOE UHTEIPUPOBAHUE II0 TACTAM, MBI IIOLYIaeM

r—m(2, )\):/ €12 V(1= (2)) [(— A V(14 [ + AP ~m2] e,
]Rn
ClIeJ0BATEIbHO,

2Dl r_pm(z, )\):/ DI [ 42|72V (1 = ¢(2))] x
]Rn

[(—A)N (L4 €2 + A[2/4) =772 de,

g a:06oro meaoro N > 0 u 1:0651X (GUKCUPOBAHHBIX MYILTHUHIEKCOB «, .
IToguHTerpasbHOE BHIpaXKeHNE MOXKHO OLEHNTE Iepe3

CL+ 122 (14 DI L+ g+ X2,

¢ HexoTopou mocrosaHon C' > 0. MBI MOXKeM NpPeANON0KUTE, IT0 m~+ 2N >
> 0 n mconB30BaTL OUYEBUIHOE HEPABEHCTBO

(1 —+ |£| + |)\|1/d)—m—‘2N < (1 + |£|)—m/‘2—N(1 + |)\|1/d)—m/2_]v’
YTO NpPHBeJeT K OLleHKe
|ZQD57'_m(Z, )\)| g CaﬁN(l + |)\|1/d)—m/2_N’

BEPHOHU NpH JOCTATOYHO GOABIIOM N U IPHBOLMALIEH K KeIaeMOMY Pe3yJb-
TaTYy.

6. Temeps MBI IPUBEIEM HCKHU3 10Ka3aTeAbCTBA oleHoK Tuna (9.18) ans
R_m()\)A)\ n A)\R_m()\)

HanmomumnM, 4T0, KaKk MBI IPEJIOIOXKIIN, AApa onepaTopoB Ay cocpe-
JAOTOYEHE B (DMKCHPOBAHHOM (HE 3aBHCAILIEM OT A) KOMIIAKTHOM IIOIMHO-
XKecTBe IpocTpaHcTBa R™ x R7,

a) 3aMeTmM, 4TO PACCyXACHHUSA U3 JOKA3ATEILCTBA OTPAHUICHHOCTH

(cM., HampuMep, npegroxkenune (7.5)) IPHBOIAT K OLCHKE

[Axls, s=m < CL+ADM,
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rge M =M (s, A) He 3aBucHT 0T A. DTO —Trpy6ad OLEHKA, I €€ JerKO Ho-
JIy9IUTb, IOBTOPAS JOKA3aTEILCTBO IPEIIOKEHUA 7.5 U COOTBETCTBYIOLIIX
pesyabTaTos u3 maparpada § 6.

3aMeTHM Temepb, 9T0 onepaTop R_p,(A) ABIfeTCE GECKOHETHO CIIAKI-
BatomuM B coGoneBckon mkasne H*(R™). Tounee,

R (M, < Coe, N (14 AN

npu Beex s, t €R u N > 0. DTo BLITEKaeT U3 TOTO, ITO ONEPATOD CBEPT-
ku R_,(\) mpeicTraBaseTcs Kax omepaTop YMHOXKEHHA IPeo6pa3oBaHUS
Dypee Ha QyHKIMO 7_p, (€, A) = Fo5¢7(2, A), mpuragrexamyio S(R”) mo
¢ ¢ moayHopMaMu, yOBIBAIOIIUME DK |A| — 00 GBICTpee M1060H cTeneHn ||
61arogaps olleHKaM, TOIYICHHLIM B IePBOIl 1acTH IPUBEICHHLIX BBIIIE Pac-
CYX AeHUI IO 3TOMY TMOBOTY.

Kom6uruUpys aBa MTOCICIHHX HEPABEHCTBA, MBI IOIyIaeM KeIaeMble
omenkn Tuna (9.18) gas R_, (A)Ax m AxR_n(A).

6) Jlpyroil cnmoco6 JoKasaTelbCTBa HyXKHBIX OLCHOK OCHOBaH Ha OIN-
CaHHI CTPYKTYPHL omepaTopoB R_, (A)Ax m AyR_,,(A). JocraTouno pac-
cMOTpeTh onepaTopsl Ay R_p,(A) I HCIOIB30BATE COOTHOIIEHNE

(Rom(X) Ax)* = A3 R_m(N)

A1 JOKA3aTelIbCTBA TeX XKe OLEHOK A1 OnepaTopoB BuAa R_,,(A)Aj.

fcuo, uaTo onmepaTop Ay R_p, () MOXKHO 3anmMCcaTh B CTaAHIAPTHOR HOp-
Me (3.9) ¢ cuMBOIOM Ox 1 (2, &) =04, (2, &) T (€, A), nae bysKuna 7 GBLIA
oIpefeNeHa BEHIIIE. 3JAMETHM, HUTO 0 4, (¢, £) IMeeT KOMIAKTHBIN HOCHTEIb
mo r paBHoMepHO o &. [IpuruUMas Bo BHUMAaHWE TIOBEJCHHE 7, MBI BUINM,
YTO MU O) (2, £) BEIIOIHEHB OLEHKH

10¢ DS ox m(z, )< Ca,pm, a, N (L+[E)TM(L+[A)Y

upu a06six M, N >0 n mobsix MyasTunaiekcax «, . fAapo JI. Hlsapna
omepaTtopa Ay R_p, () nmeeT Bug

Kx(z, y) :/ ei(x_y)f(rx(m, &) d¢.
]Rn

3 onenox gas o) HeMeQIeHHO CAeIVeT, UTO
[ K (2, y)| <On(L+]e—yl) ™,

u TpeGyeMule OneHKEN HOPM caegyioT u3 aemmsl [llypa.
7. Teneps mpeanonoxum, 9To 6 =0. Kax Bugxo n3 (9.16), mam mago
J0Ka3aTh, ITO

18-m () Axlls,s <O, (9.20)
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rge C He 3aBHCHT OT A (HO MOXKeT 3aBHCeTb OT ). flcHo, uTO
[@-m(A) Axlls, s =[|25(0) (-m (A) Ax) @5 (0)]. (9.21)

HdenicTBys, KaK B 9aCcTH 5 3TOCO JOKA3ATEIbCTBA, Mbl MOXKEM 3aMEHUTh
®,()) ma coberBennnmi IO ®,()) (ana moboro t €R) u Bmecto (9.20)
JI0Ka3LIBATE OTEHKN

18,(0) ®_m(N) Axd_, (0)]| < C, (9.22)
O603Ha9UM CIMBOJ OIIEPATOPA <i>_m(/\) Ay gepes b(z, &, A). Torga
b(;‘l?, 51 )‘) € Sg,O;d(Rn; A)

B CMBICIE PABHOMEDHBIX kaaccoB B R” (cM. 3aga4u 3.1 n 3.2. B gacTHOCTH,
b(z, &, A€ 5270(R2”) PaBHOMEDHO II0 A, T. €.

o o
sup [|&g bz, £, V) <£>p| |] < +o0.
z, €,
Ucnoapsya mogxofamyio (GopMyly KOMIOO3MINH (HAIpUMED, B DAaBHO-
MEpHBIX K7IaccaxX, YKa3aHHBEIX B 3agadax 3.1 um 3.2), Mbl BHAMM, 9TO Te
XKe caMble OLEHKH BBINOJHAIOTCA U A1 cuMmBoiaa a(z, {, A) omeparopa
D,(0)D_py (N) AxD®_;(0).

Teneps, IpuMeHAA TeopeMy 06 OTPAHHYIEHHOCTH (TOXe PaCIPOCTPaHEH-
HyI0 Ha KJIACCHl PABHOMEDHBIX ICeBI0au(p@epeHINaIbLHBIX 0IepaTOPOB B
R™), MBI moly4aeM TpeGyeMyio oueHKy (9.22) a1d omepaTOPHOH HOPMBL.

Boamoxen u gpyroi crnoco6 paccyxaeHuil (06X0AAUMI UCIOIb30BaHNE
pPaBHOMEDHBIX oIlepaTopoB B R™): BBecTH mogxodinne cpesaolue (pyHK-
1UH, 9TOOBI CBECTH BCE K (PYHKIUAM € HOCUTEIEM B (PUKCUPOBAHHOM KOM-
[IaKTe, a 3aTeM OLEHUTDH OCTATOYHBIE WieHb, Hcnoab3ys ademmy llypa. W

9.3. OGpamenue omepaTopa ¢ mapameTpoM. B »Tom nyaxTe MBI 6ygeM
PACCMATPUBATE JINUIIL ONEPATOPLL Ha 3aMKHYTOM MHOrooGpaszuu M.

Teopema 9.2. IMycmv Ay € HLZ?’(ST;ndU(M, A). Toada cywecmsyem
maxoe R>0, umo npu |A| > R onepamop Ax obpamum, npuuen

AVEHLE ™ (M, Ag), (9.23)
2de Ar=AN{A: |A| > R}. Tounee, ecau By — napamempurc onepamopa ¢
napamemponm Ax, m. e. evinoanenst ycaosus (9.6), mo

AT = By€L™®(M, AR). (9.24)

HdoxaszaTeancTBo. Ilycts B) —mapaMmeTpukc omepatopa Aj.

U3 (9.6) BugHO, 9TO ZOCTATOYHO YMETh JOKA3BIBATH, 9TO omepaTop I + Ry,
rae Ry € L™°(M, AR), o6paTuM npu 60IbIMIHX A, IpHEEM

(T4+ R\ =T€L™(M, Ag). (9.25)
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Jamernm, uTo aaa awoboro N >0 u gig mo6wx s, tER
IRAllee <CV (14 1A, (9.26)

Otcioga cregyer, B 9aCTHOCTH, ITO CyIiecTByeT Takoe R >0, uTo ||R,|| <
<1/2mpu |A|> R, Tak uto (I + R))~' cymectsyeT npu A € A 1o kpafinefi
Mepe B IPOCTPAHCTBE LQ(M). Ho onepatop I+ R) ¢ppearoibmMoB B Kaxk I0M
u3 npoctpaucTB H*(M) (sToT pesyabTar HopMaIbHO ABIAETCA CIEICTBU-
eM siamunTuaHocTu [+ Ry m Teopemsur 8.1, X0T#, KOHETHO, JI€TKO MOXKeET
OBITH MOIYUeH HENOCPEACTBEHHO) I MMeeT BCIOAY OJHO U TO XK€ AP0 U KO-
4Apo, Tak 9To obpaTtumocTs I + Ry npu |A| > R uMeeTcs U B KaxkJ0M U3
npoctpancte H*(M).
[us goxasarenscrsa (9.25) ygo6HO BOCIONB30BaTHCA (HOPMYIOH

(T4+Ry) "' —T==Ry(T+Ry)™" (9.27)

u coorHomenuamu (9.26). O6o3nauas depes () IZeByoo 4dacTb (9.27), MBI
BIANM, 9TO 1715 () BHIIOIHEHHI oleHkH Buga (9.26).
Aapo Qx(z, y) oneparopa (» BhlpaxkaeTcs depe3 )y dopMy.Ion

Qx(z, y) =[Qr3(- —v)] (=), (9-28)

rae 6(z —y) —o-pyuxnusa (ot z) B Touke y € M, 0T KOTOPOH OHA 3aBU-
cuT xak oT mapaMerpa. OmepaTop @ B (9.28) mpumeHseTcsa mO HepeMeH-
HOI z W pe3yabTaT GepeTcs B TOUKe T. 3aMeTHM, 9TO ecan s < —n/2, To
d(-—y)e H*(M). Oanee, §(- —y) — guddepennupyemas HYyHKIUI OT Y CO
amavenusmu B H*~1(M) u Boo6me, k pas auddepennupyemas byHKIuS
oT yE€ M co smauennavu 8 H*~*(M). Tlosromy n3 omenox (9.26) errexa-
foT omenxu Buga (9.3) g agpa @i (z, y), 9To U JoKaswBaeT TpeGyeMoe
BraodeHne Qx € L (M, Ar). Orcioga u BHTeKaloT TpeGyeMble BKIIOTe-

mua (9.23) u (9.24). B

9.4. PesompBeHTa DJIINITHYECKOTO omepaTopa. BepHeMcsa K IpuMe-
py 9.1, mepeligs k ciydaio omepaTopa Ha MHOr000pa3suu, U NPUMEHIM
[IOJyYeHHBIe Pe3y/JIbTATHL.

Teopewma 9.3. Iyecmv A — duddpepenyuarpnviti onepamop Ha 3a-
MEHYMOM MHo2006pasuu M, am (2, £) — ezo 2aasnblii cumeoq, A — zamrny-
muiti y2oa 6 komnaexcuoli naockocmu C ¢ sepuwunoti 6 mouke 0 € C. ITycms
A saaunmuuen ¢ napamempon ommocumeavno A, m. e. am(z, &) npu £#£0
He npuHumaem snauenut, npunadaencaumur A. Tozda

a) cyyecmeyem makoe R >0, umo npu A€ Ag onepamop A— A obpa-
muMm 4 NPUMoM

(A—=XI)"teCr,™(M, Ag); (9.29)
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6) umMeem MmMecmo ouemm HOprl
A=A s o0 <Cs o /IATH™, 0<I<m,  XEAR,  (9.30)

2de s —.a1060€ 6EUECMEEHHOE UUCAO.

JoxaszaTeabcTso. YTBepXKIeHNE 1. a) BEITeKaeT U3 TeopeMsl 9.1,
a yTBepXKJeHHe 1. 6) —u3 I. a) u Teopemsl 9.2. W

Caegcrsue 9.2. B ycaosuar meopemvt 9.3

[(A=ADTHISC/IA], A€AR. (9-31)

Caegcrsue 9.3. Iycmv A —saaunmuueckuii camoconpaiceH-
nuti JupPepenyuaabupiti onepamop Ha 3amKkHymom MHozoobpazuu M,
am(z, £) —eeco eaasnvili cumsoa. Ilpednoaoscum, umo am(z, &) >0 npu
scer (z,&), £#0. Tozda A noayoepanuuen cuuzy, m. e. cywecmeyem
maxaa nocmoannas C >0, umo A>—CI, m. e.

(Au, u) > —C(u, u), uveC®(M). (9.32)

Mer oTMeTHM 34€Ch €llle TO BaXHOE 06CTOATENLCTBO, ITO P YCIOBUN
ALTUNTUYHOCTH ¢ TapaMeTpoM pesoabsenTa (A — AI)~! aumm omepaTopom
ms L™°°(M, A) oTauyaeTca oT mapaMeTpPUKCA. JTO HCHOAb3YETCI B TEO-
PHIU KOMILIEKCHEIX CTEIeHEH BMECTE ¢ ABHOU KOHCTPYKINEHN IapaMeTPHKCA,
JaBaeMOM »IMITAIECKON Teopuel (cM. m. 5.5).

Jagaua 9.1. PacupocTpaHuTsh TEOPUIO DIIUITHIECKAX OLEPATOPOB
¢ IApaMeTPOM Ha CIydall MATPUIHLIX OIEPATOPOB, T. €. CUCTEM.

Ykaszauue. YcioBHe DSIIUNTHYHOCTH C TapaMeTPOM MATPUYIHON yHKIIH
am(z, £) osHagaer, aro det(am(z, ) —A)#0 npu £ #0 u A €A mam, 9To TO Xe ca-
Moe, co6CTBEHHBIE 3HAYEHHA MATPHIH am(z, ) npn £ #0 He momagatoT B yroa A.

Jagaga 9.2. IIycTs HA 3aMKHYTOM MHOT006PA3NN JaH BJINITUYEC-
xui gud@epeHIuaILHBII onepaTop onepaTop A, U MycTh A48 HEKOTOPOTO
yraa A omepaTop A — Al yA0BIeTBOPAET YCIOBUIO SILIUITATHOCTH C Tapa-
MeTpoMm npu A € A. Joxazats, o index A =0.

§ 10. Ompepenenrie ¥ MpOCTeMMe CBOMCTBA
KOMILTEKCHEIX CTeleHeH HUNITHIECKOT0 OIepaTopa

10.1. Ompepenenne romoMopdHok moayrpymmsl A,. Ilycte A —>mrnn-
Tudeckuil AuQepeHInaTbHEI OepaTop NOpAaKa M Ha 3aMKHYTOM MHO-
rooGpasun M pasmeprocTH n. IIycTh G (2, {) — MMIABHBIN CUMBOJ OIepa-
Topa A. IIpeanonoxuM, 9To am,(z, £) He npunumaeT (npu ¢ # 0) 3HaveHnn
B 3aMKHYTOM yrie A kommiekcHol miockoctn C (Bepmmua yraa A — Todu-
ka 0 € C). UubiMu croBaMu, B o6ozHadenusx § 9 A— A€ CL2 (M, A) n
BBITIOMHEHO YCJIOBHUE AAUITATHOCTH ¢ TapaMeTPOM.
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s Teopemur 9.3 creayeT, uTo pesoabBenTa Ry =(A—AI)~! ompege-
nmexa mpu |A| >R, A€EA, T. e. mpu A€ Ar. Teneps B cuxy Teopemnr 8.4
cuextp o(A) omeparopa A— auckpernoe mogmuoxectso C. ITosTomy B
yrie A MOXeT HaXOANTLCS JIUIIbL KOHeuHoe dncio Todek o(A). Mbl Moxem
TOrJa Tak HMPOBECTH ayd Ly, HaduHAOMUICA B Touke O U COAepPKAIIUNCS
B A, uto ¢(A)N Ly aubo mycro, mm6o cocront aumsb u3 Toukn 0. B gars-
HelImeM MBI 6yeM A1 yA06CTBa IPeANoIaraTh, Bo-IepBrx, 4To 0 ¢ o(A),
T. e. cymecTByeT onepatop A~! (cm. § 8), u, Bo-BTOPHIX, uTO Lo = (—00, 0].
O6a >Tu npeAnOIOKeHNUS He 0O9€Hb CYIIECTBEHHEL: OT NEPBOI0 MOXKHO OCBO-
6oguThbes, 3amensan A ma A+ eI, a or Broporo—nepexoas ot A x omepa-
Topy €'/ A.

Urak, oKOHYATEIBHO HAIIN IPEINIOIOKEHNA TAKOBHL:

1) am(z, &) —A£0 mpu £ £0 u A € (—o0, 0]; (10.1)
2) o(A)N(—o00, 0]=@. (10.2)

U3 ycaosmit 1) m 2) BmITekaeT, 9To Aaa HekoToporo yraa A Bmaa
{m—e<garg A< 7+¢€}, rae £ >0, BLIIOJIHEHE YCIOBU:

1Y am(z, ) #0mpu E#0 m A€ A; (10.1%)
2)o(A)NA=2. (10.2')

B pgannmenmeM MbI 6yJeM CIATAThb, 9TO YOI A BRIGpAH UMEHHO TAKUM
ob6pa3oM.

Tockoasky 0 ¢ o(A), To yroa o(A) He mepecekaeTcs ¢ LEIBIM KPYTOM
| A] < 2p B KoMmIeKcHOU A-IockocTH. BeiGepeM Temepb B 3TOH ILIOCKOCTH
kouTyp I'=T, Buga I'=T1 UT3 U3, rae

A=rel™ (+oo>r>p) ma Ty,
N=p A=pe? (7>p>-m) ma Ty,

arg\ =7 A=re™™ (p<r<+4occ) ma Ty
(@]
arg\ = —m (pI/IC. 1)
r PaccmoTpuM uHTerpat
Puc. 1. A=o= / N (A=X)"1dA, (10.3)
r

rge z€C, A\* ompegerserca kax romoMopdHas GYHKIUI OT A mpu AE
€C\(—o0, 0], paBras ¢ ™ * mpu A >0 (31ecs mogpaszymesaeTcs, 1To In AER
opu A > 0). UabiMu caosamu, Ha I' MbI nonaraem

A = ¢ ln)\:ez In |A|+iz arg)\:|)\|zei2 arg )\’ (104)

rge —m < arg A< 7 (6Golee TOYHO arg A ykasaH B onpejeneHun KoHTypa I').
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OrmernM, uTo BBuAY oumeHku (9.31) (caegcrBme 9.2) mmrerpan (10.3)
npun Re 2 <0 cxoautcs mo omepatopoit HopMe B L?(M) m Tem caMbiM
A, — orpanndennsii onepatop B L%(M). Ha camom gere mo Teopeme 9.3
urTerpan (10.3) cxogurca u no oneparopHon HopMme B H* (M) mpu mo6om
s€R u Tem cambiM A, mpu Re z <0 oroGpaxaer H*(M) B H*(M). Ilo-
3TOMy A, oro6paxaer C*°(M) 8 C*°(M) u Z'(M) B 9'(M), nockoabky

C=(M) =1 2 (M), 7(M)=U H*(M).

Hpeqﬂon{eﬁue 10.1. a) IIpu Re z< 0 u Re w< 0 enpasedauso no-
AY2pYNnosoe c6otcmeo

A A=A 1w, (10.5)
6) Feau k€7 u k>0, mo
A_p=(A"H* (10.6)

B) A, npu wwobom s €R npedcmasasem coboti 2oaomopPnyio onepamop-
Pyuryuro om z (npu Re 2<0) co 3uauenusmu 6 aseebpe 02PAHUNEHHBLT
onepamopoe 6 euabbepmosom npocmpancmee H*(M).

JoxaszaTeascTBo.a) O6pasyem KoH-

Typ I (pme. 2) Buga I"=T,UTLUTY, rge

i(m—¢) 3 / Fll
A=re (+oo>7°> Ep) ma I'7,
3 , I
)\:gpe“’ (tr—e>p>—m+e) ma T,
. 3 ™
A=rell-mte) (§p<r<—|—oo) ma [ s
Yucro €>0 BbI6paHO TakK, YTO BBIIOJHEHEI Puc. 2.

yeaosua (10.1) m (10.2"). Koutyp I' cogep-

KUTCA (BHYTpm» KoHTypa I, Ho BBuay omenku (9.31) m ycaosui ma I

AcHo, uTo uHTerpan (10.5) He maMennuTes, ecin B HeM 3aMeHnTs [ Ha I,
Hcnoas3ys 3To 06CTOATEIBCTBO, IOAYIaeM

A Ay =— //A M)"HA = pD)TIN p dpdr =
// AU (A=A = (A= pD)~Vdudr=

== [ 1dA+—//A ul)~ ”“ —d\dpi=
F/

—Az+w +0—Az+w~
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B sTol BhIKIagKe UCHOAB30BaIUCH (popMyaa Komn un Tak HazbiBaeMoe
moscdecmeo Nuabbepma
1

(A=)~ (A=p) T =

(A=A~ —(A—uD)7"], (10.7)

KOTOpPO€ CTAHOBUTCS OYEBUIHLIM, €CAU, HAIPUMED, YMHOXITL 00€ ero 4da-
ctu Ha (A — AI) (A —pl).

6) 3ameTuM, aT0 ecm z=—1, —2, ..., To (re!™)? = (re”'")? u maTerpa-
a6l 0 npsaMoanHenHsM dacTaM I' B (10.3) coxpamatorcs. ITosTomy
1
T om

A /A"‘(A—)J)‘ld)\,

s

rae I's —oxpyxuocts {|A| = p}, npoberaemas mo gacosolnl crpeake. Caena-
eM 3]ech 3aMeHy IepeMeHHLIX, modarad A — 1/u. Hoxyanm

Ap=—5 [ ¥ (A-p7 D)7 u2dp,

rae I', —oxpyxnocTs {| 1| =1/p}, Takxe npoxoauMas o 1acOBO CTPeEIKe.
YunrtrBas, ato (A—p~ )7 = p A= (ul — A7) 71, Mbr Moxem mammcaTb
Temeps
iA”! k=1, 7 a=1y=1 7. _ a=1(a=1\k=1 _ [ g=1\k
o /u (= A" dp=A" (A7) = (A71)",
ry

A_p=-

TIOCKOIbKY BECh CIIEKTD OTPAHIMeHHOT O onepaTopa A~ ! JexuT BHYyTpH KoH-
Typa I', m MoxHO BocmoassoBaThea popmynon Komm.
B) duddepennupys uarerpar (10.3) mo z, MBI HOIyINM HHTeTrpal

/ M (In A) (A= M)"1d), (10.8)

1
27

KOTOPBINl CXOAUTCA N0 omepaTopHonl HopMme (B H®(M)) paBHOMepHO mpu
Re z < —£<0. Orcoga caegyer, uro oneparop-pyuknus A, romoMopdHa

1O 2, IPU'IeM NPOU3BOAHAL —— A, paBua naTerpaxy (10.8). W

10.2. Ompepenrenne KOMILIEKCHEIX CTelleHeH omepaTopa.
Ounpegeanenune 10.1. IIycre z€C u kE€Z BeIGpano Tak, 4UTO
Re z < k. TTomoxum sa C®° (M) niun va &' (M)

AP =A% A,y (10.9)
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HyxgaeTcs B mpoBepke KOPPEKTHOCTE TOCO ONepeJeJeHusI. JTa KOP-
PEKTHOCTE — IePBOE YTBEPK JCHNE CACAYIOMIEH TEOPEMEL.

Teopema 10.1. a) Onepamop A*, onepedeasemorti popmy.aoti (10.9),
He 3asucum om ewvibopa yeaozo wucaa k, das komopozo Re z < k.

6) Ecau Re z<0, mo A* = A,.

B) Hmeem mecmo epynnosoe c6oticmeo
APAY = APt 2 weC. (10.10)

r) FEcau k €Z, mo u3 (10.9) npu z=k noayuaemcsa obviunas k-2 cmenens
onepamopa A (6 wacmnocmu, A® =1, A' = A u A=' — onepamop, o6pam-
Hutl k A).

1) Aan awboeo kEZ u dasn awbozo sER dyuxyua A* ssasemca zo-
aomopdroti onepamop-Pynryuett om z 6 noaynaockocmu Re z < k co 3na-
uenuamu 6 6anarosom npocmpancmee L (H* (M), H*~™k(M)) oepanuuen-
MBI Aunetineir onepamopos uz H*(M) ¢ H*~™k(M).

JoxaszaTteasctBo. a) IIyers z€C, k,l€7Z, npuiem Re z <k,

Re z <!. Hyxuo gokazaTb, 4TO
ARA, L =AA, . (10.11)

Mpeanonoxum, ato k >!. Ionoxum k—!=p u z — k=w. Torga (10.11)
ceegerca K Toxgectsy A, =ATPA,y,, rie p—HaTypalbHOE WHCIO,
Re(w+p) < 0. Ho 570 cpasy caegyer u3 npegroxenns 10.1, u6o AP =A_,
B cuny (10.6), m ocTaeTci BOCHOJIB3OBATHCA MOLYTPYNIOBBIM CBOM-
cteoMm (10.5).

6)—T) DTH CBOHCTBa OUEBUIHBIM 06Pa3oM BBITEKAIOT U3 II. a) YTOH Te-
opemsl u npegnoxerus 10.1.

I) DTo yTBepxK JeHNe IPOCTO MOIYyIaeTCA U3 II. a) DTOH TeOPeMEl U II. B)
mpearoxenna 10.1, ecin BemomuuTh, ¥To AF mMpm memom k HempepmiBHO
otobpaxaet H*(M) s H*~™*(M) (3T0 BEITeKaeT 13 TeopeMsl 06 06 orpa-
HuaenHocTu 7.3 u Toro daxTa, ¥To A~ € CL™™(M) B cuty Teopemsl 8.2
06 o6paTHOM omepatope).

10.3. Camocompaxennsii caydan. Ilycts ma M BBegeHa raajxas mogo-
KUTeIbHasd ILIOTHOCTD, ONpeensioman cKalapHoe Ipousseerue B L2(M).
IIycTtes A — caMOCONpSIKEHHLIN 3NN TAYeCKUT Ju(depeHINaIbHbIN OTepa-
Top nopagka m Ha M. Ero riaBHBII CHMBOIT G, (2, £) BellleCTBEHHO3HAYEH,
u ycaosus (10.1) u (10.2), xoTopsle MBI 6y €M IPEANOIATATD BEIIOIHEHHEL-
MIH, 03HAYAIOT B JAHHOM CIydae, 9TO

am(z, ) >0 mpu E#0, (10.12)
A>6I, rpe §>0, (10.13)
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T. e. (Au, u) >6(u, u) ara mo6oit pyrxknun u € C(M). Hycts {p;}52, —
HoXHAS OPTOHOPMUDOBAHHAA CHCTEMa COOCTBEHHBIX (DYHKIUI oOmepaTo-
pa A ¢ co6creennbiMu 3Havennamu {A;}Z;. Hanommnm, 1to A; — +o00
upu j — oo (cM. Teopemy 8.3). Uz (10.13) caegyer, uTo A; > 6 > 0 mpu Bcex
j=1,2, ...

Kaxgonn o6o6mmennoit pyuknun f € Z'(M) MOXKHO IOCTaBUTL B COOT-
BercTBEe pag Dypoe

(o]
F~Y" fwie), zeM, (10.14)
rae i=t
fi=(f, #5)- (10.15)
3aecs aas f € L*(M) B dopmyae (10.15) cTouT 06br1HOE CKAIIPHOE TIPO-
msBegenne B L?(M). Ecan xe f€ Z'(M), To (f, ;) osmagaer (f, ¢;jdu),
rae dy— QuUKCHpoBaHHAA IMOTHOCTH Ha M (BCIOMHEM, 9TO 0600IIeHHbIE
QYHKINT ABAAIOTCS TUHEHHBIMU HENPEPBIBHLIME (PYHKITMOHAIAMU Ha TIPO-
CTPAHCTBE [IAJKNX IIOTHOCTeR). MEI onuiteM cefidac cBoiicTsa pagos Dy-
pbe TIaikuX u 060O6IIeHHBIX (DYHKITNN.
Mpegnoxenune 10.2. ITycmp dan psad
[ee]
Y civilz) (10.16)
j=1
¢ Komnaekcuuimu kosPduyuenmamnu cj. Toeda caedywouue c6oticmea sK6u-
8AAEHMHBL:
a) pad (10.16) czodumesa 6 monoaoeuu C®(M);
6) pad (10.16) sasasemca padom Pypve nekomopot obobuennoti Gymk-
yuu feC®(M);
B) das awbozo yeaozo N

[ee]
D e AN < oo, (10.17)
j=1
Aaaee, caedyouue ycaosus T), I) U €) MAKHCE IKEUBAACHMHDL:
r) pad (10.16) czodumesa 6 caaboti monosoeuu Z'(M);
1) pad (10.16) asasemca padom Pypve nekomopoti o6obujennoti Gynk-
yuu f€ Z'(M);
e) cyuecmeyem makoe yeaoe N (6wmb moxncem, ompuyamebHoe),
umo evinoanero ycaosue (10.17).
doxaszaTeabcTBo. OcHOBHas uied AOKA3aTeIbCTBA COCTOUT B
TOM, 9TO BEPHBEI COOTHOIICHUS

C=(M)=(" B* (M), Z'(M)={] B*(M),
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a omepatop AV ocymectsaser Tomorormtecxmit maomopduam H™N (M)
n L?(M). Ho L?(M) oueHb IPOCTO OMHUCHIBAETCA B TePMUHAX Ko>hduiu-
enToB Pypre BBuay paBercTsa [lapcesans. IlosTomy Tononoruio B C'°° (M)
MOXKHO 3aJaTh IoIyHOpMaM || f]|4; v, TAe

[ee]

1A% v =D 15 1PA3Y,

j=1

nockoasky AN f nveer xosddunuenter Pypoe )\évfj. Teneps >KBUBATEHT-
HOCTB a), 6) 1 B) oUeBHIHA.
IIpoBepnM 5KBUBAIEHTHOCTH T'), 1) u ¢). Ecan BrImoaxeHo r), To 060-
3na4uM 4epe3 f cymmy paga (10.16), tak aro f€ Z'(M) u
o0
(f,9) =D ¢i(ps, ¢)

j=1

Ans mo6on dyuknun ¢ € C(M). B qacTHOCTH, GeDs ¢ = (;, MBI HOIYINM,
4TO ¢; = f;, T. €. BHIOIHEHO 1). [Jalee, ecan BHIIOIHEHO 1), T. €. ¢; = (f, ¢;),
rae f € 2'(M), To, Bubupas neroe ancao N Taxnm, ato AN f € L2 (M), mbt
[OJIY4nM, 9TO BhINOAHEeHO ¢). Hakowen, ecan e) BeimoaneHo, To pag (10.16)
cxoautes o wopme H™N (M), wro gaer semonnenne n. v). W

Tenept IpuBeIeM (CIEKTPAILHOE) OTNUCAHNE KOMILUIEKCHEIX CTelleHel ca-
MOCOTIDSZKEHHOT 0 omepaTopa A B TepMuHax Ko3(pPUINEHTOB pa3TOKeHUT
0 COGCTBEHHBIM (QYHKIUAM ©;.

Opegnoxenne 10.3. Ilycmv f€e D' (M), f=>" fjp;j(x) —pasao-
i=1

acenue f 6 pad Dypve no cobemeennvim Pynkyusn onepamopa A. Toeada

A f =3 Nifies(a). (10.18)

7j=1

B wacmuocmu, @;(x) —cobemeennvie dynryuu onepamopa A* ¢ cob-
CMEEHHbLMU SHANEHUAMU A .

HdoxaszareascTBo. Omnepatop A* HempepeIBHO 0TOGpaxKaeT
C*°(M) B C*(M). Beuay nerxo nposepsemoro cootsomenus (A*)* = A*
oTcoOda clIegyeT, 9To omepaTop A*, Kak CONpAXeHHBIN omepaTop K AZ,
HenmpephlBHO oTobpaxaer ' (M) B Z'(M), ecim 2'(M) paccmaTpuBaTh
co caabon Tonoxoruein. Ilockoapky paf, croammi B npasoi sactu (10.18),
cnabo cxoguresa B 9'(M) B cuny mpegnoxenns 10.2, gua nposepku (10.18)
B o0LeM cly4dae JOCTATOYHO IPOBEPUTH TO COOTHOLICHWe Ipu f=(;,
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Re 2<0. Ho mpu f =¢;, Re 2 <0 nmeem

; i Z _ 15 2 _ z
Agoj:ﬁ/)\ (A= ATD) 1%4}\:2—;/)\ (A = N)7HdA= Xy,
F F

B cuxy ¢popmyasl Kommu. Ho s>To u oznazaer (10.18) gas f=¢;. W

Yunpaxuenne 10.1. Ilycre A ynosrereopser ycioemio (10.1), a BmecTo (10.2)
norpebyeM, 4TOGH GBLIO BHIMOJHEHO GoJee ciaaboe ycaoBue

o(A)N (=oo, 0) =2,

Tak 9To Ker A MoxeT GHITE HEHYIEBHIM KOHEYHOMEPHEIM Ho gnpocTpancTeoM B C'™ (M).
Onpegeanm A, korTypHEM nHTerpaioM (10.3). Ilycts Ey, Ej — nHBapHaHTHEIE IO ATIPO-
CcTpaHCTBa onepaTopa A, 0 KOTOPHEX TOBOPUTCA B TeopeMe 8.4.

a) JlokaszaTs, uTo A;FEy=0 n Ej — nHBapmaHTHOE NMOJNPOCTPaHCTBO Aad A; mpn
Re z<0.

6) [lokazaTk, 49TOo pga1d omepaTopa A, BEIIOJIHEHO MOAYTPYNIIOBOE CBOWCTBEO
AzAw=A.4w, Re 2<0, Re w <0, nospoasoniee KOppEeKTHO ONpeJeIuTh onepaTop A
npu Bcex z no ¢dopmyae (10.9), npudem gaa omepaTopoB A BHIIOJIHEHO IpyNIOBOE
concrso (10.10).

B) IlpoeepnTs, aTo A® mpm gocTaTo4YHO 6OMBIIOM HATYpAlIbHOM Z €CTh OGHIYHAf
cTeneHb onepaTopa A, B To BpeMs Kak

A’ =T- Py,
rae Py — npoekTop Ha Fy napasneabHo Eé, M aHAJOTMYHO A_} NpH ZOCTATOYHO GOJb-
[IOM HATYpPalbHOM k ABIAETCA O6PATHBIM onepaTopM K A* Ha E{ u pasen 0 Ha Ej.
Jagaua 10.1. IIycte A —sanuntudeckunn guddepeHnalbHbII OIe-
paTop Ha 3aMKHYTOM MHOr006pasuu M, an,(z, £) — ero rIaBHBII CHMBOI.
Mpeanonoxum, 9To Re ap (2, ) <0 mpu & #0. Joxasars, uTo 3agada Komn

aa—ztl:Au, t>0;  ulp=0=(z); (10.19)
oHO3HA4HO paspenmma B C° (M) u 8 &'(M).

Ykaszanne. Pemenne u(t, £) Hago cTponTh B BUE

u=ettop, (10.20)
rae onepaTop eAt CTPOUTCA C MIOMOIIBKO KOHTYPHOI'O UHTETpaJa
i
eMt=— [ AMA-An"1adn (10.21)
27
T

Cunran, aro cnekrp o(A) aexnt B noaymaockocrn Re A< 0 (aToro MoxkHO ZocTnmdn
samenofi A Ha A — C'T nim samenon u=ve® B 3amage (10.19)), mago m6paTs =T UT,,
rge 'y u 'y — caepyrommue ay4an:

A=relz o) (+c0>r>0) ma Ty,
A=re(—2+e) (0<r<+4c0) ma Ts.

EanacTBeHHOCTH 0606IIEHHONO PEIleHUA 3a a9 (10.19) TOKa3LIBAETCA C MOMOIILIO
npuHiuna XoasmrpeHa (cM., HanpuMmep, Leasdang . M., Illmios I'. E. [1], BEm. 3,
crp. 41).
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§ 11. CTpykTypa KOMILIEKCHEIX CTeNeHeH JHLIMITHIECKOro OIepaTopa

11.1. Cumsox pezombBenTr. [IycTs A —saaunTudeckunn guddepeHim-
ANLHLIN ONEPATOp Ha 3aMKHYTOM MHOTooGpasuu M. Mul mocTpouM ceivac
B JOKAJLHLIX KOOPAUHATAX CUMBOJ CIEIUATLHOTO TapaMeTPUKCa OmepaTo-
pa ¢ mapameTrpoM A — Al (MBI paccMaTPHBaEeM €ro 3JeChb KaK OLNepaTop 13
CL; (M, A), rae A —3amxuyTei yroa B C ¢ Bepmmzon B Touke 0). Msr
cuuTaeM, 9T0 A yAOBICTBOPAET YCIOBUIO BILIUITHYHOCTH C TApPaAMETPOM
OTHOCUTEeAbHO A, mpudeM yroa A Takon xe, kax B § 10 (T. e. BEIIOIHEHEI
yenosusa (10.1) m (10.2), a A cogepxut BHyTpH cebs moayocs (—oo, 0]).

IMapameTpuxc 6ygeM CTPOUTL B HEKOTOPOU KOOP JUHATHON OKPECTHOCTH
X C M. Bygem oTox ecTBIaTh X ¢ 061acThio B R™ ¢ MOMOIIBIO 38 JaHHON
Ha X cUCTeMbI KOOpIUHAT.

IIycts ma X omepatop A umeeT BUJ

A= > aa(x) D" (11.1)
|al<m

Ero moaHnn cuMBoaI

a(z, &)= Y an(r)E (11.2)

MOZKHO pa361/1T1> Ha OJHOPOAHBIE KOMIIOHECHTEL
aj(, &)=Y aa(2)€, j=0,1,...,m. (11.3)
|l =3

TMoauwit cumBon a(z, &, A) =a(z, £) — A onepaTopa A — AT pasbusaeTcs
Ha ogHOpogHbIe o (&, A'/™) KoMmoHeHTEI, 3a1aBaEMBIe HOPMYTAME

am(z, &, N =am(z, &) — A, (11.4)
aj(z, & A)=a;(z, &), j=0,1,...,m—1L (11.5)
YcaoBue >AINOTATHOCTH € TapaMeTPOM O3HAYaeT, ITO

am(z, €, N)#0 mpn z€ X, A€A, [E]+]|A[Y/™#£0. (11.6)

CumBoa mapameTrpuxca omepaTopa A — Al eCTeCTBEHHO HCKATh B BUJE
ACUMITOTHYECKON CyMMBI (DYHKIUN, OJHOPOIHBIX 10 (€, )\l/m). Ob6o3naunM
5Tu (QYHKINU Iepe3 b‘im_j (z,&,A), j=0,1,2, ..., rie HIXHUN HHIEKC
03HA4YAET CTENeHb OJHOPOIHOCTI:

B (o 6, 47N =T (2,6 0), 10, €]+ (AT A£0. (11.7)
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OTn GYHKINH OUpeeldioTCA PeKYPPEHTHLIM 06pa3oM U3 COOTHOIICHMUIT
am(z, &, N) b, (x, €, A)=1, (11.8)
CLm(QZ‘, 51 )‘) b(im—‘](‘rﬂ 5’ )\) +

+ Y Ofam(x, & N DY, (2, €, N)/al=0, j=1,2, ...

k+it+|al=j
1<
(11.9)

(cp. mocTpoeHme HapaMeTpHKCa KJIaccHdeckoro smamnrumieckoro IO
B § 5— popmyasr (5.17') u (5.177)).

YIT06EI MOTYIUTE U3 TOCTPOEHHEIX (pyHKIHH b°

L e (z, &, A) HacToaIMn
napaMeTpPHKC, HyKHO, BO-TIepBBIX, YMHOXKEHIEM Ha CpPe3aollyio (pyHKIIHIO
1/m _

|'/™ =0 u, Bo-BTOPLIX, IpOM3-
BECTH CKJIEHKY PA3HBLIX JOKAILHLIX IapaMeTPUKCOB C IOMOMIbIO pa3OueHns
equHuNEL (cM. § 5).

JAUKBIANPOBATEL UX 0COGEHHOCTD mpu | & |+ | A

11.2. CUMBOIE KOMILIEKCHHIX cTemeHed. MBI mocTpouM ogHOPOIHBIE
KOMIIOHEHTEL b,:i,’_oj(:b, ¢) cumBoaa omepaTopa A® IO MOCTPOEHHBIM BHIIIE
OJHOPOHBIM KOMIIOHEHTaM [apaMeTPUKCa TOUHO TaK ke, KaK CAMU CTele-
un A* cTpomaucs no pesonssenTe (A — AI)~!. lMenHO, 13 ycI0BUA DIANT-
TUYHOCTH C IapaMeTPOM BHITEKaeT CyIeCTBOBaHIe Takoro p=p(z, &), 4To
am(z, & A)#£0 mpu | A|<2p, £ £0, A€ C. Us ypasuenun (11.8), (11.9) scuo
Torga, ITo b_m,_;(z, &, A) romomopduo mo A B xpyre |A|< 2p. O6pasys
xouTyp I', xax B § 10, MBI ompegeanm GyHKIUN bi;i’_oj(a:, &) mpu Re z2<0
dopMyIaMu

bgj);fj(m,g):i / N0 (e, €, N dA, j=0,1,2, ...,  (1L.10)

r

rjae BeTBb A° BuIbupaeTcs Tak ke, kak B § 10.
B wacTrOCTH, pm j = 0 MBI noxydaeM mo gpopmyae Kommu

7

b5 Oz, €)= o / X (am (2, €) = N) T dA=dZ, (z, A). (11.11)
r

OTMmeTnM, 4TO mpu JocTaTOIHO MaioM p uHTerparx (11.10) me 3aBm-
cuT oT BEIGOpa p (B Kpyre |A|<2p yxe HeT ocoGeHHOCTen (QyHKIHNU

bom—j(z, & A))-

Dyuxnus bf{jl’_%(m, &) HOJOKUTEeILHO 0THOPOAHA HO ¢ MOpAKa mz — j,
T. €.
BN O (2 1) =t )0 (2 g), >0, €£0 (11.12)
mz—j ) mz—j 3 3 3 .
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st Toro 4To6H B 3TOM y6equThCA, Hago cieaaTh B uHTerparte (11.10)
. 0 , .
3aMeHy TePeMEeHHOH I BOCHOIB30BATBCA OJHOPOAHOCTBIO b, .(z, &, A):

b ](l ) = /Azbim_j(a:, 6, \)dr=

r
? m, \2 m m mz—j i z
:ﬁ/(t /u) b—m—j(:’:atEJt /‘L)t d,LL:t ]ﬁ/ b(im J( Jgﬂlu)d
Tt Tt
mz—j i z mz—
=mei L [ e 6 =m0 0 ).
T

3aecs ' —xomTyp t~™T (oH umeeT TOT XKe BUA, 9To u I, HO ¢ pagumycom
KpyroBol dacTu ¢t~ ™ p BMecTO p).

(2)

Teneps HEOGXOIUMO PACHPOCTPAHUTE OLpeIEIeHIE bmz ](CL‘ &) Ha BCe
z € C. OTo gemaercs Tax xe, kak nmocrpoerue A’ mpu z € C, nposegennoe
B § 10. ImeeT MecTo caegyroumun anaaor npegroxenus 10.1.

IMpeganoxenne 11.1. a) Ilpu Re 2<0 u Re w< 0 cnpasedauso no-
AY2PYNNO6oe C60UCME0

S bl (2, &) DI (2, &)/l =SS (=€),
|| +p+g=7
j=0,1,2,... (11.13)

6) Feau k€Z u k>0, mo nabop b(mk i(2,€), j=0,1,2, ..., nped-
emasaiem coboti Habop 0JHOPOIHBIT KOMNOHEHM NAPAMEMPUKCA ONEPAMO-
pa AF.

B) Jas 410661z mysvmuundexcos «, f npouzsodna 00‘ )
& #0 asasemea 2onomopdroli Pynryueti om z npu Re z <0.
JoxazaTeabcTBO 3TOrO0 IPEIIOKEHI HOLYIACTCI IOBTOPEHIEM
Ha YPOBHE CHMBOJIOB JOKa3aTeabCTBa npeanoxenus 10.1, uro npegocrasas-

()0(

mz—j

;&) npu

€TCA IUTATENI0 B KAICCTBE IIOJE3HOTO YIIPDaXKHCHUA. |

. k)
17 naabHenIero moae3Ho 0603HAYNTE Yepe3 aj(. )(m, &) mpu meaom k >0

OJHODOJHYI0 KOMIIOHEHTY (HOPAgKa j) CHMBOJA a(k)(m, &) omeparopa AF,

mk
N (k)
JZ::O a

Ecan k — memoe, k <0, To depes ag.k)

IIOHEHTHBI CIMBOJa IIapaMeTpPHKCa olepaTopa Ak iy, ITO TO XKe caMoe,

TakK YITO

(z, &) 0603HAYAIOTCA OJHOPOIHBIE KOM-
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0JHOPOIHBIC KOMIOHEHTHI CHMBoOJIa omepaTopa A~F. Ounm ompegersiorcs
PEKYPEHTHBEIM 06pa3oM U3 COOTHOLIEHUN

a0l (2, &) -ali(z, € =1, (11.14)
a2, €) (e, &+ Y. 0galk)_ (2, €) D2all)_ (x,€)/al=
ptqt|ol=]
q<yJ
j=1,2, ... (11.15)

Onpegenenne 11.1. Ilycrs 2€C u k€7 BuGpano Tak, UTO
Re z < k. TTonoxum

z),0 o (k o
W@ o= > agall (@, &) DRI (@ €)/al,
ptat|o|=]
Jj=0,1,... (11.16)
Teopema 11.1. a) Pynkyuu bgnz ](‘ &), onpedeasemvie Gopmuy-
aoti (11.16), ne zasucam om ewibopa yeaozo k, daa komopozo Re z < k.

6) Ecau Re z< 0, mo gynrxyuu bfm _j» noayuaemvie no Gopmyae (11.16),
coenadaiom ¢ max e 0603HAUEHHBIMU HYHKYUAMY, NOAYUAEMBLMU C NOMO-
wpto koHmypHozo unmezpaqa (11.10).

I'pynnosoe ceoticmso (11.13) umeem mecmo npu ecer z, w € C.

)
r) Feau k €7, mo b*)0 (z 5):a(k) (z, ).

mk mk—
1) Aas awobuir Mynbmuu;i&e%coe a, B 02& abvzr x, & (E£0) u das awbo-

207=0,1, ... pynryus 00‘@ﬁbfm ]( &) asasemea yeaoti Pynryued om z.

JoxazaTelIbcTBO NYHKTOB a)T) HAEHTHYHO AOKA3ATEILCTBY
COOTBETCTBYIOIINX NYHKTOB TeopeMsl 10.1 (Heo6x0oauMo IUIIE IEpeNTH OT
aare6pul OMEPaTOPOB K AIre6pe CUMBOJIOB, ABISIONINXCA (POPMATLHBIMU Pi-
JaMU OJHOPOJHBIX (PYHKIUN U TEPEMHOKAIONIUXCA M0 (POPMYyae KOMIIO3U-

nun). JokazaTeIlbCTBO MYHKTA 1) MOIYyYaeTCs HEOCPEACTBEHHBIM PACCMO-

TpeHneM (GopMy.1, Onpeaerdomux GyHKIun bfnl 07(:5 ¢). m

11.3. CraaxeHHEIE CUMBOJH Pe30MbBeHTHL. 1lycTs w(r) € C™ (R1), mpu-
geM w(7) =0 npu 7 < 1/2, w(r) =1 npu 7 > 1. llonoxum
B¢, N =w( [P+ A7) (11.17)
I OImpeIeInM

b2, € X) =06, N) B2, €, ). (11.18)

C nomompio GyHKUUI b_p,_j(z, £, A) MBI DOCTpOHNM Ha MHOT00Gpa-
aun M mapameTpukc omepaTopa ¢ mapaMeTpoMm A — I aHaI0TUIHO BTOPOMH
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JacTu gokazaTenbcTBa TeopeMsel 5.1. ITyers M =| ) X" — xoHeuHOE TOKPEHI-
¥
Tie M KOOpAMHATHBIME OKDECTHOCTAMH, ) — pa3bueHue eIMHUILI, IOI-
YMHEHHOE >TOMY HOKpHITHIO, Gyrknuu Y € C§°(X7) Takosrl, uro ¥ =1
B okpectHOCTH supp ¢'. Illycte &7, U7 —omepaTopbl YMHOXKeHUS Ha 7
2l %
uy?, a B_m_j()\) —II10 B X” ¢ cumBoaIOM b_m_j(:c, &, A), MOCTPOEHHEIM
no ¢popmyae (11.18) B xoopanHaTHON okpecTHOCTH X 7.
Mzr nosoxum

B_moj(N)=)_ ®Bl _(\)T (11.19)

. N-1
BwyN) =" Bom—j(N). (11.20)

j=0

IIpegnoxenume 11.2.
(A=XI)~" = Bvy(A) €CL,," N (M, A). (11.21)

doxaszaTeabcTBo. Mu mocTpouM BHadate MOMHLIH HapaMe-
Tpukc B(A) omeparopa A — A, momaras

B()\)~§: Bom_; (V). (11.22)

To4HBIN CMBICI 3TOH (POPMYABI COCTOUT B TOM, YTO HAJO A1 1H000T0 7
IOCTPOUTE B X" aCHMOTOTHYIECKYIO CYMMY

W2, & N~ > b (€N, (11.23)
7j=0

3aTeM B3ATb omepaTop BY(A) B X7 ¢ cumsomom b7 (z, £, A\) u, HakoHer,
HOJOXKHUTE

B(N)=)_ & BT, (11.24)

rae &7, ¥V e xe, uro u B Ppopmyae (11.19).
Mer uMeeM, 0IeBHIHO

B(A) = Bn)(A) €CL™ N (M, A). (11.25)
Ho u3 Teopemsnr 9.2 creayer, 4To

(A=AI)"' = B(A) € L™°(M, A). (11.26)
Cpasuusas (11.25) u (11.26), msr npuxogum x (11.21). W



116 CTEIIEHU OIIEPATOPOB [TJI. 11

11.4. CriaxeHHBIE CMMBOJH KOMIUIEKCHEIX CTelleHeH M CTPYKTypHAd
Teopema. IlycTb w(r)—Ta xe pynxuua Ha R! wTo u B mavaze m. 11.3.
IMomoxum

0(&) =w(|<]) (11.27)

1 OIpeJelnM

b2, €)= 0(6) b0 (2, €). (11.28)

KorcTpyxmuio b,(nl (@, &) m b,(nl ;(z, §) MoxHO IpOgETaTE B M10601 KO-

OpAuHATHON OKpecTHOCTH X! (COOTBeTCTByIOLuI/Ie dyuaknuu 6y1yT obo3Ha-

JaThCA bgn‘)z’ Oj’v( ) u bgni ]( , &), ecn HyxHO Oy ZeT TOYHO yKa3aTh, B Ka-
(2),v

KOl KOOpAMHATHON OKPECTHOCTH MEI Haxoanmcd). O6osnauas qepes B, " _;

(),

mz—j

Z @B W (11.29)

onepaTop B X” ¢ cuMBoIOM b (r ¢), MBI OIATL-TAKY OJOKUM

N-—

—_

B .. (11.30)
j=0

[as GopMyIUPOBKE OCHOBHOU CTPYKTYPHOU T€OPEMBI HAM MOHAJOGUT-

ca eme ompegenenne romoMopdubix cemencTs II/10, xoTopsie 6yayT 060-
3HAYATHCA ﬁ(G, L’:(S(M)), rae G —obaacts B komintekcHon miockoctu C.
Onpegeanenune 11.2. [Iycte X —ob6aacts B R”?, G —o6aacts B C,
a(z, &, z) eC®(X xR™ x (), npudeM a(z, &, z) roromopdHa 1m0 z. MbI 6y-
aem mmcats, aTO a(z, €, 2) € O(G, Sys(X ), ecan Ans THOGEIX MyIBTHHH-

nexcoB «, 3, aas awoboro k€7 4 u aaa .ZIIO6BIX xomnakToB K1 C X u Ko CG
cymecTByeT Takas nocrosgasas C' =C(a, B, k, K1, K2), 9To

|0g 05 d%a(x, &, z)| < C(gymrlel+oldl (11.31)

ecan (z, ¢, z) € K1 x R"x Ky. Ecin A(z) —s3aBucamuil oT mapaMeTpa 2
II10 B o6aactu X, To MBI Gygem mucaThb, 94T0 A(z) € ﬁ(G, L’;fé(X)), ec-
au A(z)=A1(z) + R(z), rae Ai(z) —cob6erBennnnn IIJ0 ma X ¢ cuMBo-
aom a(z, £, 2) €O(G, Ss(X )), a omepaTop R(z) mmeet agpo R(z, y, z) €
€C®(X x X x GQ), FOHOMOp(bHOG mo z. Hakonen, Ml 6ygeM mucaTb, ITO
A(z)e 0(G, L;’?é(X)), ecmn A(z) —IIAO ma M, saBucAIIul OT HapaMeTpa
z € G, mpudeM aas 10601 KoopAuHaTHOU okpecTHocTu X C M m mo6oro
xoopauHaTHOro auddeomopdmma »: X — X, rge X; —obracts B R”,
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omepaTopHoe ceMelicTBo A*(z) omepaTopoB Ha X1, HHAYIMPOBAHHBIX OIle-
paTopamu A(z) Ha M ¢ momompio guddeoMopduaMa ¢, TAKOBO, ITO

A*(2) € 6(G, LT 5(X1)).

TlosTopenne paccyxaeHuin § 4 mokaswiBaeT, uTO BkaodeHme A(z)€
€ ﬁ(G, L7 (X)) mpu 1—p<I<p DOCTATOYHO NPOBEPATL, UCHOIB3YA
Kakoe-HHOY AL (PUKCUPOBAHHOE MOKPHEITHE M KOODAMHATHLIMU OKDECTHO-
cTaMu 1 (GpUKCUpOBaHHBIE KOOpAUHATHEIE Au(pdHeoMophu3MEL.

IToBTopenne xe paccyxgenun § 3 u § 5 moxkasbiBaeT, 4TO KOMIIO3H-
IUs TOJIOMOP(HBIX CEMENCTB, CONPSKEHHOE I TPAHCIOHUPOBAHHOE CeMell-
CTBa, a TaK¥ke MapaMETPUKC TCHIORLINNTUIECKOr0 [OJIOMOP(HOrO cemel-
cTBa (ycI0BHE THIOMIINNTHYIHOCTH CINTAETCSA BBEIIOIHEHHBIM DABHOMEPHO
IO 2z) TakikKe SBISIOTCI TOIOMOPMHEIME CeMEHCTBAMH B CMBICIE ONpejee-
Hus 11.2.

Mer MoxeM Temeph cHOPMYINPOBATH OCHOBHYIO CTPYKTYDHYIO Teo-

pemy.
Teopewma 11.2. Ilpu awbom z€C

A*eCL™ (M), (11.32)
npuuem daa awbozo yeaoeo N >0 u npu awbon t €R
AT = BR) € 0(Re 2 <t, LTV (M) (11.33)

JoxaszaTeancTBo. 1. Jokaxem BHazaze, uro (11.32) cregyer
u3 (11.33). Msr nonoxum mpu ¢puxcuposanzoM z € C

B~ ST BY)_. (11.34)
j=0

(cMBIca >Tol GopMy.sl pacum@pOBLIBaeTCA Tak ke, kak Aas (11.22)). To-
rJa iCHO, ITO MBI MOXeM CINTATh

B ecr™ (M). (11.35)

Ho ecan B (11.33) duxcupoBaTs Takoe ¢t € R, aro ¢ > Re z, u 3aTeM ycTpe-
MuTh N K +00, TO MBI IOLY<IUM

A* =BG e L7 (M), (11.36)

oTkyga u creayet (11.32).
2. Doxaxewm (11.33). Beegem oGo3HateHne

R =A"—BY). (11.37)
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OTMeTnM mpexjge BCEro, UTO TPYNNOBLIE CBOUCTBA KOMILIEKCHBIX CTeIle-
Henw A’ 1 X MOKa MMNOTETHYECKNX CUMBOIOB bfnz —; (Teopemsr 10.1m 11.1),
a Takxe [oIOMOP(HHOCTH KOMIIO3UINUY [OIOMOD(MHEBIX CEMEIICTB II03BOIAIOT
CBECTH [0KA3aTeIbCTBO K caydaio t =0 (N Z0MKHO GBITH IPON3BOILHEIM).
NupiMu croBaMi, JOCTATOYHO IPOBEPUTD, UTO

()
R

€6 (Re z<0, LT (M)). (11.38)
JIT TOT'O YTOOBI BOCIOJB30BAaTHCA NIPEATOXKCHUECM .4, YAOOHO IIpK
6 11.2, yz06
Re z <0, Hapaay c omepaTopoM B((j\g), paccMoTpeTh ollepaTop
‘B = = / X Bony (A) dA. (11.39)
T

Jlerko mpoBepuUThH, YTO

"By = By € O(Re <0, L™(M)). (11.40)
B camomMm gene, MBI mMeeM, O4€BU IHO,
\ N-1 \
'Biy=3_ 'BS) (11.41)
j=0
rae
‘B, = QL/AZB m—j(A) dA, (11.42)
T

(2) (2)

/ /
u moToMy cuMBoI ‘b, . (z, &) onmepaTopa B,
HOIl cucTeMe KOODAMHAT BhIpaxaeTca (hopMyJIoil

B KakKOU-HUOY b JOKAIb-

IbEjrgz—j)(m’g) 27" /)\Zb_m ]( 767 )\) dA. (1143)

T

Orcofa 04eBUAHBIM 00Pa30M CIeAyeT, UTO

b (@ ) =b5) (2, €) mpm [€]>1. (11.44)
(2) (2)

mz—j mz—j?

Ho To xe camoe BepHO U AJfA CHMBOJIOB b (z, &) onepaTopos B
CyMMa KOTOPBIX JaeT B((N)) (M. popmyasr (11.28)—(11.30)). C ygeTom ode-
BIHBIX OLIEHOK IIPOM3BOJHBIX IO z OTIOAA cpa3y moaydaercs (11.40).

(2)

Teneps BBuay (11.40) sicHO, 9TO ZOCTATOYHO AIA OIEPATODA 'R(N) =

:Az—’B((j\g) npoBepuTh BkIodeHne suga (11.38). OGosmaumMm wepes
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1,.(2) (2)

r(N)(:E, &) cuMBOI omepaTopa ’R(N) B KaKOU-HUOYAb JOKAJBHOU CHCTe-

Me KoopAmHAT, a depes r(ny(x, &, A\) —Takoll ke CHMBOI omepaTopa
Rvy(A)=(A— A7t — B(ny(A). Torga
e 9= 5 [ Nron(e, & ) dx (11.45)
r
I MBI IMeeM

9g 07 o ') (2, €)= = / X (In \)* 9 Brony(x, €, A)dX.  (11.46)
T

Ho B cuny npeanoxenus 11.2 uMeloT MeCTO OLEHKH
|08 5wy (2, €, N)| < Cayp, k (LH]E[+ XY™ NIl we K, (11.47)

rge K — HEKOTOPHIN KOMIIAKT, JeXAIUA B PACCMATPUBAEMON KOODIMHAT-
Hou oxpectHocTu. OTCciona clegyeT, UTO

|0 Br(nvyz, €, M| < Cayp k (L+[E)TNIMA+ AN, 2€K, (11.48)
(2)

n u3 (11.46) MBI momydaeM Temepb Jast ’R(N) Bkatovenne (11.38). W

Ynpaxuenue 11.1. PacnpocTpanuts Teopemy 11.2 Ha cuTyanmnio, onucaHHYO
B ynpaxkHeuun 10.1.

§ 12. AnaimTuveckoe NPOAOIIKEHME AfepP KOMILIEKCHHIX CTeIleHeH

12.1. IMocranoBka 3agauu. Bripaxenme sapa depes cumpoa. [lycrs
M — 3amxHyTOE MHOrOOGpasue, A —smiunrTudeckun omeparop Ha M, ygo-
BaeTBopsmomui ycaosuaM (10.1) u (10.2), obecnenBaomnM BO3MOKHOCTD
HOCTPOEHUA KOMILIEKCHEIX cTeneHen. IIpu Re z < —n/m Mo 0603Ha401M 1e-
pes A;(z, y) dy agpo omepatopa A* (sT0 3aBHCcAImas oT mapaMeTpa & € M
ILIOTHOCTE Ha M, KOTOPYIO B TOKAILHBEIX KOO AUHATAX, ONPEIEICHHEIX PN
y €Y, moxHo 3anucats B Buge A;(z, y) dy, rae dy — Mepa Jle6era, onpee-
AsgeMas JOKAIbHEIME KOOpAUHATaMu, a A, (z, y) — HexoTopas HempephIBHAS
uncaosad yuxnud Ha M x V). Vcnoabaysa HEKOTOPYIO BOIBHOCTD Petl, MBI
GyeM Ha3bIBaThH AApoM caMy dyHkunuio A, (z, y), 3aBHCALIyI0 OT IapaMe-
Tpa Z U OT JOKATBHEIX KOODAUHAT B OKPECTHOCTH TOYKH Y .

Hama mens —DOCTPOUTH aHAIMTHYECKOE NPOJOLKeHHe (MO z) sAgep
A;(z, y) Bo BClo KoMIIeKCHYIO z-TI0cKoCTh C.

OtmeTn™, 9To ecan X, Y — oTKphITHE mogMHoKecTBa M, To A, (2, y)
npu z€X u y€Y ogHozHauHO ompedenseTcs 3Hadenuamu (A*u, v), rge

uECPR(Y), ve O (X).
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IIycre Temeps X — HekoTOpas KOOPAMHATHAA OKPECTHOCTD (He 06s3a-
TEeILHO CBA3HAs), KOTOPYIO MBI 6yIeM OTOXIECTBIATL C OTKPBITHIM II0J-

muoxkecTBoM B R™. Ecin ILJO B € L™ (X) sanuceiBaeTcsa B Buge
Bu(z) :/ ei(’”—y)'gb(m, &) u(y) dy d¢,

rae b€ S'(X x R"), To mpu | < —n ero aapo A(z, y) HempepeIBHO U mMeeT
BUJ

Az, y):/ TV Ep (g y) de.

Orpanngenne IIJO A? ma X (cM. m. 4.3) MOXHO IpeJCTABHTL B BU-
ge A=Ay ;+ Ry ., vae Ay, —co6crsennsn II/10, a Ry , —omepaTop c
aapoMm Ri(z, y, z) € C°(X x X x C), ronromopdubIM 110 z 1 paBHEIM 0 npu
6amaxux z u y. O6osHaunM cuMBox omeparopa A; ; depes a(z, £, z) u 6y-
€M, UCIOAB3Ys BOABHOCTH PEUH, HA3LIBATEH €[O CUMBOJIOM omepaTopa AZ.
fAapo A, (z, y) upu 6amskux z, y € X MOXKHO 3aIlucaTh B BIJe

A (x, y):/ V(€ 2) de. (12.1)

fAapo A, (z, y) mpu Re z < —n/m HempepsiBHO 1 ronoMopdHO 1o z. IIpu
T — y HoaydaeMm

A (z, y) :/ a(z, &, z)d¢. (12.2)

OTMmeTnM, 4T0 pesyabrar unaTerpupoBanus B (12.2) (m B (12.1) mpu
GAM3KHUX ¢ W Y) He 3aBUCUT OT BBIGOpa «cuMBoaay a(z, £, z).

12.2. ®opmyaupoBKa pesyabTaTa. B popMmyaupoBxe pedyabTaTa 6yAyT
yd4acTBOBaTh mocTpoenusle B § 11 ogHOpOIHBIE KOMIOHEHTH bf;‘)z’_oj (z, &)
cumBoJa onepaTopa A*. OTMeTum 3gech, uto npu Re z < j/m onu 3agaiorcs

¢dopmyraMn

bf‘ii’—()j(xa 5) = i / )‘Zbo—m—j(ms £J )‘) d)‘a .7:01 1; 2a RS (123)
N

rae bo_m_j(m, &, A) —oAHOPOJHBEIE KOMIOHEHTHI CHMBOIA IapaMeTPHKCA
omepatopa A — Al, Takxe mocTpoerusle B § 11. Pamee dopmyaa (12.3)
ynoTpebasiacs ammb npu Re z <0, Ho uaTerpan B (12.3) cxogurcs mpu
Re z < j/m, Tax uTo 06e uactu (12.3) roromopdus: no z npu Re z < j/m,
YTO U JOKA3bIBaeT UX COBNAJEHUE IIPU DTUX Z.
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Hyxuw 6yayT Taxxke GyHKIUN
d) 0 /r 00 (2, & —r)dr, j=0,1,2, .., (12.4)
0

ompegenennsie npu —1 < Re z< j/m u momoxuTerbHo ogHOpoAHBIE IO &
nopsigka mz — j.

Teopewma 12.1. Iycmv X —awbasa Purcuposannas koopduHamuas
okpecmuocms wa M, A,(z, y) —onpedeaennvie npu Re z<—n/m u npu
z, y€ X adpa komnaexcuolr cmeneneti A* sasunmuueckozo onepamopa A.
Toada

1) npu x #y dynurxyua A, (z, y) npodoancaemes do yeaoti pynryuu om z,
pasuoti 0 npu z=0, 1, 2,

2) A.(z, ) npodoancaemca do mepomopdroti Pynkyuu 6o ecetdi kom-
NAEKCHOT Z-NA0CKOCMU ¢ HE 604€e ueM NPOCmblMU NOACAMYU, KOMOpble
Mo2ym 6bimb PACNOAONHCEHB AUUL 6 MOUKAT apudmemuueckoli npoepecuu

z; = A ,7=0,1,..., npuuen sviuem A, (z, ) 6 moure z; pase
1 zj),0
Yila)=—- / bE2 (2, €) de, (12.5)
jgi=1

ede d¢'=(2m) " d¢', a d& —oaaemenm naowadu noseprrocmu cepol
1€1=1;

3) ecau z; =1 —neompuyameavnoe yeaoe uucao, mo v;(z) =0 u 3naue-
nue sq(z) = Ai(z, ) anasumuueckozo npodoancenus adpa 6 moure z =1
daemca @opmyaoi

d": 0 (z, ¢) ae’. (12.6)
lei=1

Ymeepacdenue 1) umeem mecmo pasnomepro npu x € K1, y € Kq, 2de
K1, Ky — nenepeceraouueca komnakmeol, aexcayue 6 X, m. e. K, (z,y)
npodoasncaemes do yeaot dynryuu z co anavenuanu 6 C(Kq x Ks). Ana-
aozuumo, ymeepacdenus 2) u 3) pasrwomepnvt no r € K, 2de K — komnaxm
6 X, m. e. omobpascenue z+ A, (z, z), paccmampusaenoe kax Gynryug
om z co s3nauenuanu ¢ C(K), mepomopdno npodoascaemes 6o 6c1o KoM-
NACKCHYIO Z-NAOCKOCMb ¢ noAtocamu 6 moukar zj, j=0,1, ..., svluemanu
6 amuz noawcar vj(x)|x u 3nauenuamu »(x)|x 6 mourar 1 =0, 1, 2,

Jameuanusa 1) B ¢opmyre (12.5) durypupyer Jyuxmus
b(zj)7 0

207 (x, €), KOTOPYIO MOXKHO B COOTBETCTBHH ¢ o6o3HadeHusaMu § 11 sa-
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IICaTh TaK¥Xe B BUIAC

bE) (2, €)= (2, €), (12.7)

—-n mz;—j

IOCKOMBKY Mz — j = —"n.
2) Iockoasky zj < j/m, To BMecTo (12.5) MBI MOXKeM HaImmCATh HEIO-
cpeicTBeHHOe BhpaxkeHne 7v;j(z) depes b%, J( z, & A):

yi(z)=——" /dg’/AﬁubEm_j(m,g, A) dA. (12.8)

m-27
|§|:1 r

AHaJIOFI/I(IHoe BBIDaXCHUEC ITUICTCA U OIS %I(CL‘):
[e.0]
1
@)= (-1 L / / 0 i1y (@) € —1) dr, (12.9)
|=1 0

rae [ —neoTpunaTesroe nenoe qucio (magexc —m(l+1) —n) s (12.9) no-

=1

. J
JIy4daeTcs, eCIU BEIPA3UTH j depe3d | U3 COOTHOIIEHUS

3) OrMeTnM 0c060 GOpMYLy BHIYETA B CAMOM JEBOM IIOIIOCE Zg = —n/m:
1 —-_n/im
(@) == / =™ (g, €) de". (12.10)
ej=1

B BaxHOM 9acTHOM cIydae, KOTaa am(z, £) >0 npu £ #0, us sTon Gpop-
Myabl caegyerT, 9To Yg(z)#0. B gampHenmemM MBI mpeo6pazyeM B 3TOM
caydae ¢popmyay (12.10) x Gonee ecTeCTBEHHOMY A1 MPUIOKEHUN BUIY.

HdoxazaTeabrcTBo TeopeMmbl 12.1. 1. MuI 6yaem noab30BaTh-
ca CprKTypHOI/I TeopeMou 11.2 u ucmoab30BaHHLIMU TaM OGO3HAYEHUS-

MU B(( )) RE )_AZ (( . O6o3uaunM gepes RE )(:E, Y) AAPO omepaTo-

pa REJ\;)’ a 1epe3 TEJ\;)( £) —ero cUMBOI B KaKOH-HHOYAb KOODANHATHON

oxpectaoctu X. Torga, ecau z, y € X, To

R (x, y) = /PEJZV))(:':,£)6“H’)‘EJ£. (12.11)

P
DTOT HHTErpal cxoaurces upu Re z < U oIpejelseT IPU 3TUX Z TO-

noMopdHy GyHKIH 0T z co 3HadeHuamu B C (K x Ka), rge Ky, Ko —
JI00BIe KOMIIAKTEL B X .
ITosToMy yTBepxK aeHUs 0 rOI0MOP(MHOCTH, IOII0CAX U BLIYETAX CBOAAT-

(2)

¢ K COOTBETCTBYIOIIUM yTBEDXKICHUAM A4 A1epD OlePATOPOB B(N).
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z)

Aapo omeparopa B((N) B CBOIO O4epedb SIBAAETCS CYMMOI CJIaraeMbBIX
BHJA

() _ i(z—y)-£1.(2)
Bpzej(z, y)—/e( Dh) (e, ) dE, (12.12)

Tak 9TO MBI 6yJeM B JalbHelIleM H3ydaTh MHTerpaisl Buja (12.12).
2. Ilycrs Ky, K3 — Henepecekalomuecs kKoMnaxTel B X . JoxaxeM, ITO
B(z)

m2—j (%, y) ABIgETCA Nenofl pyHKOuelt oT z co amatennamu B C(Ky x K»).
NuTerpupys B (12.12) mo wacTam npu 2 # Y, MBI IOIYTHM

mz mz—j

B@ﬁuaw=/6““”ﬂr—m”MA?W)(asma (12.13)

rge M —HaTypaabHOe YHUCI0. DTOT MHTErpal CXOAUTCA yxke mpu Re z <

2M+j3—n
< ————— u omnpefeaseT roIOMOP(MHYIO IpU 3TUX 2z QYHKINIO CO 3HAYTE-

m
musamu B C(Kq x K3), nockoasky |z —y|>e>0 npu z € K1, y € K. Beugy
(2)

Ipou3BoAbHOCTH M sicHO, UTO Bmz_j(x, y) ABAAETCA UeA0H PYHKIUEH OT 2

co snadenuamu B C' (K x Ka).
3. Ilpu z = y MBI IMeeM

(=) (o) — (=)
Bmz_j('ra I)_/ bmz—j(‘ra E) JEJ
naIn

BLL (e, )= [ 0€)152Y . € de. (1214)

rae 0(¢) =w(|€]), w(r) €C®(RY), w(r)=0 mpu 7 < 1/2, w(r)=1 npu 7 > 1.
Mepetigem B unTerpare (12.14) x noaspusiM koopauraTaM. [loayunm Torga

BY)_(z, z)= (/ w(r)rmz_j"'"_ldr) ( / b0 (2, €) dg’). (12.15)
0 ¢]=1

AcHo, 9TO BTOPOH COMHOXKUTEb ABAAETCS LeA0l (PYHKIUEN OT z CO 3Hade-
uuamu B C'(K) (K — no6on komnaxT B X ). IlepBrIll e MOXHO pa3zbuTh B
CyMMy

00 1 o)
/w(r) rmz_j'i'"_ldr:/w(r) rmz_j+”_1dr+/ pmEitn=l gy (12.16)
0 0 1

Ilepsoiit uaTerpan B (12.16) — nexas GpyHKIUA OT 2, & BTOPOH ABHO BBI-
YUCASIETCS:
[ee]

/ rmz—j+n—1 dr = _; — _i . 1 , (1217)

mz—j+n m z-—z;

1
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j—n z -
raoe ZJ = >, Tem caMbIM B;ng_7 (I, l?) nMeeT e JMHCTBEHHBIN IIOJI0OC C BBI-
m o

weToM 7; (), 3aganueiM Gopmyton (12.5).
IIposepum, uTto v;(z) =0, ecan z; =] — HeoTpHUIATEIBHOE U LeI0€. DTO

(0

ml’_oj (z, &) aBAAIOTCA OJHODOAHEIMU

AcHo u3 TeopeMmsl 11.1, m. r) (dyukunn b
KOMTIOHEHTaMU cuMBoIa Auddepennnarsuoro omepaTopa Al m Tea cambim
pasubl 0 npu ml — j <0 u, B 9acTHOCTH, IpH Ml — j = —n).

4. [Ina okoHUAHUA AOKA3aTeAhcTBa M. 1) um 2) Teopemur 12.1 ocTanocn

nokasaTh, 9T0 Aj(z, y)=0 npu ¢ #y u !l € Z 4. 11 5TOro JOCTATOUHO IPO-
BepUTh, 4T0 ecan u, v € CF°(X) u supp uNsupp v =&, To

/ Ai(z, y) u(y) v(z) dy de = 0. (12.18)

Ho »To paBencTBo paBHOCHIBHO ToMmy, 1To (Alu, v) =0, mockoaeky B cury
Teopems! 10.1, m. 1) dpyukmus (A®u, v) gBageTcs Lmeaol PpYHKIUEN OT 2.

Taxum o6paszom, m. 1) u 2) Teopemsl 12.1 n 0TCYTCTBHE HOIHOCOB NIPH
z € Z.4 pokasaubl. B paabHelmeMm (akTudecku OygeT TaHO HOBOe HE3aBHU-
cumoe (x0T 1 Golee CIOKHOE) TOKA3ATEILCTBO, IO3BOJMIONIEE BHUNCINTE
Ai(z, z) mpu | € Z . InTaTens, He UHTEPECYOMMICA STUM BHIUHCICHHEEM,
MOXKeT ONYCTUTh JaJbHEHIIYIO JacTh JoKa3aTelbcTBa 6e3 ymepba Aas mo-
HOMAaHUA TaJlbHEHINero cOlepXKaHug KHUIH.

5. lna usydenus 3Hadennst A, (z, z) npu z € Z 4 ygo6Ha Jpyras alnpok-
cumanns sgep A,(z, y), momydaromancs, ecIn Cpe3Ky OelaTb He B CHMBO-

(2),0
mz—j
b‘im_j(m, &, A). o cymecTBy, sT0 yXe genanock B m. 11.3. Mmenno, Tam

(z) 1) 1p)

mz—jr By ")
U UX CHMBOJEI, OIpeJeIeHHBIe B IPOM3BOILHON KOODAUHATHON OKPECTHO-
et Xt b (2, € A), by (2, € A), oy (@, € A), "Bl (2, €), () (2, €),
’1’57\2)(33, &) (cM. dopmyasr (11.17)—(11.48)). B xadecTBe ammpokcuManun
agep A;(z, y) MBI 6y1eM HCIOIB30BATH TeNephb AApa 'B((i,)) (z, y) omeparo-

(2) .

aax b (2, £) KOMILIEKCHBEIX CTeINeHeN, a ellle B CUMBOJE TapaMeTPHKCa

MBI BBeH omepaTopsl B_.,_;(A), Bny(A), Rivy(A), 'B

pos'B

(N)*
N-1
Bz y)= 'BE) (=, ), (12.19)
j=0
rae /ng_j(x, y) —Aaapo oIepaTopa /Bf;z_j, BBIpaXKaromeecs (PoOpMyJIon

(=) ¢ — i(w—y)-€1p(z) (.
"By, y)_/e< V) (&) dg, (12.20)
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nan

‘B (x, y)=i/dﬁ/Aze“x‘w‘&bm_j(x,g, A) dA. (12.21)
IN

3iech BaXHYI0 POIbL WUCpaeT BHIOOD kOHTYpa [', MOCKOABKY UHTerpa
B (12.21) 3aBucut, BooGIme roBops, OT BEIGOPA pallyca ero KPyroBOH da-
ctu (cpesaromasn Qpyuknusa 6(£, A), Bxogsamas B onpegenerue b_,_;(z, &, A),
He roaoMopdHa mo A). Bygem o6osmataTs paguyc kpyroson gactn I' we-
pes p™, rae p> 0. BBuay ogropogrocTn bgm_j(m, €, \) mo (€, \'/™) acwo,
9TO CyIIecTBYeT Takas mocTosHHas L >0, aTo bo_m_j(:tz7 &, A) ronomopdua
no A mpu |A|< L™|€|™. Mu BeIGepeM pajguyc Kpyrosoil dactu ' pas-

HEIM p"*, rge p > (0 TaxoBo, 4TO

p<L/2VIZ+1). (12.22)
Torga, ecan |& |24+ |\ |2/™ >1/4u AT, To au6o | A| > p™ (. e. A mpumaz-
IeXUT npaMoanHenHon dactn I'), aubo |A|=p™ n
1

2m/2 m_>\
) I AR PY

m m m(1 2/m m/2 m
Iy A YR B A
(mocnegHee HepaBeHCTBO paBHOCHIBHO (12.22)). Takum o6pa3oM, BBUAY TO-
ro, uro (&, \) =0 mpu |£]? 4|\ |?/™ < 1/2, mpu paccMoTpennn Kpyrosoit
vactu [' Bcerjga MoxXHO cHUTaTh bim_j (z, &, A) ronoMopdHON BHY TP >TON
KPYTOBOU YacTH.

1) :

Amxpa Bmz_j(:t:, Y) ompejeneHbl u roaoMopgHsl npu Re z < j/m (upu

»Ttnx z maTerpan (12.21) abcomoTHO cxoamrcea). Hama meas B HacToOd-

LU MOMEHT — AHAIUTUYECKN IPOJOAKATE 3TU SIAPA BO BCIO KOMILIEKCHYIO
Z-IIOCKOCTD. ;

Joxaxem 1 ' 'BE)

pex e BCero, 9TO NPHU & Z Y AAPO z—j (z, y) mpogoxxa-

eTcd go meaoil Gyukuuu ot z (u, 6oaee Toro, ecin K, Ky —Hemepeceka-

1 p(2) , i

oIumecss KOMOakTe B X, TO AAPO Bmz_j(ac7 Y) IPOJOMKAETCA O LEJION

dbyukunm ot z co 3nadenuamu B C' (K x K2)). B camom gerne, cTangapTHOe

NTHTETrpUPpOBaHIE II0 TaCTAM JaeT
2) ! z _i(z—y)- -
'BS)_(x, y):ﬁ/dg//\ T gy | TPMAN (b (2, €, V) dA,
r

(12.23)
raie M — mo6oe HaTypalbHOE YHCIO, a U3 3alHUCH B TAKOM BHJe OUEBMIHA
) ) +2M
(2) (z, y) mo z mpu Re z < g+

m

6. Temepr moxaxeM, ITO ’Bf;z)_j(a:, y)=0 npu 2#y u z€7Z4. Ecan

2 € Ziy, TO A* —opaHO3HAYHATL DYHKIMS 0 UHTECDAILl 10 IPAMOINHEAHBIM

!
roromopduOCTL ‘B, )/ iy
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gacTaMm xkoHTypa ' B (12.23) coxpamarorcsa. UaTerpan xe mo Kpyroson
gactn [' paBen () mo Teopeme Kormm, mockoabky

Aéw(b—”’l—f('ra 5) A)) = Z Caﬁ[a?b(im—j(;ra 5; A)] [5?9(5, A)]J
lo|+|8]=2M

by &g‘bgm_j(m, ¢, A) roromopdHa o A BHyTpu Kpyrosoi dactu T,
a mo6as TpOM3BOIHAS @?9(6, A) mocrosHHa o A mpu | A| = const.

7. 3auMmeMcs TEIIEePh aHAJUTUYIECKUIM IIDOJONXKEHICM NHTEIDAJA

'BE)_(a, m):%/d‘f/){%(&, N, & A dN. (12.24)
T

Iycrs I'' —wacts xomTypa I, mexamas Tam, rge €2+ [A[2/™>1, a
I'? —wacts, dexamas Tam, rae |€]|24 | |?/™ <1 (opu |€|>1 sTo mycToe
MHOXKecTBo). Mbl nMeeM, 0IeBIIHO,

/Azebﬂm_j dA:/ DS A dH/ A A,
T T T2

HCHO, ITO UHTEr'paJa
7 P 0
ﬁ / JE / A 9(5; A) b—m—j('ra 5; A) dA
T2

npeacTaBafeT coGol meaylo (GYHKINIO OT z. JTa menad GpyHknus pasHa (
opu z=0, 1, 2, ..., TOCKOIBLKY TOTJa WHTErPaJIbl 0 TPAMOJIUHENHLIM Ya-
ctam I'? coxpamaioTes BBIAY OIHO3HAMHOCTH \°, a MHTErpal M0 KPYyToBOiH
wgacTu paset 0 B cury Teopemsl Kommn (6(€, A) mocrosana npn |€ | = const
u | A|=const, a bgm_j(m, &, A) roromopdHa mo A BHYTPH KPYTOBOH dHa-
ctu T'?). TlosTOMy MOXKHO JOKA3LIBATE BCE YTBEPKJICHIA O IPOJONKEHUI

A1 HHTerpaJa

I(z):%/d‘f/)\zbgm_j(m, £, \)dA. (12.25)
Fl

fAcwo, wro T'=T mpm [£|>\/1—p? uw T' cocromr m3 aByX
aygenn mpu |&|<+/1—p? Tonsoxum I‘% =T! mpm |€|<\/1—p? m
ri=[&m(1- p?)~™°T mpu |€]>+/1— p?. Tockombky m3 (12.22) BeITe-
kaetT, uTo p//1— p? < L, TO bgm_j(az, &, A) He uMeeT 0COGEHHOCTEN IPU
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[X]<pl&l/\/1 —p2m u no Teopeme Komn
/AZb‘im_j(x,g, A) dA:/AZbEm_j(x,g, A) dA. (12.26)

1 1
r ri
CaenaeM Telepb 3aMeHY IIepEMEHHEBIX, I0OJaras
A= e+ ma npaMommHEeiiHON YacTH |V

—m m 1 _ 14 ) o 1
A=a™[¢|Me™, e a= —=—, —T <<, Ha Kpyrosoli sactu [y.
Vi—p
ITeas >Toll 3aMeHBl — mOayIuTh u3 (12.25) MHTerpal OT 0JHOPOIHON
dbyakunu no (£, t) ¥ gaablie IeHCTBOBATH, KaK B I. 3 3TOT0 JOKA3aTelb-
cTBa.

Ilocae 3amennr II0JaAy'aeTCsa, ITO

= [ A, dh =1 mpr || < /1— p2,

27
I

i XNb, _id =D+1I3 mpur [£]>\/1-p?
Fl
£

rjae

sin 7wz _
hi=m— / el (w, € —t™) dt,
V1-1€1?

+o00
[me /tW+m—1b9m_j(a;,5, —t™) dt,
o]

™

1 mz+m _ip(z m m i
[325 /(O/|£|) + 6‘p( +1)b9m—j(237 £,OZ |£| etp)dgo'

-7

3aMeTuM, 9TO CyMMa

/ I dé + / I, d¢

[€l</1=p2 [€12/1—p?
(12.27)
ABAACTCA WHTErpaToM (QYHKIUH OT
(&, 1), ogHOpoaHON mopAIKa mz +
+m—1—m—j, no o61acTu, ABILIO-

as)

Imeiica TMepecedeHneM KOHIMIECKOH 06-
JacTH ¢ JomoXHeHHeM mmapa (puc. 3). Puc. 3.
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Bsogs B mpocTpancTBe (€, ) moadpHBIE KOODAMHATHL, MBI BIAUM, ITO
urTerpan (12.27) a6comorro cxogurca npu Re(mz—j—1)<-n—1u B
cury (12.17) sannceiBaercs B BuIe

o m sin 7z mz4m—110 . _qm /
77r(mz—j+n) / t b_m_](x, & —t )d(f, t_) , (12.28)

€% +t=1
t>p

rae d(&, t)) —saeMenT miomanu eguHuuHOUN cdeper S” B (€, t)-mpocTpan-
crBe. BBugy Toro, uto p>0, a t>p, unrerpar B (12.28) ompegeren u
ABIACTCA MeIOH YHKIMEH OT 2, a BCe 5TO BRIPAKEHIIE MOKET HMETh JIMIIh

n
OJUH TOMIOC IPH 2 = Zj = J—, npuyaeM ecan z; £0, 1, 2, ..., To oHo 06pa-
m

maeTca B 0 mpu Bcex z € Zy, a ecin z; =1 € Zy, To Upu Bcex z # 1, HO mpu
5TOM B TouKe z =/ moaroca yxe HeT.

3Jech MOXKHO, pa3yMeeTcs, HAUCATEH U 3HadeHne (12.28) mpu z=1z; =
=1€7 4, Ho HaM ygoGHee 6ygeT cAeJaTh HTO B JaJbHEHIEM Cpa3y A1d BCeT O
naTerpana (12.25).

PaccMmoTpum ocTaBIIIACs 4i1eH / I3 d¢. 3pecs yao6HO mepenTu K

[€]>+/1-p?

IOJIAPHBIM KOOpAUHATAM B {-pocTpaHcTBe. MBI HOIyYNM TOrga

c : :
-~ ip(z+1) 0 e m _tp /
L el B

le1>+/1=p7 - lel=1
(12.29)

rae C'=const. Orcoga ogeBugHA MEPOMOP(HOCTE 3TOr0 UHTErPAJIA C €JIH-
CTBEHHBIM BO3MOXKHBIM IIOJIOCOM IpH z = 2;. Ecan z =1 € Z, To

™

[ e amdede=it [, (a6 amu) du=0,
-7 |w|=1

MOCKOIBKY (PYHKIHS bgm_j(@‘, &, A) romomopdHa mo A mpu |A| < a™. Ot-

cloga fcHo, 4To npu z =! € Z4 nnarerpan (12.29) obpamaercsa B 0, 3a nc-
KJIIOUeHNeM, OBITh MOXKeET, TOUKN z = z; (ecan z; € Z4), B KOTOPOH B 5TOM
cIydae HET MOJICA.

8. TaxuM 06pa3zoM, JokazaHo, 4To unTerpal (12.24) mepomopdHo mpo-

AOJMXKaeTCa BO BCIO KOMIIICKCHYIO IIIOCKOCTBH, IMesi He bomee OIHOT'O IIPDO-

. 7—n
CTOr0 TOJIIOCA, KOTOPLIM BO3AMOXKEH ML IpH z = z; = ——. Boaee Toro,
m

upu z=1€ 74 3HadeHUe >TOr0 MHTerpara obpamaerca B 0, kxpome, GBITH
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MOXKeT, ciydad z =I1=z;, Ho Torja B TouUKe z; HeT momioca. PaccMoTpum
HIMEHHO 3TOT cIydall z =[=z; € 74 ¥ BRINUCINM 3HaAYEHIe aHATHITHIECKOTO
npogoxxenns (12.24) B Touxe z =[=z;.
3aMmeruM, 4To uHTerpal mo A B (12.24) aBaseTca mpm z=z; CXOAA-
7—n .
IIIMCS, TOCKOABKY 2j = = < j/m. Pazobbem unTerpan mo £ B cymMMmy

uaTerpanos o mwapy |¢|< 1 u no saemuoctu | ¢ |> 1. CrangapTHOe paccy-
XK eHUe, yXKe UCIOJIb30BAHHOE BHIIe, IOKA3LIBAET, UTO UHTErPAJ IO LIapy
|€|< 1 o6pamaerca B 0 npu z=z;. lIpu |£|>1 Mer umeem (6, A)=1 un
BMecTo (12.24) gocTaTodHO paccMOTpeTh HHTErpal

=t / dg/AZbim FEREY (12.30)

27
€121 r

ITepexoas Kk MOJAAPHBIM KOODAMHATAM B {-IIPOCTPAHCTBE, IOIYUNM

_ o ,
=" mZ—J+n / 2Tr/A —m—j (2, & A)dAdE". (12.31)
j¢i=1

ITpu Re z > —1 MBI MOXKeM, TOAL3YACH TeopeMonl Korm, ¢cTAHYTE B TOY-
ky 0 xpyrosyio dacts kouTypa I'. Torga Bmecto (12.31) MBI moy4nM BBI-
paxeHue

. sin wz 0 _ ,
I_ﬂ( ey ey / /rb_m _i(®, & —r)drd’.
lg]=1 0

3HatUeHIe YTOr0 BBIPAXKEHNA IpH z = z; =! € Z4 paBHO B TOIHOCTH (Z),

rae »q(z) sagaerca Gopmyaon (12.6) uan (12.9). Mostomy ’B(_lgb(m, z)=

=q(z).

9. 3JameTuM Temepn, ITO PA3HOCTH
'R (2, 9) = As (z, ) —'3573)(1« y) =

=5 JE/)\Z o=vl ey (2, €, N dX (12.32)

. N-—n
mpogonxaeTca 1o roxoMopduHou dyuknuu or z upu Re z < cO 3Ha-

m
wennsamu B C'(K x K), rge K — mo6on komnakT B X. OTcioga BUIHO, 9TO B
N —
noaymiaockocTu Re z < lTn dyukmun A, (z, y) u ’B((JZ\Q)(;L’, ) IMEIOT OJHU

I Te XK€ IIOJICBI ¢ OANHAKOBBIMU BBII€TAMU. Bouaee TOr'o, eCau 2z =1 € Z+ n
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r#y, 1o A(z, y) = B(( )(:b, y) =0 (cM. mn. 4 m 6 5TOro JoKazaTeIbLCTBA).
IosToMy scHO, 9To o HenpepuiBHOCTH A (2, ¥) = ’B((Q,) (z, y) mpu Bcex z, y
—n

(eCJII/I I< N ) B wactaocTn, Ai(z, z)= ’B(( ))(;r, T), 9TO C y9IeTOM pe-

3yJaIbTaTa I. § 3aKaHYNBaeT JOKa3aTelbcTBO TeopeMbl 12.1. M

§ 13. (-pyHKuHME >AIMOTHYECKOTO omepaTopa M (POpMAIbHEIE
ACHMIITOTHKM CIIEKTpA

13.1. Omnpepeneune u Teopema o mpogomxenuu. llycte A — samunTu-
YeCcKHUIl OlepaTop Ha 3aMKHYTOM MHOTrooOpaszun M, yIoBIETBODSIOIIMN
TeM XKe YCIOBUAM, UTO U B mpeabigymmeM naparpade. Iycrs A, (z, y) dy —
saapo omepatopa A®. Ilpu 2 =y MBI moayIaeM U3 3TOCO SApa ILIOTHOCTH
A (z, z) dz, xoppeTHO omIpegeneHHyI0 Ha BceM MHOroo6pasun M. Ee Mox-
HO IPONHTErpUpOBaTh mo M.

Onpegeaenune 13.1. dyuxuus

CA(Z)Z/ A, (z, z)dz (13.1)

M

HasbIBaeTcA (-PyHkyueti DIIAMITUYeCKOro onepaTopa A.

B caegyromem nyHkTe GyAeT mokazaHoO, 9TO (4 (z) BBIpaKaeTcs depes
cOOCTBeHHBIE 3HAYEHN OmepaTopa A, 9T0 mO3BOASET MOAYIUTL B CAMOCO-
IPSAKEHHOM CJIydae IPOCTENIyI0 TeOpeMy 00 aCUMOTOTHKE COOCTBEHHBIX
smadennu. [loxa xe Mbl ygoBaeTBopuMcs (GOpMaabHEIM onpegerennem 13.1
u chOpMyIUPyeM TeopeMy 00 aHATUTUIECKOM MIPOJOIKeHUN (-(PYyHKINH.

Teopema 13.1. Pyuxyua (a(z), onpedeaennan dopmyaod (13.1) npu
Re z < —n/m, npodoancaemca do mepomopdnoti Pynrxyuu 6o eceti KomM-
NAEKCHOM zZ-NAocKocmu ¢ He 604€e ueMm NPocmblmMu NoACAMU, KOMmopble
Mo2ym 6blmb PACNOAONCEHBL AUWD 6 MOUKAT apudmemuueckoii npoapec-

—n
cuu z; = i—n ,7=0,1,2, ..., 3a uckawouenuem mouex z; =1=0, 1, 2,

npuuem sbmem v; 6 mouxre z; u 3nauenue s =((l) 6 obosnauenuar meo-
pemvt 12.1 daromea Gopmyaamnu

Y= /%( da:_——/d.r/ G0, ¢) de’ =

M l€]=1

— [ da / de' /Am”b(im (@, 6 N dx, (13.2)

M 1€l= r
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%l:/%l(m)dm:(—l)l%/dm / 490z, £) de' =

M M |€]=1

d e’ [ 7' gy (@, & —r)dr. (13.3)
[ L]

z
l€1=1

3=

= (-1

JoxazaTeancTBO moaydaerca m3 TeopeMbl 12.1 muTerpupoBa-
uueM 10 z Qopmya (12.5) u (12.6) ¢ yaeTom caegyromux 3a Teopemon 12.1
samevanun. W

13.2. Crnextpanbuem cmeica (-pyakmuu. B »>ToM mymkTe MBI 6ygem
CcIUTaTh, UTO Ha M 3ajaHa rIafkas MOA0XKUTENbHAd IJIOTHOCTE, KOTOPYIO
MBI, HCIIOAB3YSI HEKOTOPYIO BOILHOCTDL B 0603HAYEHNAX, OyIeM 3aIUCEIBATD
xak dz. Torga aapo omepaTopa MOXHO OTOXJECTBUTL C OOLIYHON (PYHKIU-
enn Ha M x M. Kpome TOro, uMeeT CMBICJA TOBOPUTH O CAMOCOIPSIKEHHOCTH
SJIIUITHYIECKOT 0 omepaTopa Ha M.

Teopewma 13.2. Ilyemv wa M 3adan camoconpaxncennviti noaodicu-
meavuplli saaunmuueckuti  dufdepenyuaavupiii onepamop A, u nycmp

A (7=1,2,...) —eeo cobemeennvie 3nauenus. Tozda
CA(Z):Z A7, Rez<—n/m, (13.4)
j=1

npuuem pad 6 npasoti wacmu (13.4) npu ykazanuwr 3nauenuar z crodumes
abcoaromno. Ima crodumocmsv npu awbom € >0 paswomepra no z 6 no-
aynaockocmu Re z < —n/m—e¢.

JoxaszaTteasctBo. IlIlyete Re z<—n/m n A, (2, y) —aapo ome-
paTopa A?, saBasamoomeecsa HempepbiBHon (Qyukiuen #Ha M x M. Ilycts
{pj(z)}52, —opToHOpMEpOBaHHAA MOIHASL CHCTEMA COGCTBEHHBIX (YHK-
nuit A. Paznaras A;(z, y) B pag @ypbe IO NOIHOH OPTOHOPMHEPOBAHHON

cucteme dyrxmmit {¢;(z) ¢k (y)} %=1, MBI HOTYTIM
Az, y) =) Nei(@) e (), (13.5)
j=1

rae pag cxoautea B LZ(M x M). Ecau npu 3TOM HCIO 2 BEMECTBEHHO, TO
no Teopeme Mepcepa (cMm. Puce n Cexedanseu-Hazs [1], § 98) pag (13.5)
cxoguTcs abcoqoTHO u paBHoMepHo. IToxaras B (13.5) # =y u uaTerpupys
o z, Mbl moayduM ToxgecTBo (13.4). B ciydae xe HeBeIIeCTBEHHOTO 2
HEOOXOJUMO 3aMeTHTh, uTo |\ | = ARe~?
paBHOMepHas cX0AuMocTh pA1oB B (13.4) u (13.5). Ilocregnee yTBEpXK AeHNE

, OTKyJda clelyeT abCOIIOTHas I



132 CTEIIEHU OIIEPATOPOB [TJI. 11

TeopeMbI BHITEKAET U3 TOT0, 9TO eclIi Sg € R, sg < —n/m, To pag (13.5) opu
Re z < sp MaxopupyeTcs IO MOAYJIIO CYMMOI PSI0B

1 oo 1S 50 2
5 2 M@ P43 D AT lei(w) 17
j=1 j=1

IPEeICTABIAIONINX COG0U a0COMIOTHO U PABHOMEPHO CXOAALINECS PIILL C II0-
aoxuTerbuniMu wieHamu. B

Jameuanune 1. Moxwuo gokazats Teopemy 13.2 u 6e3 ucmoan3osa-
HuA TeopeMbl Mepcepa, ecau 3aMeTHTh, 4To npu Re z < —n/(2m) omepa-
Top A umeet agpo A,(z, y)€ L?(M x M) (uau, xak TOBODAT, ABIAAETCA
oneparopoM I'minGepra-IlIMuara), npudeM B cuny paseHcTBa IlapceBans
uMeeM

Z )\]2.5 = / | As(z, y) P de dy, s<—n/(2m). (13.6)
j=1 MxM

Ho u3 rpynmnoBoro cBoucTBa CAegyeT, 9TO OPH § < —7N

AS(:’:’ y):/ As/?(l‘a Z) As/?(za y) dz,
nan

e, 0)= [ Augsle, ) Aopaly ) de

B city >pMuToBOCTH Aapa A, s(z, y). [lomaras 3gechk & =y u UHTerpupys
no z, Mbl moxyauM u3 (13.6), uTo Tox gectso (13.4) BepHO IpHU BelieCcTBEH-
HEIX 2 < —n/m. Ilepexos K KOMILIEKCHOMY 2 OCYILIECTBIAAETCS Tak XKe, Kak
U BBEIIIE, UIU C TOMOIIBIO AHATUTUIECKOTO TIPOJ0IKEHNA.

OTMmeTnM, oJHAKO, IYTO U3 3TOTO AOKa3aTelbLCTBA TPYIHO MOIYyIHTh
TouHyI0 uHGopManuo o pazroxenun (13.5) (B wacTHOCTH, pPaBHOMEDHYIO
CXOJUMOCTD CTOALIETO TaM PAJA).

Jameuanue 2. Toxgectso (13.4) BepHO U Ge3 HpPEINOIOKECHUA
o camoconpsxerHocTr A. /[J0Ka3aTelbCTBO J€rKO MOAYIATH W3 TEOPeMBI
B. B. JIuackoro (cm. Tox6epr W. II., Kpena M. T. [1], Teopema 8.4). Oa-
HAKO B HECAMOCOIPSKEHHOM CIydae He yiaeTcs m3baedsb m3 (13.4) xakyio
6B TO HE OBLTO COAEPKATEILHYI0 HH(POPMAINIO O COOCTBEHHBLIX 3HATCHMU-
ax. Uckaodenne TpeacTaBaseT coOOH Caydall HOPMAJILHOTO omepaTopa A,
rie, BIPOYeM, Pe3yIbTaThl MOTYT OBITE TPOCTO BLIBEJEHLI U3 Pe3y.IbTaTOB,
OTHOCAIINXCA K CAMOCOIPAKEHHOMY CIY9alo.

13.3. ®dopmanbuag acumnToTuka Gpynkimuu N (1) B caMOCONPAKEHHOM
cayqae. @ynkuua V (t). Iycts onepaTop A Takoi xe, xak B Teopeme 3.2.
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O6o3nauum g1sg maoboro t € R

Nty=>" 1, (13.7)

T. e. N(t) —xoamaecTBO COGCTBEHHEIX 3HAYeHHN onepaTopa A, He mpeBoc-
xogaumx ¢ (¢ ygerom kpatHocTn). fcHo, uTo N (1) — Hey6BIBatomasn GpyHK-
nus ot t, paBHas 0 mpu t < A;. Mbl camTaem 3dech Aas yaobCTBa, ITO
CO6CTBEHHBIEC 3HAMCHNA YIOPAI0UEHLI 10 BO3PACTAHTIO:

0<A <A< (13.8)

NmeeTca oveBngnas dpopmy.aa, Bepaxatoman (4 (z) depes N(t) B Buge
nuTerpata CTUIbThecA:

co
Calz) :/ t* dN(t). (13.9)
0
IIpeanonoxuM Tenepsb, 4To mpu ¢t — +oo Gyuknus N (t) gomyckaer cie-
Aylolllee acCIMITOTUYECKOEe PAa3/IokKeHue:

N(t) = et +eat® 4 .. 4 cpt® + O(1++1), (13.10)
rae Re oy > Re as > ...>Re a; > Re agy1. Torga

GE)=Ya [ £+ 5o, (13.11)

=1

rae fi(z) roromopdua npu Re z < —Re ai41. [Tockoasky

(o] o0
dty= | apFtoetdr=— 2
z+ap’
1 1
To (13.11) MoxKHO mepenucaTs B BHIE

k

Calz)=~— Z ch(;l + fr(2). (13.12)
=1

CaegoBaTensto, (4(z) umeer mpu Re z < —Re aj41 IPOCTHIE MOMTIOCHL
B TOUKax —q; ¢ BeIYeTaMu —cjaq, [=1, ..., k. TlosToMy 3HAHUE TOTIOCOB
dyuxnun (4(s) 1 BEI9€TOB B HEX I03BOJLET HANNCATH (POPMAIBLHYIO aCHM-
nroruky Gyuknuu N (t). OgHako B JeNCTBUTEILHOCTH Y AA€TCA BHYNCINTE
TOJBKO NEPBHI WIeH ACHMITOTHKH. JTOT WIeH, AUKTYEeMBIA COIOCTABJE-
areM (13.10) u (13.12), gonxen mMeTb BHQ —;—2t5°, ecan (a(s) mmeer

CAMBIIIEBLIN MOMIOC B TOYKe —Sg < 0 ¢ BEIIeTOM 7Q.
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Dopmyna
N (t) ~—Lgso (13.13)

50
6ymeT akKKypaTHO OoKa3aHa B cleylolleM Iaparpade ¢ IoMombio TaybGe-
poBoll TeopeMul Ilkexapa, a moka MBI 3aliMeMcd YTOMHEHIEM ee Koddhumu-
€HTOB.
ITo Teopeme 13.1 MBI uMeeM sg =n/m u

roz_% / dz / a2, €) de. (13.14)
M |€]=1
IMockoabKy B paccMaTPHBaeMON CHTYALNH Ay, (2, &) > 0 mpu £ #0, To rg #0,

Tak YTO HOJIOC B TOUke —n/m JelcTBuTelbHO nMeercsa. Popmyaa (13.13)
3allCBIBaeTCA Tellepb B BUIe

N(t)~%/d‘” / an ™ (2, &) de ™, (13.15)
M [€l=1

M= npeoGpasyem cefiuac mpasyio dacTsb (13.15) k Golee ecTecTBeHHOMY
Bugy. s »Toro BBegeM PyHKINIO

V(t)=(2m)™" / dz d¢. (13.16)
am (7,6)<t
OTMeTuM, YTO OHa HMeeT WHBAPUAHTHLIA CMBICA: 3TO YMHOXKEHHBL
Ha (2m)”" o6beMm B T M mHOXecTBa Tex (z, £), Tvae am(z, &) <t, mpuiem
o6weM GepeTcsa mo Mepe Ha T* M, UHAyIUPOBAHHON KOHOHUYECKOI CHM-
IIIEKTHYeCKOR CTPYKTYpol (cM. Aproasg [1]).
Jemma 13.1. Hueem mecmo gopmyaa

V(t):% / dx / ayMm (e, €) dg -4 m, (13.17)
M |€]=1
u, maxkum obpazom, émecmo (13.15) mosxcHo Hanucamp

N(t)~V(2). (13.18)

MokxaszaTeadbcTBo. 3aMeTUM IpeXKIe BCETO, ITO B CIITY OJHOPO-
HOCTH @y, YCIOBHE Gy (T, £) <t PABHOCILIBHO YCIOBHIO dpy (2, 1~/ ME) <1, 1
nenas B (13.16) samemy n=1""/"¢, Mur moxyamm

V(t)= / dxdy "™,
am(z,n)<1
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Hdanbuenuive paccyx eHus 6yyT UATU IpU (PUKCUPOBAHHOM T, U MEI 6y 1eM
IHICATD Gy, (£) BMECTO am (2, £). Heobxogumo gokasars, 4To

/ dgzi / azMm (e de'. (13.19)
am(£)<1 l€]=1
Iycers |€'|=1 u d(&') =sup{t: am (t&') <1} (puc. 4), 1. e. d(¢') —pac-
>0

cTosHue 0T ToUkH 0 JO HOBEPXHOCTH G, ({) = 1 1o Hampasaenuio ¢'. Pacemo-
TpuM GeCKOHEUHO MAaJBIH KOHYC ¢ Bepumuoil B Touke 0 u BeicoTon d(¢') - ¢/,
Brlcekamommil Ha chepe |¢'|=1 mmomans d¢’.

Torga ero o6beM 6yJeT paBeH % (d(&))™ - dée'. d(e’)-¢'
D

%
IlosTomy /

/ dé= -~ /(d(g’))“dg’. (13.20) g

am(£)<1 l€’]=1

Ho BBIAY OZHODOAHOCTH Gy, (€)
- SN iema (£
am_am(|€| |€|)_|£| (Im<| |)J PHC'4'

LY =lelm, omoma d(e)=l¢l=

=a,(¢)~Y/™. Toacrasass sTo Bepaxenume d(¢') B (13.20), M moTy4a-

eM (13.19). ®

3
TaKk UTO ecIm am(€)=1, To am(

13.4. AcumnroTuka coGecrBeHHOro uyucaa. Mbl ykaxeMm ceddac acum-
nToTHYecKyoo (GopMyay maA Ap Opu k — 400, SKBUBAJEHTHYIO aCUMIITOTH-
geckon popmyae gas N(t) ((13.13), (13.15) mam (13.18)) u BHITexaromyo
U3 TOTO, ITO, N0 cymmecTBY, N (1), kak dyHkuns ¢, n Ay, kak QyHxnusa k,
SAIBAAIOTCA B3aUMHO OOPATHBIMIU (DYHKITUAMI.

O603maunm wepes Vi xospdunuent mpu 1"/ B Gopmye (13.17), Tak
gro V3 =V(1). Torga uckomas ¢popMyra uMeeT BT

Ae ~ V™ B mpn k= oo, (13.21)

Dpegnoxenune 13.1. Acumnmomuueckue @Gopmyart (13.21) wu
(13.18) skeusasenmurt (m. e. simekarwm odua u3 dpyzoi).

doxkazaTeanbcTso. 1. Ilycts Bepua ¢Qopmyna (13.18), T. e. gas
ao6oro € > ( cymecTByeT Takoe fg > 0, uTO

1—e< NV /™ l4e (13.22)
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upu ¢ > to. Beibepem Teneps Takoe memoe ko >0, 9T0 Mg, >0 U Agg41 > Ak, -
IMoxaxem, ¥To TOrAA

1—e<hVT I <l 4e (13.23)

upu k> ko. B camom gene, mia mo6oro k> kg cylecTBYIOT Takme Leable
ancaa ki, ka, 910 ko <k <k <ka m Ay <Agy41 = Ak, <Agp41. B acTHOCTH,
Mel mMeeM N (Ag, )=k u N(Ag,) = ko, Tak uTo um3 (13.22) cregyer, uTo

l—e<hVi A<+, (13.24)

1—e<haV A KL e, (13.25)
Boxaee Toro, N(t) =ky npu Ak, <t < Ag,, Tak 4TO IpU >THUX 1

l—e<kV UMl 4e
U TI0 HeTmpepPHIBHOCTHU

1—e <V AL te, (13.26)
W3 (13.25) u (13.26) creayet, 9To

1—e<hVT I <L+, (13.27)

I 0CTAeTCA 3aMETUTD, 9TO A\; = Ag,. Tak, coorrHomenue (13.23) gokazaHo.
Ho u3 Hero BhITekaeT, ITO

(L) /Py pmin <2 < (1= g)~m Iy pmin, (13.28)

oTkyga u cregyet (13.21).

2. Ilycts Beimoareno (13.21). Buibepem ¢ >0, u mycTs meaoe wucio ko
TaKOBO, 9TO IPHU LeloM k > ko cupaBelauBhl HepaBeHcTBa (13.28).

Iycts Ap, <t <Ay, vae ki, kg Takue xe, kax u B . 1. U3 (13.28) cae-
AyeT, B 9aCTHOCTH, ITO

1—e<hV I <L, (13.29)
L—e<(hi+ 1)V < e, (13.30)

IIOCKOIBKY Ak, +1 = Ak,. DBblbepem uncio kg cToab 6GoabumimM, €TO

Vl_l)\;”/m <e mpu k > ko. Torga us (13.30) noxysaercs, 9To
1—2e <hiVT A ™ <14 26, (13.31)
Ho N(t) = k1, mostomy u3 (13.29) u (13.31) Mel moaydaem, 4To
1—2e KNV ™ <1426,
1—2e <NV I <1+ 2,
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OTKYyJAa BBUAY TOTO, ITO A, <1< Ag,, creayeT
1—-2e <NV /™ <1 4 2,
uTo u TpeboBasocs. Ml

13.5. 3agaum.

Jagadua 13.1. HailTu noaiocel, BEIYETHl U 3HAYEHUS B HEOTPULATENb-
2

dz?
ctu R /277. Beipasuts kaaccudeckyio (-pyuknuio Pumana

HBIX UeJblX Todkax aas (-gyHknuu omepatopa A= — HAa OKDYXKHO-

[ee]
1
(=)= — (13.32)
n=1
qepe3 (4(z) U HaUTH Bce MOMIOCHL M BHIYETH ((z) U ee 3HAUeHHUs IpU
=0, -2, —4, ...

3agawa 13.2. Ha Tope T?=R?/277? paccmoTpeTs omepaTop Illpe-
auarepa A=—A+q(z), rae ¢(z) € C*(T?), n mamucaTts Beipaxenue (4 (0)
gepes q(z).

Jagaua 13.3. Ilycte A —sanuntudeckunn guddepeHnalbHbII Ole-
paTop, geiicteytomun s C*°(M, F) B C*°(M, F), rage E, F—raajgkue
BekTOpHEIe paccaoenus Hag M. Ilycte ma M gama raagkas ILTOTHOCTD,
aB F n F—5pMUTOBBL CTPYKTYDPH! (3DMHTOBA METPHKA B KaXKIOM CIOE).
HoxazaTb, uTo

index A:CI+A*A(Z)_CI+AA* (Z), (1333)

rje mpaBas 9acTb He 3aBUCAT OT z. DTa (POpMyaa I03BOJAET B IPUHIU-
Ile BBINUCAThL BhIpaxkeHume index A depes cumBoa omepaTopa A, mcmoan-
3yd TeopeMy 13.1, 1aomiy:o BO3ZMOXHOCTD BHYNCIATH 3HadeHue (p(0) mpu

B=T4+A*Aunm B=1+ AA*.

Y ka3 anue. Bce HeRyaeBbIe cO6CTBEHHBIE 3HAYEHUA ontiepaTopoB AA* n A* A ume-
0T OJMHAKOBYIO KPATHOCTE, MOCKOJIBKY onepaTop A oTo6paxaeT co6CTBEHHOE MO ANPO-
cTpaHCcTBO oniepaTopa A* A B co6cTBeHHOE Mo ATTpOCTpaHCTBO onepaTopa AA* | a onepa-
Top A* — Hao6opoT.

3agaua 13.4. IlokazaTs, uTo omepaTop ¢4’ u3 3agaum 10.1 mmeer

aapo K (¢, z, y), 6eckonedno auddepennupyemoe 1o ¢, z, y npu ¢ >0 u npu
Bcex € M, y€ M. Ilpu sTtom t — +(0 UMeI0OT MeCTO CleIyioUe acuMITO-
Tudeckue csonctsa K (¢, z, y).
a) Ecim z £y, o K(t, , y) = O(t") mpu a06om N > 0.
6) K(t, z, ) mpu t — +0 nMeeT cIeyiomee ACHMITOTHIECKOE PABIOKE-
HUe:
- i=n
K(t, =, ‘E)NZ a;(z)t ™,

7j=0

(13.34)
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rae aj(z) € C°(M). Brpasuts «j(z) depes v;(z) u 2g(z) (cM. Teope-
My 12.1) n manncaTs BelpaxkeHne o;(z) depes cumsoa omepaTopa A.
IIposeputs, uTo ecain A* = A, To

K(t,z,y)=) e™M'pi(x) ¢;(y) (13.35)
7j=0
u f-pyurnusa
H(t):z e it :/ K(t, z, z)dz (13.36)
7=0 M

MeeT aCUMITOTUYECKOE Pa3JoXKeH!e
(o] .
=n
()~ ajt'm . (13.37)
j=0

Bripasuts index A wepes #-pyuxuum omepatopos A*A u AA*.

Jagaua 13.5. Ilycte E —3pMHTOBO paccioeHue Ha 3aMKHYTOM
MHOro6pasun M ¢ IIagkoll MOJOXKUTEILHOU ILIOTHOCTBIO, A — camoco-
IPAXKEHHBIN IINITHYecKul guddepennuanbusii onepatop uz3 C® (M, E)
B C®(M, F) (#e 06:13aTeIbHO NOIYOrPAHNYEHHBIHN).

PacemoTpum yukImo

nalz) =3 (signA) - [AL, (13.38)

e cymMMa 6epeTcs o BceM cOGCTBEHHBIM 3HadeHusM omneparopa A. Joka-
3aThb, 9T0 pag (13.38) a6comoTHo cxoauTes mpu Re z < —n/m u onpegense-
Mas UM QYHKUIUA 74 (2) MepOMOPOHO IPOTOIKAETCI BO BCIO KOMILIEKCHYIO
j—n .
2-ILIOCKOCTH € MPOCTHIME TOTIOCAMH B TOdYKax z; = ——, j=0,1,2, ...
m

BI:;IpaBI/ITb BBIYETHI 3TUX IIOJIOCOB Yepe3 CIMBOJ OollepaTopa A.

Yxasanuue. Bupasnrs na(z) gepes ¢/4(z) n ¢/{(z) — aBe (-dynxunm oneparo-
pa A, moly9eHHBIE C TOMOTIBLIO PA3JIMYHBIX BHIGOPOB BeTBH \® ¢ paspe3aMu Mo BepXHeH
W HIDKHEH MOJTyoCAM MHUMOH OCH.

§ 14. TayGepoBa Teopema Hxexapa

14.1. ®opmyaupoBka. TaybepoBa Teopema Hkexapa IO3BOJAET BbIBe-
cTu u3 MepoMopdHocT (-QyHKINN acumnToTHIeckue ¢popmyast 11 N (1)
npn t— 400 man i Ag npu k— +oo (cM. § 13). Ilpusegem ee TouHyIO
(G OpMyIUPOBKY.
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Teopema 14.1. IIycmv N(t) —neybvisawwas dynryus, pasnas 0
npu t <1 u makas, umo unmeepan

(z) = / t* dN(t) (14.1)

A Henpe
z+kg pe-
poisHo npodoadcaemes 6 3amkHymylo noayniockocms Re z < —ko. Tozada
npu t — 400

crodumea npu Re z < —kg, 2de ko> 0, npuuen dynryus ((z)+

N(t) ~ %t’“” (14.2)

(nanomnum, wmo 3zanucv fi(t)~ f2(t) npu t—+oo osnauaem, wumo
Jim (/) =1).

Crnegcreue 14.1. TITyemv ¢Pyuxyusa ((z), onpedeaennas npu
Re z < —kg unmeepason (14.1), mepomopdro npodoarncaemesa 6 Goace
wupokyw noayniockocmv Re z < —ko+¢e, 2de € >0, npuuem wa npamoti
Re z = —ko umeemcsa eduncmeenuviti u npumom npocmoti noawc 6 Mmou-
ke —kqo ¢ sviuemon —A. Tozda sepua acumnmomuueckan gopmyaa (14.2).

14.2. Hagyamo gokazaTeabcTBa TeopeMul 14.1: pegykuum.
l-a pegyxnusa Ygobuo BMecto ((z) pacemorpers f(z)=((—2).

Torga MbI moTyIaeM
[ee]

f(2)= / = AN (1), (14.3)

1

IpudeM HHTerpal cxoauTcsd npu Re z > kg, a dyuxmus f(z) — Hempe-

peiBHa npu Re z > k.
2-1a peayxuusga Csegem geno x caydaio ko=1. Imenno, BBegem
dyukmuio f1(z) = f(koz). Torga Mel moay4nM

fi(z) :/ t=Fo2 AN (1) :/ T2 dNy (1),
1 1
rae Ni(7) = N(r'/%0). Mockonsky

Flkoz) — r;‘_ko — fi(2) - % . Zil

A A
u acumnroTuxa N (1) ~ - tho sxBuBanenTHA acummToTHKe N1 (T)~ Ty To
0 0
TeopeMa 14.1 cBOAUTCA K CIeAYIOMEMY YTBEpXK ICHUIO:
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IIycre N (t) — HeyObIBaomas GyHKIUA 1 HHTETPAT
fz) = / =7 dN (t) (14.4)

cxogures mpu Re z>1, mpuuem ¢ymxnus f(z) — ﬁ HeIIpepBIBHA IIPHU

Re z> 1. Torga npu t — +00
N(t) ~ At. (14.5)

A
OTMmeTHM, 9TO M3 yClIOBUA HempepblBHOCTH f(z)— ~— o Re z>1
2

u Toro, 9To f(z) >0 npu BemecTBeHHOM 2 > 1, BEITeKaeT, uTo A > 0. 3a-
menss N(t) ma A~'N(t), aro npusogut x 3amene f(z) ma A~!f(z), mu
BHAUM, ITO yTBepXKIeHNe NOCTATOYHO AOKa3biBaTh npu A = 1.

31 peayxnusa. IlepeiigzeM oT mpeobpazoBanus Memrtusa K mpe-
obpazoannio Jamaca, T. e. caesaeM 3aMeny nepemerson ¢ = e”. ITomoxnm
N(e”) = p(z). Torga Mbl noay4um, 94To () — HeyObIBamas QyHKINI, paB-
Hag 0 mpu z < 0, mputeM HHTErpalI

/ = dp(x (14.6)
0

1
cxogurca npu Re z>1, mpudem ¢yukuus f(z)— ~ 7 HeUPepHIBHA IpH
2

Re z>1. Hago goxasaTs, ITO

lim e “p(z)=1. (14.7)

r— 400

4a pegyxunsa O6osnaunm H(z)=e "p(z). YcroBue MOHOTOHHO-
cTH ¢(z) OIpUHUMAET BHJ

H(y)>H(z)e"™V mpn y>z. (14.8)

NuTerpupys no dactaM B (14.6), Mbr moxysaem mpu Re z > 1

=z / e To(z)de =12z
0

Mzur mosoxum Temeps z=1-+¢e+it, rae £¢>0 u { BelecTBeHHO. 3amMe-

[ee]
(s 1 flz 1
THM, 9TO / e~ (=0T g = ——» TodTOMY 13 (14.9) creayer % —-—=

e~ CUTH (2) de. (14.9)

0\8

0
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:/ @—(z—l)z(H(a:)—l) dz. llockoabky %Z) — i: é(f(z)— zil —1),
0
TO, TToJaras
1 1
het) = (f(2) - = -1) v (14.10)

MBI IOy Ia€eM
o

ha(t):/ e (H (2) — 1) d. (14.11)
0

Mur MoxkeM Temepb JaTh CAEAVIOMYIO Iepe()OPMYJIUPOBKY Teope-
Mer 14.1.

Teopema 14.1'. ITyemv H(z) — Ppynryus, pasrnas 0 npu <0 u ydo-
BAEMBOPAOUAR NPU 6CET BEUECMBEHHNT T u Y ycaosuto (14.8). ITycms
unmezpaa (14.11) abecoaromuo crodumesa npu awbom € >0 u onpedessemasn
um Pynryua h.(t) maxosa, umo npedea

Eh_% he(t) =h(t) (14.12)
cyujecmeyem u pasnomeper Ha a0bom Koneurnom ompesre |t| <2\ Tozda
xEI-lr—loo H(z)=1. (14.13)

Jameuanue. Ecin Qyuxmus H(z) crpemurcs k 1 gocTaTowHO 6BI-
ctpo (mampmmep, eciun H(z)—1¢€ L([0, +o0))), To (14.12) moaywaeTcs
u3 (14.13) npeensHBIM EPEXOJOM IO 3HAKOM MHTErPAta, KOTOPBI MOX-
HO BBINOJHHUTE B cuIy Teopemsl JleGera (dyukuus h(t) paBHa Torga mpe-
o6pazosanuio Pypee ot 0(z) (H(z) — 1), rge 0(z) — dyuxuus Xepucanga).
Tay6eposo ycaosue (14.8) mo3BoaseT B HEKOTOPOM CMEICIE 06GPATUTD 3TO
yTBepK AeHUe.

14.3. OcuoBuag memma. fIcHO, 9TO A4 JOKazaTelbCTBa TeopeMbl 14.1'
HyHO KaKIM-TO 06pa3zoM BelpasuTb H (z) — 1 gepes h(t), uTo, GopMaibHO
roBOpA, JeJaeTca C MOMOIbI0 obpamieHus npeobpaszoBanus Dypoe. Ilo-
CKOIBKY, OJHAKO, MBI HUYero He 3HaeM o moBedeHun h(t) mpu ¢ — 400 u
0 xapaxTepe cxoauMocTH h.(t) x h(f) Ha Bcell IpAMOI, HYXHO BHada-
e yMHOXNTBL IpefelbHoe paBeHCTBO (14.12) Ha (uHNTHYIO Ccpesarolnyio
dbyukumio j(t). Coobpaxkennus, ¢cBA3aHHBIE ¢ yA0GCTBOM O6GDAINEHNUS ¢ IIO-
MOXUTENbHEIME sipaMu (Tuma sgep Defiepa), MOKA3BIBAIOT, ITO YI0GHO
canTars QyHKnuo () npeobpazosanneM Pypbe HeOTPULATEILHON DYHK-
nnu p(v) € L' (RY):

p(t) :/ e~ p(v) dv. (14.14)
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M=t Gygem cunTaTh, 9TO f(t) —Takas (HUHNTHAA HeIpepHIBHAA (PYHK-
nud, 1o 5(0) =1 u p(v) >0, npuuem p(v) € L' (R). Orcioaa creayer, uTo

+ o0

/ p(v)dv=1. (14.15)

— 00

CymecrBoBanne GyHkun j(!) ONNCAHHOIO THIA MOXKET OBITH I0Ka3a-
HO Tak Xe, kak B I. 6.3 (B Hagaze JokasaTelbcTBa TeopeMbl 6.3 Gblia
noctpoena ¢ynkmua p(t) € CF°(RY), yaosaeTsopsioman BceM TpebyeMbiM
ycaosuam). Kpome Toro, MoxHO BHOpaTs p(t) aBHO, Hodaras

_ 14
ﬁ(t):{l 5 1! [t]<2,

0 opn || >2.
B camom gene, Torga npu ¢ukcuposaHoM v # () mMeeM

2 2

J el [ a0
Mm_/e O 2 )@= w4 2 ) T U3 )L,
) 2
2 _ o
_ elt? siom f di — — elt? B e't? _l—cos2v 1 sin? v
o 20 '8 T 4m? 0 4mv? 0 2mv2 T o w2
2
OTKyJa O4eBUAHLI BCe HEOOXOIUMEIEe CBOICTBA p(v).
Jemma 14.1. Jas awbozo gukcuposannozo A >0
+oco
I H(y=3) plv)dv=1. 14.1
 m y— ) plv)dv (14.16)
— 00

JoxasaTeannsctso. 1. Monoxum py(t) =p(t/A) u pr(v) =Ap(Av),
Tak 4T0 (1) —upeobpazoBanue Pypre Gyukmun py(v). fcHo, 9To

+oo +0oo
/ H(y— ;) p(v)dv= / H(y—v)px(v)dv, (14.17)

U mocKoabKy GyHKnuA py(v) o06IajaeT TeMH XKe CBOHCTBaMH, 4To u p(v),
TO gocTaTo4uHO goka3aTh (14.16) mpm A=1.

2. Mlonaras F. (t)=p(t) h.(t), Beraucaum o6paTHOe npeoGpasosanne Dy-
pbe oT ¢puHnTHON pyHKuun F. (1), yaursBas, uro p(t) u h.(t) asagiorcs
npeo6pazoBaruamu Dypbe abCOMOTHO NHTerpupyeMbrx GyHknuil p(v) m
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f(v) (H(v)—1)e":

400 Yoo -
_Zo eltyFE(t) dt :_Zo @”yﬁ(t) L/(H(I)_l)e—sz—m d;r] gt —
+oo +oo
+00

= / (H(z) —1)e *%p(y—z)de. (14.18)

0

B urore, kax u cieJoBaIo 0XUAATH, HOIYINIACH CBEPTKA, HO DU DTOM
MEI yJOCTOBEPUINC, 9T0 (popmyaa (14.18) nmeeT MecTo BCogy U B 06BIY-
HOM CMBICIe (IepecTaHOBKA MHTETPHPOBAHUN 3aKOHHA [0 Teopeme Dy6n-

Iepenumenm Teneps (14.18) B Buge

+o0 +oo o0
/ eV, (t) dt + / e Tp(y—z)dz :/ H(z)e *%p(y—z)dx (14.19)
— 00 0 0

I CcoBepmIIM 3JeCch NpefeabHul mnepexog upu ¢ —> +0. Ilockoabky
supp F. () Csupp p(t) m F.(t) = F(t) paBrOMepHO 1O t € supp p(t) (3zecn
F(t)=p(t) h(t)), To 1-il mHTerpan B IeBON JacTH UMeeT Ipeder mpu £ — +0
un npu awo6oM y. To xe BepHO (Hampmmep, mo Teopeme JleGera) m ans
2-ro nnrerpana. ITosTomy mnTerpan B mpasonl wactu (14.19) mveer mpm
mo6oM y mpegen mpu € — +0. Hockoasxy H(z)e™*%p(y — ) MOHOTOHHO
cxogures npu € — +0 x mpegeny H(z)p(y — ), To MBI moIydaeM Temepb

+o0 +oo o0
/ eV (t) dt + / ply—z)de= / H(z)p(y —z)dz. (14.20)
oo 0 0

Yerpemum Teneps y k +0o. Ilo nemme Pumana

+oc0
lim V(1) dt =0.
y—+oo ’

Kpowme Toro, scro, 9T0 li{Fn [ p(y—2z)de=1. Tosromy n3 (14.20) cae-
y—+oo {
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ayeT, ITO
+o00
i H {: —z)dzx=1. 14.21
Jim [ H@) pw—z)da (14.21)
0

Ho
400

[ H@ ol z)da= TH(I) ply— o) dz = +/OoH<y—v) p(v) dv,

0

Tak 4ro (14.21) osmagaeT yTBepxgenne eMMer. Wl

14.4. JokazaTembcTBo Teopemur 14.1°. 1. [Toxaxem BHadame, 9TO

yli_r+noo H(y)< 1. (14.22)
Ilocxoabky
a + o0
/ H( - ;) p(v)dv< / H( —;) p(v) dv
npu ao6oM a > 0, To u3 semMmer 14.1 caegyeT, UTO
JHm H( - %) p(v)dv < 1. (14.23)

—a

Ho B cuny Tay6eposa ycaosus (14.8) Mbl nMeem
v a\ _2a
H(y— X) >H(y—x) e X mpu vE€El[—a, al.
W3 (14.23) Teneps creayeT, 9TO

J— 2a
lim H(y—%)e_T /p('v)dvgl,

y—+o00

nim )
_ 2a
yl}r_{loo H(y) <ex (/ p(v) dv) . (14.24)

Hepasenctso (14.24) Bepmo aas awo6eix a>0 m A>0. IycTte B HeM
a— 400 n A— +oo, npuiem a/A — 0. Torga us (14.24) monxysaeTca Tpeby-
eMas omenka (14.22).
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2. JoxaxeM Tenepb, ITO

lim H(y) > 1. (14.25)

y—+o00

3ameTnM mpexge Bcero, 4uro u3 (14.22) BuTexaeT orpaHmueH-
HocTh H (y):
|H(y)|[<M, yeR, (14.26)

B CIIY KOTOPOU

/ H (y - %)p('v) dv < a(b), (14.27)

|lv|2b

3

rae a(b) =0 opu b— +oo (3To o3HaUaeT, B 9ACTHOCTH, ITO HHTErpal B
nesoit wactu (14.27) crpemures x 0 mpu b — +00 paBHOMEDHO IO ¥ U A).

ITocxoabky
400 b
/ H(y— %) p(v)dv:/ o+ / o
—co -b lv|2b
To B cuny (14.27) u aemmer 14.1 Mbl moaydaem mnpu ao6oMm b >0
lim H (y - ;) p(v)dv>1—a(b). (14.28)
T i

Tenepsb OnATL BOCHOAB3YeMca ycaoBueM (14.8). Mmeem
2b

H(y—i—g) >H(y—§)6_T opun v € [-b, b],

oTkyga B cuny (14.28)

y—+o0

b
. b 2b
i 7(y+5) X [ pw)dvz1-a0)
—b
nJian

. b -1
lim H<y)><1_a<b))@—~7( / p(v)dv) S (429

arorwl Y
—b

Iycts Temeps b— +00 u A — 400, npudem b/A — 0. Torga uz (14.29) mo-
aydaeTcs Tpebyemoe HepasercTso (14.25). W

Jagaua 14.1. Ilycts N(#) —Hey6nBaromasn ¢yHkuns, pasHas 0 npu
t <1, n mycts unTerpan (14.1) cxogures npu Re z < —ko, rge kg > 0. IlycTts
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dyukuus ((z), oupegenensaa ¢popmy.on (14.1), mepomopdHOo IpogoIKaeT-
¢ B 6olee MINPOKYIO MOAYIIOCKOCTh Re z < —kg + ¢, rge € > 0, mpudiem Ha
upsaMont Re z = —ky uMeeTcs e IUHCTBEHHLIN OIIOC B TOUKe —Kk( ¢ TVIABHBIM
wrenoM pasroxernnus Jlopana, pasasM A(z + ko)~ (31ecs | —maTypasHOe
TICT0, PAaBHOE MOPALKY MoIIoca B Touke —kg). [JokaszaTs, 4To Torga
(_1)1—1A
(1—1)

N(t) ~ ~tFo(In ¢) 1

upu t — +oo.
Sagaua 14.2. [Jokazars TaybepoBy Teopemy Kapamara:
Oycte N(t) — mey6uiBatomas bynknus ot ¢ € RY, pasmas 0 mpu ¢t <1 n

TakKasl, ITO UHTer'paJa o

0(z) = / et dN (1) (14.30)
0
CXOAUTCA IpHU Bcex z > (), mpuiem

6(z)~Az"" mpm z—+0 (14.31)
(3mecs A>0 u a >0 —HeKOTOpBIE IOCTOSHHEIE).
Torga A

§ 15. AcuMOTOTHKA CIIeKTpaTbHOM (YyHKIHH
¥ cOOCTBeHHEIX 3HaueHun (rpyGbie TeopeMsi)

15.1. CnekTpanpHad GYHKIMA M €€ ACUMIITOTHKA Ha AuaroHamu. IlycTb

M —3aMKHyTOe n-MepHOe MHOI006pa3ne, Ha KOTOPOM 33 JaHa IVIagKas Io-

JOXKUTEIbHAS INIOTHOCTD, A — caMOCONPSIKEHHBIN SIINITUYECKUI Omepa-
Top Ha M, mpuiem

am(z, &) >0 mpu &#0. (15.1)

Torga onepaTop A moayorpanmies, 1 Mbl 0603HAMHM epe3 A; ero cob-

CTBEHHBIE 3HAUCHNs, 3aHYMEPOBAHHEIC B HODALKE BO3PACTAHUA (C yIeTOM

KPATHOCTH):
M<K,

a gepe3 ;(x) — COOTBETCTBYIOIME COGCTBeHHBIE (QYHKINM, 06Gpa3yome
OPTOHODMUPOBAHHYIO CHCTEMY.

Ilycts Fp — cnekTpalbHBI NpPOEKTOp omepaTopa A (OpTOrOHAIBHBIN
IIPOEKTOP Ha IMHEIHYIO 060JI04UKY BCeX COOCTBEHHBIX BEKTOPOB € COOCTBEH-
HBEIMY 3HAYEHNAMH, He mpeBocxoaamumMu t). fcuo, aTo

Fou= Z(u, ;) ;. (15.2)
A&t
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Onpegenenne 15.1. Cnekmpaavnoti gynryueti oneparopa A Ha-
awBaeTca A1po (B cmelicae JI. IllBapra) omepaTopa Fy.

YunTriBas nmemwormeecs Ha M cooTBeTCTBHE MEXKAY QYHKIUAME U IIOT-
HOCTSIMI, MBI MOXK€EM CINTATH CHEKTPAILHYI0 (GDYHKINIO He IJIOTHOCTLIO,
dyukuunent. Us (15.2) acuo, uro sra dysxuus e(z, y, t) 3sagaeTca GOpMyIoH

e,y )= ¢i(2) ¢;(y). (15.3)

At

u, B 4acTHocTH, npusagtexut C®(M x M) mpu xaxjgoM (QUKCHPOBaH-
oM t. OTMeTHM cpa3sy Xe clefyiomue cBoHCTBa e(z, y, t):

1) e(z, x, t) —HeybBIBatomasn QYHKIUL OT ¢ IPH KakAOM (PUKCHPOBAH-
HOM z € M;

2) ¢yukuns N (t), BBegennas B m. 13.3, BuipaxaeTcs depes ez, z, t) mo
dopmyae

N(t) :/ e(z, z, t)de, (15.4)
M

rae de — GuxcupoBaHHAas IIOTHOCTD Ha M.

Byaem Teneph cuuTaTh, ITO JMOKAJALHBIE KOOPIMHATHI B OKPECTHOCTH
TOYKN & BEIOpAHBI Tak, 9TO ILIOTHOCTL d& coBHajgaeT ¢ Mepou JleGera Jo-
KaJAbHBIX KOODINHAT, U IOJOXUM TOT'Ia

V, () = / de. (15.5)
am(z,8)<t

Teopewma 15.1. Ilpu t—+oco u npu awbom rE M umeem mecmo
acumMnNmMomuKa

e(z, z, t) ~Vy(t). (15.6)

HdoxaszaTeabcTBo. 1. 3aMeTnM mpexjge BCero, 9To Oe3 ymepba
1J1s1 OBIIHOCTH MOXKHO CIATATh, 9T0 A1 > 1. B camoMm gene, Takomy ycroBuio
yaoBaeTBopaeT omepatop Ay = A+ M npu gocraTouno 6oabmom M. Ho
ecan ey (z, y, t) — cuexTpanbHas QyHKnusa omepaTtopa Ap, To e(z, y, t)=
=ei(z, y, t+ M). IlosTomy u3 acumnToTuxu e1(z, ¢, t) ~ Vy(t) BeITeKaeT
acumnToTuka e1(z, z, t) ~Vy(t + M). Ho

Vo(t+M)=Vo(1) (t+ M)"/™ =V, (1) V™ (14 0(t™Y)) ~ Vo (1) /™ =V, (1),

oTkyga u caegyet (15.6).

2. Urax, nycts A > 1. Torga MBI MOKeM ONpeIeIUnTh KOMILIEKCHEIE CTe-
nenu A® oneparopa A no cxeme § 10. Hcnonssys popmyay (13.5), Mbl MoxeM
Ipu z =y BHpasuTh 4apo A (z, y) omepaTopa A® depes cueKTpalbHYIO
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dyukIUIO QopMyIOn
[e0]
A(z, z) :/ t* de(z, z, 1), (15.7)
0

rae d osHauaeT guddepennnarn no ¢t (Ipu GUKCEPOBAHHOM Z 3J€Ch HANCAH
npocto uaTerpai Ctuabrtheca). B cuxy Teopem 12.1 u 14.1 Mu1 moaygaem

Teneps Aas e(z, &, 1) acCUMOTOTHIeCKYI0 (POPMyIy

e(z, z, 1) ~ l% azn ™ (e, g')dg'] gnim, (15.8)

l€l=1

DieMeHTapHOe IPeoOpa30BaHNe IPABON 9aCcTH 3TON (GOPMYJILL, CAeIaH-
HOe B JOKa3aTelIbCTBe JeMMBI 13.1, mokaseiBaeT, uTo mpasas dacThb (15.8)
pasHa V,(t), 9To n goxaswBaeT (15.6). W

15.2. AcuMnToTHKA COGCTBEHHEIX 3HATCHMM.

Teopewma 15.2. Ilyemv onepamop A ydosaemeopaem ycaosuam,
ONUCAHHBIM 6 Hauaqe 3moezo napazpaga. Tozda umerwom mecmo acumnmo-
MUYNECKUE COOMHOULEHUA

N(t)~V(1), t — o0, (15.9)
A~V (1)~ ks oo, (15.10)

2de pynrxyua V(t) onpedeasemen dopmyaot (13.16).
doxazaTeunsncTso.B§ 136nma gokaszana sksuBanteHTHOCTS (15.9)
u (15.10) (mpeamoxenne 13.1). Mer 6ygem goxassBaTts (15.9). DTo geraet-
cs Ha OCHOBe TaybepoBol Teopembl MKexapa aHAJOTHIHO AOKA3ATEILCTBY
TeopeMsbl 15.1.
UmMenHO, ONATH-TAKM MOXKHO CIATATh, 4T0 A1 > 1. Torga oueBugHo, 9TO
npu Re z < —n/m umeeT MecTo Qpopmyaa

o0

CA(z):/ t* dN(t). (15.11)

Ocraercsa Bocnoab3oBaTbes Teopemamn 13.1, 14.1 u memmon 13.1. B

Jameuanue. Dopmyay (15.9) moxuo moryunts u3 (15.6) uarerpn-
poBanuem o z. OgHaxo 1as 060CHOBAHUSA >TOT0 WHTETPUPOBAHUS HYKHO
YMeTb JOKa3blBATh PABHOMEDPHOCTS 110 # acuMuToTuku (15.6), 4To TpebyeT
B psifie MeCT (B YaCTHOCTH, B JOKa3aTeIbCTBE TeopeMbl Ilkexapa) IpOBepPKH
PABHOMEPHOCTH [0 IapaMeTpy. ITo6vl n36ekaTh 3TOU FPOMO3IKON MIPO-
BEpPKU, MBI IPEANOWIN JaTh HE3ABUCUMOE JOKA3ATEIbLCTBO.
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15.3. 3agaum.
Jagaua 15.1. JokaszaTs B cHTyanuu >TOro maparpada OneHKy

le(z, y, t)| < Ct™/™,

rge ¢, y € M, a nocrosunas C >0 He 3aBucuT oT 2, y u t (¢ >1).

Jagaua 15.2. IIycts Ha 3aMKHYTOM MHOroo6paszuu M ¢ raagkon
TMOMOXKUTEALHON IMIOTHOCTBIO JaH IANNTHYeCKUN omepaTop A, mw mycts A
HOpMAJIEH, T. €.

A*A=AA". (15.12)

a) JokaszaTb, 9T0 A UMeeT OPTOHOPMUPOBAHHEIN 6A3MC U3 COOGCTBEHHBIX

byuxnui ¢;(z), j=1, 2, ..., ¢ cobcTBenHBIMN 3HaUeHIAME A; € C Takumu,
4TO

|Aj| =400 mpnm j— +4oo. (15.13)

6) MokasaTb, uTo ecan N(t) o3HavaeT KOINIECTBO TAKHX Aj, 9UTO
|Ai|<t, a V(t) onpegenseTcsa popmyron

V(t)=(2m)™" / dx dg, (15.14)
lam (z,8)l<t

TO IIDA t — 400 UMeeT MeCTO aCUMIOTOTHKA
N(t)~V (). (15.15)

Jagadua 15.3. BuBectu Teopemsr 15.1 n 15.2 u3 pesyabTaToB 3aj1a-
un 13.4 u Tay6epoBon Teopemnl Kapamara (3aga4a 14.2).

Jagaua 15.4. Ilycte M —3samMxuyTOe MHOroOGpasue, A—rakon »1-
aunTudeckuil guddepeHnuaIbHel onepaTop Ha M, 94T0 am,(z, ) >0 npu
£#0. Ilycts A\j; —ero co6eTBennble 3HadeHud, Nj(t) —<€meno Takmx cob-
CTBeHHBIX 3HadeHmit, 9To Re A\; <t (mpm >ToM KpaTHOCTBIO COGCTBEH-
HOTO 3HAYEHHA Ay MBI CUHTaeM pPa3MepPHOCTbH KOPHEBOIO IOAIPOCTDAH-
ctBa F), —cM. TeopeMmy 8.4), Ny (t) —dncao Takux cOGCTBEHHBIX 3HAUECHNI,
uto |A; | <t. JokasaTs, uTo mpu t — +00

Ny(t)~No(t) ~V(2), (15.16)
rue V(t) ompefenseTcs Takxke, Kak 1 Bhime. [[okazaThb, ITO
e~V (1)~ oo (15.17)

(T0 03HAUAeT, B 9ACTHOCTH, 9TO Im A; mMeeT MEHBIINH MOPAZOK POCTA,

geM Re Ag).



FTTABA III
ACHMIITOTHKA CHEKTPAJbLHOM ®YHKIIAHA

§ 16. ®opmymupoBka TeopeMul XépMaHjepa M KOMMEHTADWM.

16.1. ®opmyauposkau npumep. [Iycte M —3aMKHYTOE n-MepHOE MHO-
roo6pasue, Ha KOTODOM 3ajJaHa [VIaJAKasd MOJOXKUTeIbHAas ILIOTHOCTL d,
A — Taxou caMOCONPIKEHHBIN JIANITUIECKUT OIepaTop Mopsaaka m Ha M,
9TO am(z, £) >0 npu € #0. BygeMm ucnoasszoBaTh BBegeHHble B § 15 060-
aHadenus e(z, y, A), N(t), Vz(A), V(A). Cregyromas TeopeMa yTOUHSET
Teopemsu! 15.1 u 15.2.

Teopema 16.1 (JI. Xépmangep). Hmeem mecmo oyerra

e(z, z, \) = Vo,(N\) | <CA=D/m A >1 zeM, 16.1
~ e

2de nocmoannaa C' >0 ne 3asucum om x u .
Canegcrsue 16.1. ITpu A — +0o cnpasedausa acumMnmomuueckas
dopmyaa
NA)=V(A) (140", (16.2)

Jameuanue 16.1. Ouenxa ocratka B popmyrax (16.1) u (16.2)
ABAAETCSA HeyaydmaeMon. B 3ToM MOXKHO y6eUThCA, HAIIPUMED, I3 PACCMO-
Tpenns omepatopa A= —d?/dx? ma oxpyxmoctn S'=TR/277. Co6cTBeH-

Hble (DYHKINH 34eCh UMEIOT BUJ Pk (2) = \/?e“”, k=0,+1,+£2,..., aco6-
™

CTBeHHBIEe 3HAMEHNA PaBHBL A\ = k2, k=0, £1, +2, ...

Nanee, nockoabky |¢x(z)[?=(27)"", To sacmo, uTo e(z,z, \)=
=(2m)"'N(A). Iockoasky mpu atoMm Vi(A)=(27)"'V (), To dopmy-
apr (16.1) u (16.2) paBeocmabHbL. Il0>TOMYy AOCTATOYHO HPOBEPHTHL He-
yaIydIlIaeMOCTb OLEHKH ocTaTKa B ¢opmyre (16.2), koTopas nMeeT 3jech
By N(A)=V(A) (14+0A"?)) wm N(A)=2vA+0(1). Ho meyayumae-
MOCTB IOCJeJHEN acCHMITOTHKY OIeBHAHA 3 nerodncaeHHocTn N (A).

B panpmenmmem (§ 22) mbl npusegem Gouee COAepPKATEABHBIN IPHEMED,
ABAAIOMnICA 0600menneM H3I0KeHHoro (omepaTop Jamraca Ha cdepe)
[O3BOJIIOMAI IOXYINTh HeylydmaeMocTs oneHkn (16.1) B caywsae mpowus-
BOJLHEIX N U M.

16.2. Cxema aoka3zaTeabCTBa. Bo-mepBEIX, TEOPIT KOMILIEKCHBIX CTEIIe-
HeH [03BOJSET CBeCTH Aelo K ciaydaio, korga A —IIJ10 nopsaka 1. B sTon
CHTyammm Mbl TOKaxeM, uTo ¢4 mpu manwrx ¢ mpeacTasaser coboin TOD
¢ (azoBou (PyHKIUEN, ABISIOMICNCS pPELNICHNEM HEKOTOPOrO HEeIUHENHOr O
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ypaBHeHU 1-ro mopsIka. 3aMeTHM Teleph, 1To 41po omepaTopa ¢4 mpex-
cTaBIfeT coboll mpeobpaszoBanne Pypre (mo A) cmeKTpalbHOH (yHKINK
e(z, y, A) oneparopa A. Orcioga acumnroTuka (16.1) moayuaercs, ecan
IPUMEHUTDL PACCykKJeHHne TUIA Tay0epOBOH TeopeMbl IId NPpeoOpa3oBaHus
Dypre.

JanpHeAmmi naad >ToN IIaBel TAkoB: § 17 cogepxKuT HEOOX0 AUMBIE CBE-
JeHUus O HeIMHENHBIX ypaBHeHusx 1-ro mopsaaka; B § 18 goxasana Baxuas
TeopeMa o gercTBun II[1O Ha SKCIOHEHTY, U3 KOTOPOH BHITEKAET, B HaCT-
moctu, popmyaa xommozunun 10 u TOD; B § 19 usyuatorcs dazosuie
dbyuxuun, orevaromue kraccy IIJ0; B § 20 M cTpounm omepaTop e't4 B
Bujge UOD guas omeparopa A 1-ro mopsaka; B § 21 Teopema 16.1 goxazana
B 00IleM caIydae (uMeeTcss Takike uH(opManus o6 e(z, y, A) mpu & #y);
HakoHell, § 22 cogepXUT ompefeneHue omepaTopa Jlamiaca Ha pUMaHOBOM
MHOT'000pA3NH I BEIUUCIEHNE €T'0 CIEKTPAILHON (PYHKINY B cay4dae c(hephl.

Jagaua 16.1. [as onmepaTopa

62 62 a?
A=-A=—( 2t )
da:%—i—dm%—i— +8x%

Ha Tope T" =R"/27x7" Beraucauts N(t) u e(z, £, A\) n ybeguThcsa B cupa-
BeJIMBOCTH acuMnToTndeckux gopmya (16.1) u (16.2).

§ 17. Hemuuennsie ypaBHeHuma 1-ro mopaaka

17.1. Buxapaktepuctuku. Ilycte M —n-mepHOoe MHOroo6pasue,
a(z, {) —rnagkas BelleCTBEHHO3HAYHAA (DYHKIUA, ONpEIeleHHAsT HA OT-
KpeITOM mmoaMHOXKecTBe B T* M. PaccMoTpum ramMumabToHOBY cucTeMy
B T* M, nopoxgeunyio Gynkunen a(z, £) kak raMIIbTOHIAHOM:

{i:% (17.1)

E=—ay.
__( da da __( da da

rae ag= (E, o E)’ e = (E’ o E)’ (z, £) —xoOpAUHATEL
B 7T*M, ungynupoBaHHBIE HEKOTOPOU JOKAJBLHOU CHCTEMOU KOOpIUHAT
B M. Kax usBectHo (cM., HanpuMep, Aproasg B. I1. [1]), BekTopHOe moze
ma T* M, oupegeasemoe mpaBeiMu dacTamu (17.1), He 3aBuCcHT OT BHGOpA
JOKATBHBIX KOOpAUHAT B M.

Onpepgenenne 17.1. Kpusaa (z(t), (1)), ABafomancs pelleHn-
eMm (17.1), maswsiBaeTca 6urapakmepucmurot Gyukmun a(z, &).

BuxapakTepuctuka He 06s3aHa GBITE onpegeneHa npu seex ¢ € R. B aTom
crydae Mbl 6yeM CIUTATh ee ONpeIeJeHHON Ha MAKCHMAJILHOM BO3MOKHOM
uHTepBaje (CM. IO HTOMY IOBOAY Takxke 3agadn 17.1 u 17.2).
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IMpegaroxenne 17.1. Pyuxyua a(z, {) Acasemca nepevim unme-
epasom cucmemwvr (17.1), m. e. ecau (z(t), {(t)) — Guzapaxmepucmura

Pyuryuu a(z, £), mo a(z(t), £(t)) = const.
HJoxazaTeasncTso. Umeem

d . :

s a(z(t), £(t)) =act + acl =azas —aga;=0. WA
Ipeanoxenne 17.1 gesaeT 0CMBICAEHHBIM CJIeIYIOIIEe
Onpegenenune 17.2. Buxapaxrepuctmka (z(t), £(t)) cl)yHKum/I

a(z, £) HazbiBaeTcs Hysesol GuxapaxTepuctukon, ecau a(z(t), £(t)) =

17.2. YpaBuenne Tamuaprona—fAxo6u. PaccmoTpum ypaBHeHume B
JaCTHBIX IPOM3BOAHBLIX 1-T0 mOpAgKa

a(z, ¢z (2)) =0, (17.2)

e ¢ —rilajkas BellleCTBeHHO3HaYHas (PyHKIINSA, onpejleleHHAd Ha OTKDPHI-
TOM IoAMHOXKecTBe B M, ¢, — ee rpaguent. Takoe ypaBHeHNe Ha3BIBACTCA
ypasnenuem I'amuavmona—Axoou. [ns ero paccMOTpeHns yI06HO BBeCTH
rpaduk ¢z, T. €. MHOXECTBO

T, ={(z, po(2)), ze M} CT*M. (17.3)

IMpegnoxenune 17.2. Feau ¢ —pewenue ypasuenus (17.2), mo
muozoobpasue I'y, unsapuanmuo omuocumeavno Paszosozo nomoka cucme-
mvt (17.1), m. e. ecau (x(t), £(t)) — 6urapakmepucmura dynuxyuu a, (1)
npu t€[0, b] aemcum e obaacmu onpedeaenus ¢ u (x(0), (0)) €Ty, mo
(z(t), £(t)) €Ty, npu scex t €[0, b).

NdoxaszaTeadbcTBo. B cury TeopeMbl eTMHCTBEHHOCTH JOCTATOY-
HO IPOBEPHUTH, UTO [AMIILTOHOBO HOJe (¢, —dy) KacaeTcsi MHOT00Gpa-
aus I'y Bo Bcex ero rToukax. IloclegHee DaBHOCHIBHO TOMY, ITO €C/IH

(z(t), £(t)) —6uxapaxrepucruka u (z(0), £(0)) €Ty, (T. e. £(0) =z (2(0))),

TO {dt — g (2( ))]H =0. Ho 5T0 BBITekaeT 13 caeqyoIIen BEIKIAI-
t=0

{dt H = (€= pon &) liz0 =
= —ar(l'(o); £(0)) = ¢z (2(0)) ag(2(0), £(0)) =

= ‘%[a(ra ¢r(2)]e=o(0)=0. ®

B ganbuenmem aag Hac GyAeT CYIIECTBEH UMb CIy4Yal, Korjga QyHKIna
a(z, £) DOIOKUTEILHO OIHOPOHA HO & MOPAAKA M, T. €.

ala, 1) =t"a(z, €), >0, E£0, (17.4)
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rie m— noka .1060e BellecTBeHHOe unciao. Takme GyHKIINN XapaKTepH3y-

I0TCA TeopeMon Jitepas
& ag =ma. (17.5)

Mpeganoxenune 17.3. HMycms a(z, &) odnopodua nopadka m, p(z) —
pewenue ypasnenus (17.2). Tozda Pynkyus ¢ nocmosnua 6doab npo-
exyuu Hyaeswir burapakmepucmuk Gynxyuu a(z, §), aemcawuzr na Ty,
m. e. ecau (z(t), £(t)) — nyaesasn burapakmepucmura u & (0)=p,(2(0)), mo
@(z(t)) = const.

HJoxazaTeasncTso. Umeem

% p(2(t)) = poi = paac = pa(x(t)) ag(z(t), £(1)) =

= o (x(t)) ag(2(t), o (2(1))) =ma(z(t), po(2(1)))=0. ®
17.3. 3agaua Komm. 3agaga Komwu gas ypasmenus IamuiabToma—

fAxo6u (17.2) cocTouT B TOM, YTO HAJ0 HANTH pellleHUe (Z) HTOTO ypas-
HeHUsA, yAOBIETBOPSAIONIETO YCJIOBUIO

pls=1, (17.6)

rge S — CHUIEPIOBEPXHOCTH (IOAMHOT006pa3ne KopasMmepHoctn 1) B M,
¥ € C*°(S). TunepnoBepxHOCTD .S IOKAIBLHO MOXKHO CINTATH TUIEPILIOCKO-
CTBIO, T. €. BHIGOPOM JOKAJILHOU CUCTEMBI KOOPAMHAT B OKPECTHOCTU TOUKU
zg € S MOXKHO JOGUTBCA TOTO, ITO

S={z:z,=0}, (17.7)

Tak 4To ¥ =¢(z'), rae ¥’ =(z1, ..., Tn_1). B >TON cucTeMe KoOpAUHAT
ya06HO chOpMYINPOBATEL YCIOBHUE HEZAPAKMEPUCMUUHOCTU, TAPAHTUPYIO-
Iiee JOKATBLHYIO Pa3PeIINMOCTh 3ada4un Komu B okpecTHOCTH TOUKH z' € S"
ypaBHeHHE

a(z’, 0, Yz (z'), \) =0 (17.8)

nIMeeT IPOCTOH KOPEHb A, T. €. Takol kopeHsb A € R, uro BMecTe ¢ (17.8)

BBIIIOJNHEHO YCJAOBUE
Se (&0, (@), N) 0. (17.9)

IIycts dukcuposana Touka (0 € S. Torga no Teopeme o HeaBHOU (YHK-
NN ypaBHEHHe

a(z, &, A)=0 (17.10)

npu |z|<em |€ — 1 (0)]| <& mmeer pemenme A\=d'(z, &'), aBasomeecs
raagkonl gyukmueir ot r u &'. Jlerko mposepuTs, uTo Gyukuua a’(z, &)
ogHOpOHA 1-T0 mopAgka Ho &', Tax 9TO MBI MOKEM CINTAThL, ITO OHA OTpe-
geneHa mpu |z | <e u mpu Beex &' #0 B KOHHYIECKOH OKpeCTHOCTH g/ (0).
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Ypasuenue (17.10) npu || < e un gaa BekTopos (£, A), 6au3KNX 0 Hampa-
Baerno k (¢,(0), a’(0, ¥.,(0))), MOXHO mepemucaTs B BUIE

A—d'(z, &) =0. (17.11)

Jloxansuas 3agada Koum craBuTces Torga cieIyomuM 06pa3oM: HAUTH
Takoe peimerne ¢ = ¢(z) ypaBaernnsa (17.2), uTo BeImOIHEHO ycaoBue (17.6)
n, KpoMe TOro,

92 (0, 0)=d'(0, ¢, (0)). (17.12)

0n 7

IlockoabKy B ONMCAHHOHN CHTyannu BO3MOXeH mepexog ot (17.10)
k (17.11), To Hamy 3agady MOXKHO 3aIUCaTb B BHJE

%—a’(x, %) =0, (17.13)
Ple,=0=v(2"), (17.14)

T. €. J€JO CBOAUTCA K CIy'Ialo
a(z, &) =&, —d'(z, &'). (17.15)

PaccmoTpum GuxapakTepuctuku ¢yukmun oz, £) suga (17.15). Ux
YPaBHEHUA TaKOBBI

:i":—alg,(:z:, &,
T, =1, (17.16)
E=d(z, &),

Paccmorpum HyaeByio 6uxapakTepuctuky (z(t), £(t)), nexamyio ma T'y,
U HaUMHALLyocH Ha S, T. €. Takyo, 9To 2, (0) =0. Torga us (17.16) scuo,
9T0 Z,(t) =t. Puxcupyem eme Touxy z' ==z'(0) € .S. fAcHo, uTO ycioBue
(2(0), £(0)) €Ty, o3madaer cregymomee:

0 =0, &(0)=2@"0), (17.17)
a ycaosue a(z(0), £(0)) =0 gaer
€n(0)=d'(2', 0, Y5 (z")). (17.18)

Taxmm o6pazom, HyleBas GuXapaKTepHCTHKa, Jexamas Ha [, 1 Ta-
Kaf, 9T0 £, (0) =0, 2'(0) = z’, oguosHa1HO onpegenena. I3 popmyx (17.17),
(17.18) oueBmana ee raagkas 3aBucuMocTb oT z'. Kpome Toro, ecan pac-
CMOTpPeTh 0TOOpAKEHIE

g: (2, 2n) = (2'(2n), 24), (17.19)

ompegeneHHoe TIpH |z | <€, To u3 HavaabHOro ycaosus ' (0) =2z’ BeITexa-
eT, 9TO ero skobuan obpamaercs B 1 npu z, =0, Tak 4TO ¢ ABIAETCH
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JoxarbHEIM Auddeomopduamom. Ho us npegnoxenns 17.3 Torga ¢ Heobxo-
AUMOCTBIO BBITEKAeT, YTO

p(e) =4[ (2)]"), (17.20)

rae [¢7'(z)]’ —BexTop, monydennsiii m3 g~ ' (r) oT6packBaHmeM HOCIeTHEl
KOMIIOHEHTHI (B COOTBETCTBUU ¢ 0Go3HadenneM z' 1ag z = (2, z,).

Takum 06pa3oM, MbI J0Ka3all €IMHCTBEHHOCTb DEIIEHUs JOKAILHON
sagaan Komn n moxyumnn dopmyny (17.20) agas storo pemenns. Cymie-
CTBOBAHUE K€ DeIleHNs MOXKeT ObITh HOJYyYeHO IPOCTOU IpoBepkon. Meur
PEKOMEHIyeM UATATelI0

Yunpaxuenne 17.1. Tlokazars, 9To dopmyaa (17.20) geNcTBATENIBHO 3ajaeT
pellleHne JOoKalbHON 3aga4n Koln, onncaHHON BHIIIE.

17.4. Tno6ansHags popmymumpoBka. Myl XoTuUM cHOpPMYINPOBATL YCIO-
BUs, JOCTATOYHbLIE I/ CYIIeCTBOBAHHUA pelleHus 3agadu Koum B okpectT-
HOCTH S, yiKe He OTPAaHMYNBAACH MAJIOH OKPECTHOCTBIO TOYKH Ha S (X0Ts
OKPECTHOCTDL THIEPIOBEPXHOCTH S MOXKeT OBITH U OUYeHb MalOH B CMBI-
cJle, HAIPUMep, KaKoro-HuGy b paccTosgansd 10 S). OHE coCTOAT, KOHETHO,
BO-TIEPBLIX, B BHIIOJIHEHNHN YCIOBHH Da3peIIMMOCTH JIOKAILHON 3aladu B
KaX 01 TOUKe r € S U, BO-BTOPHIX, IPY60 TOBOPS, B CYIIECTBOBAHNN Hellpe-
PBIBHO 3aBHCAIIETO OT & KOpHA A ypasHenus (17.8). Ilocregnee ozHadaer,
9T0 Ha S MOXKHO OIpeeauTs mose kKoBekTopos & =&(2') € T4 M, Henpepris-
HO 3aBHCAIUX OT &' € S U Takux, 4To

1) i*¢(2") =y (2') rpe i: S — M, ¢y (2') — rpaguent Gyuxmun ¢(z’) B
Touke z' € S, paccMaTpUBaeMBIll KaK KoBeKTOp Ha S (aaement T .S);

2) ecau BBeCTH JOKAJIBLHBEIE KOODAMHATEL, ONICAHHLIE B II. 17.3, B OKpecT-
HOCTHU KaKOU-HUGYyab Touku 2’ € S, TO MBI HOLYIUM

(") = (e (27), A()),

rae A(z') —xopens ypasuenus (17.8), ygosaeTsopsromun ycaosmio (17.9),
T. €. BHIIOJHEHLI BCE YCAOBUA Pa3peIIMOCTH JoKaabHOU 3agadn Kormmm.
3ameTnM™, 4T0 ycaosue (17.12) MoxHO 6€3 TOKATLHEIX KOOD AUHAT 3aIHUCATH
3[1€Ch B BUJE

pr(z) =€), 2'€S. (17.21)

TaxuMm 06pazoM, oKOHUaTeabHas (POPMYJIHpPOBKa 3agadn Komm: Hall-
TH ompejeJeHHOe B CBA3HOW OKPECTHOCTH THIEPIOBEPXHOCTH S pellleHue
ypaBHenus (17.2), yaoBaeTBopsiomee HavaabHOMY yeaosuio (17.6) n gomoa-
HUTeAbHOMY ycaosuio (17.21). B Takoil GpopMyInpoBke 3Ta 3ajada NMeeT
eIUHCTBEHHOE pellleHne, [IaLKOo 3aBUCALlee OT IapaMeTPoB (eCI TaKOBLIE
UMeTCA), IPU YCIOBUH, ITO CAMHU ee JaHHEIE a, S, ¢ u £ TIagKo 3aBUCAT
OT 3THUX XKe IapaMeTpPOB.
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Jameuanue 17.1. Ycrosue 1) oueBuIHBEIM 06pazoM Heo6xo uMo (ec-
I CYMTATh BBINOIHEHHBIMH BCE OCTAIbHBIE) AIA Pa3pPElUIMMOCTH 3aJa4l
Koumn n o3HadaeT IPOCTO OTCYTCTBHE TONOJOTMYECKUX HPENATCTBUH 111
rI06aIbHOTO CyIecTBOBaHNA 04 & (2'), ToKaIbHOE CYIIeCTBOBAHIE 1 VA -
KOCTb KOTOPOT'0 06ecIednBaloTCA YCIOBHAMHI Pa3pelINMOCTH JIOKAJbHBIX

3ajJad B Toukax x’' € .5.

17.5. JluHenHEIe OAHOPOAHEIE ypaBHeHUd. YpasHerue (17.2) maseiBaet-
CA AUHETHBLM 0OHOPOOHbLM, ecan dyHIUA a(z, §) AuHenHa 10 &, T. .

a(z, §) =V (z)-¢, (17.22)

rae V(z) —BexTopHoe mone Ha M. Ilpoexmun 6uxapaxrepuctux Ha M
SABASIOTCS B DTOM CIy4ae PEIIeHNAMU CUCTEMBI

F=V(2), (17.23)

a pemrenus cucreMbl (17.2) —5To mpOCTO HepBble MHTErPAJBI CHCTEMBI
(17.23). Cama cucrema (17.1) cogepxut BMecTe ¢ (17.23) eme ypaBHeHus

€=—Vp(2) €, (17.24)

aunennsle no £. CrangapTHas omeHka pocta |&(1)| moxasmiBaer, 4TO ecan
z(t)€ K, rge K —koMmmaxT B M, To |£(t) | orpannteHo Ha I11060M KOHETHOM
urTepBaste ocu t. [losToMy 1mb0 6uxapakTepUCTHUKa ONpegeaeHa 148 BCex i,
au6o ee mpoekuus z(f) BEIXOAWT 3a Hpefensl a06oro xommakta K C M.
YcnoBue HexapakTepucTHdHocTH S 03HadaeT, 9To V() TpaHcBepcalibHO
x S BoO Bcex Toukax S.

PaccmoTpum oTobpaxkenue g, mepesogamee (', ¢) B z(t), rae z(t) — pe-
menne cucreMsl (17.23) ¢ magansusM yeaosueM z(0) =2'. Ecau cymectsyeT
Taxoe ¢ >0, 9To A1s mo6oro z’ pemenne z(t) onpegereHo mpu |¢|<e, To g
3ajJaeT 0TO6pakKeHUe

g: Sx(—¢,e)= M. (17.25)

Ecau g aBasercsa gudpdeomopduamom, To perrerue 3agadu Komu ¢ Haganb-
HBIMU JAaHHBEIMU Ha S omnpefgereHo Ha o6paze g. IlosToMy BaxHO yMmeThb
OLIEHUBATH CHU3Y 4nciIo € > 0, 111 KoToporo oTobpaxenue (17.25) apageTcs
auddeomopduamom. OauE BaKHBIN CIydall, KOTJa TaKas OLEHKA BO3MOXK-
Ha, MBI yKajKeM HIXKe.

17.6. HeogHOpoHbIe TUHEMHEIC yPABHEHMA. JTO yPaBHEHHUA BUIa
V(z) - po(2) +b(z) p(z) = f(2), (17.26)

rae b(z), f(z) e C®(M), V(z) —BexTopHoe moxe Ha M, ¢(z) — HemsBecT-
Had pYHKINA, ¢, —ee rpaanerT. Ecan z(t) — pemenne cucrems (17.23), To
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ACHO, 9TO %p(m(t)) +b(z(t))e(z(t)) = f(=(t)), oTkyga ¢(z(t)) HaxogUTCS
permeEeM O6LIKHOBeHHOTO AudepeHINaTLHOT0 ypaBHeHnA 1-To TopaIka,
ecan uzBecTHO (2(0)). OcHOBHOE 06CTOATEILCTBO, BEITEKAOIIEE OTCIOA,
COCTOUT B TOM, ITO 061aCTh, B KOTOPOU CYyIIeCTBYeT permenue 3a a1 Ko-
N, 3aBUCHT JAUIIL oT V(z) m S, HO He 3aBUCHT OT mpaBol dacTu f(z) u
HadaIbHOTO gaHHOrOo ¥ € C'(S).

B wacTHOCTH, B JabHelNeM HaM MOHA J06UTCA ypABHEHNE CIENHUATLHO-

ro BHIa

n—1
% (2) 22 () o= f(.
. Z; aj(z) 5 +b(z) o= f(z), (17.27)
i=
rae = (z', ), ' € M', M’ —HexoTopoe (n — 1)-MepHOe 3aMKHYTOE MHO-
roo6pasue, z, € (—a, a), rge a >0. Cucrema (17.23) (118 cOOTBETCTBYIO-
IIero OJHOPOIHOTO YPABHEHN) UMeeT BUJ

./ 7
{‘? =V, (17.28)
z, =1.

Pemenus z(t) 5Toll cumcTeMsl, HadMHAIOINHECS UpH T, =0, ompejere-
uel 1pu ¢ € (—a, a), u ecan Mbl nosoxum S=M'={z: z, =0}, To oTo-
OpaxkeHue ¢ W3 OPEBIAYINEr0 HYHKTA OCyLIecTBAseT auddeoMopdusm
g: M—> M, rae M=M'x(—a, a), npudem u3 (17.28) sacuHo, 4T0 «CI0M»
M’ x {zq} auddeomopduOo oTo6paxkaercsa Ha ceba. Ilo »>Tol mpudmHe 3a-
gaga Komn gas ypasaenus (17.27) ¢ Ha9aIbHBIM yCIOBHEM

Plo,zo=9(2), €M, (17.29)

uMeeT pemnerue ¢ € C™(M).

B psajge ciyuaeB aHATOTHYHOE PACyZk IeHNE MOXKHO IIPOBECTH U A4 He-
kommakTHOrO M.

Jagaua 17.1. Ilycrs Gyuknus a(z, §) oupeaenena mpu ¢ € M, £ #£0,
nMeeT 10 ¢ MOpAAoK ogHOpoaHocTtnu 1. Jokasats, uro ecan (z(t), £(t)) —
6uxapakTepUCTUKA, TO 1u60 OHA OIpeeleHa IPH Beex ¢, 1160 (1) BEIXoAnT
3a mpegeasl dio6oro xomnakta K C M. B gacTtrocTn, eciu M xoMmMnaxTHO,
TO Bce OMXapaKTePUCTUKU OIpeleneHbl Ipu Bcex ¢ € R.

Jagaua 17.2. [JoxasaTb, ITO TO XKe caMOe BEPHO, €CIU MOPAJOK O1-
HOPOAHOCTH M (QYHKIUU a(z, ) MPOU3BOICH, HO 3ATO BHIOIHEHO YCIOBUE
AILIUNTUIHOCTH

a(z, £)#0 mpm E#0, z€ M.
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§ 18. deucTBue mcesgoanddepeHINATEHOTO OMEPATOPa HA HKCIOHEHTY

18.1. ®opmyaupoBka peayabTaTa. Peun maeT o6 OIMCAHUN ACUMITO-
THYeCKOTO MOBeJeHns mpn A — +00 Beipaxenus Buga A(e¥(*)) rae A —
MO0, a ¢ —raagkas GyHKIUS, He UMeMAad KPUTAIECKUX TOTEK.

Teopewma 18.1. llyemv X — obaacms 6 R™, AEL’:(S(X), 1-p<d<
< p, onepamop A cobemsennviti u a(z, ) —ezo cumsoa. ITyemv (x) €
€C®(X) u ¥o(z)#0 npu x € X (3decv Y., osnawaem epaduenm @ynx-
yuu ). Toada das awbot dynxyuu f € C®(X) u das awbozo yeaozo N >0
npu A > 1 cnpasedausa Gopmyaa

DE(f(z)e?r=(2))

a!

A(feP)= e Y @ (e, M ()

la|<N

—+

2=r

+ AT (e=2IN R (2, )\)] . (18.1)

2de pp(y)=v(y) —(z) — (y —z) - (x), a(a)(m,E):&?a(m,ﬁ), a Odas

Ry (z, ) svinoanenvt oyenxu
2Ry (2, \)| <Cyn XN 2K, (18.2)

ede K —romnaxm e X, a nocmoanuvie Cy N g He 3asucam om A.

Ecau ecmv cemeticmea dynxyui f(z), ¥(z), oepanuuennvie 6 C(X)
(m. e. npouzeoduvie " f(z), dV(x) pasHomepro oepanuuensv Ha KaxcAom
Komnakme npu awbom GurcuposanHom ), u ecau zpaduenmut P, pasHo-
MEPHO omdedenvl (no Modyaw) om HYyia Ha Kadcdom KomMnakme, mo no-
cmoannvie Cy N i 6 oyenrar (18.2) ne sasucam om swibopa dynryut f,
amuz cemeticms.

Jameuanne 18.1. DTa TeopeMa moxoxka no GOPMYIUPOBKE HA TEO-
pemy 4.2 o npeo6pasosaunn cumoaa IO mpu guddeomopduime u, xax
BUIHO U3 JaJbHENIIEro, SKBUBaJeHTHA eil. QJHAKO BBUAY BAXKHOCTHU TEO-
pemeur 18.1 MBI IpuBegeM IBa €€ I0KA3aTeAbCTBA: BLIBOJ I3 TeOpeMEI 4.2 u
HE3aBUCUMOE JOKa3aTeJbCTBO, OCHOBAHHOE, II0 CYLIECTBY, Ha MeTOJE CTa-
uuonapuon ¢assul. Ilocaegneee moszBoaseT BhiBecTH u3 Teopembl 18.1 mu-
BapuanTHOCTb kaacca I[I10 opu guddeomopduzmax u GopMyasl 3aMeHb
mepeMeHHBIX. MBI peKOMEHAyeM YUTATENII0 PEaJn30BaTh 3TOT HyTh B Ka-
YeCTBe yIpaKHeHUA (HCTOPUYECKH 3TO GbLI MEPBBIN IYyTh I0KA3aTeIbCTBA
nuBapuanTHOCTH kiaacca IIO mpu aupdeomopduzmax).

Jameuanue 18.2. ITomesno cpasy xKe 3aMeTHTh, modeMy (HopMy-
na (18.1) aBaseTca ACHMOITOTHYECKON IPH A — +00.
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fcuo, uTo ycaosue ¥, (z) # 0 obecneunBaeT OLEHKY
[al®) (2, M (2)) | € Co, &A™ 2 e K. (18.3)

IMposepum Temepnb, 4TO D?‘(f(z)e“f’f(zmzzx ABAAETCA MHOT OWIEHOM
mo A cremenu He 6otee |« |/2. B camoM gene, umeeM, OUeBHIHO,

DI(f(z)e?=y= 3" ey L (DIf(2) N(DY pa(2)). .

Yo+t Y=o
(DY pa(2)) €2r=() | (18.4)

mpmdeM B 3Tol cymMe |v;|>1 mpm j=1, ..., k. Hockoabky pg(z) mMeet
IpH r =z HyIb 2-T'0 NOpAAKa, To npu z =z B (18.4) ocTatoTcs aums ciara-
k
eMBle, B KOTOPHIX |v;|>2,j=1,..., k. Ho > |v;|<|a|, Tax uTo oTcioga
j=1

noxydaem 2k < | a|, 9To u Tpe6oBATOCE.
Teneps, yuantoiBag (18.3), Mbl BuanM, 9TO

DE(f(2)er=12))

a!

al®) (&, A () LCo g A1l e K

2=

ITO U JaeT TpeGyeMoe ybLIBaHUE MOPAIKOB POCTA KOHEIHLIX WICHOB (Op-
myast (18.4), mockoasky p>1/2.

18.2. IlepBoe aokasaTeanbcTBo Teopemul 18.1. Caenaem 3ameny mepe-
MeHHBIX Yy =3(2) = (21, ..., Tn_1, ¥(2)). DTa 3aMeHa UMeeT AKOOUAH, PaB-
Helit o), . [losToMy MBI MOXKeM ee cIeIaTh UMb TaM, rae ¢y, # 0. Ognako
o6Imuil cIydai Jerko CBOAUTCA K 3TOMY pa3OHeHUeM eIUHHUILI U TepecTa-
HOBKOHU ocel koopamHaT. B camMom geme, omepaTop A — cOOGCTBEHHBIN W,
CIeJ0BATEIBHO, I/ JI060T0 KOMIakTa K| CylecTByeT TaKol KOMIaKT Ko,
aro Au|g, 3aBucnT TompKo OT u|k,. osTomy A(fe*?)|k, Moxmo 3amm-
caTh B BIJe KOHETHOH cyMMbl craraeMerx Buga A(fjei*V), rae f; € C5°(X)
U 118 M060ro j cymecTByeT Takoe meroe k, 1 <k<n, aro ¢} (x)#0 mpn
x €supp fj.

Urak, mycts 95, (2)#0, x € X. IlycTs omepaTop A; —>To omepaTop A,
3alNCaHHHIN B koopauHaTax y = (z) (cM. § 4). Hycts a1(y, 1) — cumBox
onepatopa Aj. ITo Teopeme 4.2 MBI nmMeeM

a1(y, 77)|y:z(x) — e—i%(x)ﬂA(ei%(x)ﬂ) —
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rae s (2)=(2) —x(x) - () (2 —=x), rnE S:g(p_lﬂ)N(X x R™).
B uactHOCTH, momaras 3gecs 7= (0, ..., 0, A), MBl B TOYHOCTH NOIy-
qaem ¢opmyay (18.1) mpu f=1, rae Ry oumeHmBaeTCi B COOTBETCTBHU
¢ (18.2). YTBepxAeHUs 0 PABHOMEDHOCTH U CIydYall IPOU3BOALHON (PYHK-
uuu [ MOAyYarTCS MOBTOPEHUEM JOKA3aTeIbCTBA TeopeMbl 4.2, 9T0o MbI

IpeaocTaBAdeM TUTATENI0 B KaI€CTBE YIIDAXKHECHUI. |

18.3. BTopoe gokazaTeabcTBo TeopeMul 18.1. B sToMm gokasaTenncTse
MBI 6yeM CUUTaTh A1 IPOCTOTH, 4T0 d =0 u p=1.

3aMeTUM OUSITh-TaKHU, ITO MOCKOABKY onepaTop A sBasercs cob6cTBen-
HBEIM, TO MBI MOXeM cuuTaTh, 9To f € C§°(X). Ilonoxum 1 KpaTKOCTH
T(\) =e= M) A(fe?¥) () (Touxy & MBI cumTaem dukcnposanHoit). Mameem

I(\) = / a(z, §) fly) N PWITHEDHE=0E gy e (18.5)
CpaenaeMm 31ech 3aMeHy nepemMenson & = A(:
I\ =\" / a(z, X) f(y) AP WI=v@)==2)C gy g¢. (18.6)

Mz X0TUM HAUTH aCUMITOTHUKY 3TOr0O UHTerpaia upu A — +oo. Janee Mbl
yBuAUM (B 5TOM CyThb METOJA CTAIMOHAPHON (ha3vl), ITO [IABHYIO POIb
3JeChb UTPAIOT OKPECTHOCTH KPUTUHUECKNX TOoUeK (DyHKIUN

9y, O =v(y) —v(z) - (y —=)-C. (18.7)

Ho mockoasky g’C =z —Y, 9, =¥, (y) — (, To mMeeTCs POBHO OJHA KPUTUTE-
cKkasd TOUKa >Tol QYHKInNM — Touka y =z, ( = ¢4 (z). omoxum a1s xkpaT-
koctu &; = ¢, (z). Beegem cpesaroniyio dyuxnuio x € C§°(R"), x(z) =1 upu
|z|<e/2, x(z) =0 mpu |z| >¢, rge € >0, 1 pacCMOTPUM HHTETpAIL

=3 [ afe, 2 X=X &) ) PO dydc. (189
Torga ans mo6oro N >0
[T\ — TN <Oy AN, (18.9)
B caMoM gede, moraras
=2 (W) - O + (= )] [ 5) =€) - Dy + (2 — 1) - D),

MBI BugnM, uTo ‘Le?9W O = 29, () Brmonmas B ocummmpyiomeM nHTe-
rpaxe I(A) — I (A) uETerpupoBaHue IO YACTAM € YIETOM TOTO, 9TO

(' (y) =)+ (z—y)*|=e1>0 ma supp[l—x(y—2z)x({—& )],
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MBI BUAUM, 4TO

I =Ty=a" [ PV fale, 40) (1= x(y = 2) X(C€2)) F(w)] dy e

n, npeobpa3ys 3TOT OCHWIINPYIOMUN HHTErPal B aOCOMOTHO CXOJALIANICS
(cM. § 1), MBI Jerko moxydaeMm oTcioga oueHky (18.9) 3a cueT MHOXKHTe-
as A\™1, mpucyTcTByromero B BeIpaxenun 11a L. AHATOTHYHO TOTYYAOT-
Cfl OUEHKN W [ MPOM3BOJHHIX Mo & oT pazuocT: [(A) — I()). Ormermm,
BIIPOYEM, UTO OHH BEITeKaoT u3 omenok I(\) — I()), ecam Bocmomb3oBaThesa
paccyXJeHneM, aHAJOTUIHEIM JOKA3aTedbCTBY Hpednoxenus 3.6. B gann-
HeMIIeM MBI OIIYCKAeM OLeHKY IPOU3BO IHBIX, IPEJOCTaBIAA TNTATEII0 BOC-
[IPOM3BECTH JOOON U3 YKA3aHHBIX IyTEH UX Oy IeHU.

Nrak, BMecTo I(A) MOXKHO paccMaTpUBATE f()\) [enas eme oquy 3aMe-
uy mepemenHon ( =&, + A7y, MBI mOTyIIM

I\ :/ TN g2, M + 1) x(g) x(y— ) f(y) =) dy dn. (18.10)
Pazmoxum a(z, Ay + 1) no popmyre Tennopa mpu 1= 0:

ale, Mo +m)= D al(z, M) T4 riv(z, m, A),
|| <N

rjae

1
(z, m, A) /l—tN Tn*al®) (z, Az +1tn) dt.
0

O&:

YMHOXKAS 3TO pa3jokeHHe Ha CPe3AIONIyio (HyHKITHIO X(X) x(y—z)

noacTtasaaa pesyabraT B (18.10), MBI moxyuaem

PRACEIDR/ Or)(aC )\{fz)
|Q|Z<:N/

% Tox(F) Xy —2) F(y) 7= dy dn+ Riy (2, N). (18.11)

1
Ry(z, A)= Y ¢ /dydn /( — )N al®) (@, Ay + 1) %
0

xx(y—x)x(g) ie=0)nf(y) e V) gt (18.12)
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Kaxk cregyeT m3 DpuBeJeHHBIX BBIIE PACCYXKAEHUH, ACHMITOTHKA KOHeY-
HBIX 4/IeHOB (opMyasl (18.11) He m3MeHNTCS, €CIM OTIYCTUTD CPE3alolye

7
MHOXKUTeIN X(XY) Ho Torga >Tu 4i1eHBI mpocTo npeobpasyioTca mo Ghop-

MyJe obpamlenus npeo6pasoBanus Pypne:

i(r—y)- o Ua AP (Y _
/6( D70 (2, M) S7 x(y— @) Fy) €20 W) dy dip =

=a(®) (2, M) DY (f(y) €277 ) s

TaK 9UTO OCTAeTCA UMb OLEHWTh OCTATOK R)y HWIn pPaBHOMEPHO IO
t(0 <t < 1) oueHnTs MHTErPAT

e A1) = [ %@ 26+t 3l - 2) (1)
x 1= D2 (f(y) €20+ W) dy dy =
_ Z Cala”/ei(l‘—y)na(a)(m’ Az +1n) x
a'+ol'=a
Xty 2 v (2) D () = W) dy iy, (18.13)

rge |a|=N.
Bsegem eme o6o3HaeHnE

oz, n, A ) =x (1) al (@, A +tn).

Ecan 4ncro ¢ B onpegenennn x(z) BeIGpaHo Tax, 9To0 € < |z |/2, To gas Gy
BLITIOJHEHbI OLeHKI

02 0%a,(z, n, A )| < Cag A~ N1 18.14
n Yz X Yapy

Teneps BocmoabsyeMcs Qopmyaoi (18.4) n mogcrasum B (18.13) gaBae-
moe eto Bepaxkerne aaa Dy (f(y) €i*=(¥)). B 5TOM BEIpAKeHIH BCe “LICHBI
coJepXkaT IPOU3BeJeHUE

NE(DY o 9)- (D () (18.15)

B x0TOpoM |1 |+ ...+ Y| < N. Ecan k< N/2, To He Gyaem HUKaK Ipe-
06pa30BEIBATE 3T0 npoussegenune. Ecau k> N/2, To mo npunnuny Jupuxie
B (18.15) ecTb He Menee geMm k — N/2 Taxux mHIeKCOB v;, 4To |v;|=1. Ho
Torja mo JeMMe A gaMapa

(D pa()-- (D pe ()= D g4y, 2) (x—y)",
IyI2k—N/2
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rae g(y, ) —raagkas (Do z u y) GyHKINs, oUpeJeleHHasd, KOT 1A Y JOCTa-
TouHo 6ausko K z. IlogcraBasas »To Belpaxenue B (18.13) m unrerpupys
Mo wacTAM (C MCTIOAB3OBAHMEM HKCTIOHEHTHI ¢! (*~Y)" moaBoasomett 3ame-
HuTh (2 —y)" Ha (—D,)Y), MBI HOIydUaeM, UTO T (2, A, t) €CTh JUHeHHAaS
KOMOUHAINA CIATAeMBIX BHUIA

Ii(A) =\ / &(07)(33, N, A, 1) ei(x_y)‘”e”‘p”(y)f(y, z)dydn, (18.16)
rae a) = d) o, f(y, ¥) —raagkas (mo 2 u y) GyHKINA, COCPeJOTOUCHHAS
npu |y— x| <€, a uHZeKCH k U 74 CBA3aHBL cOOTHOLeHneM |v|>k— N/2.

YunTeiBasg, 9T0 06BeM o61acTn nHTerpuposanus mo B (18.16) me mpesoc-
xoguT C'A", n ucnoassys (18.14), Msl moxygaem aas I1(\) onenky

|[1()\)| < C’)\k+m—(N+|’Y|)+n < C}\m+n—N/2’

KOTOpas MO3BOJASET 3aBePIIUTL JOKA3ATEILCTBO MPUMEHEHUEM DPACCY XK Ie-
HUS THUIa JokKa3zaTelbcTBa npeamoxenus 3.6. W

18.4. Ilpoussegenue mceBaoAnddepeHIUATEHOT0 ONEPATOPA M MHTe-
rpaasHoro omepatopa ®ypwe. Ilycty X, Y —ob6aacte B8 R™* u R™, u
nycts P — MO Buga

Pu(z) :/ p(z, y, 0) e“/’(x’y’e)u(y) dy db, (18.17)

rae p(z, y, 0) € sm’ (X xY xRN, o(z, y, §) — onepaTopuas dazosas dpymHx-
mua (cM. § 2, ompegemenme 2.3). Ilycts eme Ha X gaH co6CTBeH-
merit IIAO A€ L75(X) c cumsomom a(z, §). Ilockoapky P oTobpaxa-
et CP(Y) B C®(X) u &'(Y) B Z'(X), a oneparop A mepeBoauT mpo-
crpaucTBa C™(X) u 9'(X) B cebs, To kommoanuus A o P ompegenera kak
omeparop, nepesogamuit C3°(Y) B C*(X) u &'(Y) B 2'(X).

Teopema 18.2. Ilyemv 1—p<I<p<l. Toeda komnosuyus Q=
= Ao P marace uneem eud (18.17) ¢ modt ace gasosoti Pynryued p(z, y, ),
umo u y onepamopa P, u ¢ amnaumydoii q(z, y, 0) suda

g(z, y, 0) =@V a2 D) [pe, y, 0) @V 0], (18.18)

komopasa npu |0|— +0o0 pasaazaemca 6 caedyouwuli acumnmomuueckut
paod:

D2(p(z, y, 0) P32 9,0))

a! 2=z

gz, y, 0)~>_ al(z, ga(, v, 0))

o

. (18.19)

ede p(z,z,y, 0)=p(z,y, 0)—p(z, y,0)— (2 —2) - pe(z, y, 0).
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Jameuanue 18.3. Ilockoabky ¢(z, y, ) He ABAgeTCS rIaaKOH PYHK-
muent npu § =0, To u3 (18.18) me BuaHO cpasy, uTo () —>To NOD. Ogna-
KO 3TO BCe-TAKU BEPHO, MOCKOABKY, J0oGaBaAs K P omepaTop ¢ IiagkuM
AAPOM, MBI MOXKEM CIHTAaTh, 4TO p(z, ¥, ) =0 mpu |#| < 1. Torga Beipazke-
uue (18.18) ompegenser raagkyio GpyHKINIO IO BCeM HepPEMEHHBIM I TaKOBBI
xe Bce wIeHBl B pasnoxennu (18.19), xoTopoe nMeeT 0GBIYHBIN CMBICT (CM.
onpegenerne 3.4). OgHako omepaTop ¢ MMaJKUM AJPOM BCETIa MOXKHO 3a-
nucaTh B Buge (18.17) ¢ ¢uunrHoN no # amnanTygon p(z, y, ), pasaon 0
npu || <1 (cm. ykasanue x ynpaxsaenuwo 2.4). Taxum o6pazoM, () aBiasgeT-
ca NOD c dazosou Gpyukiuen .

JoxazaTeancTBO Teopemu 18.2. BBegem ucmoabzoBasiieecs
B§ 1 u§ 2 mHOXKeCTBO

Cw:{(l‘, y7 6) QDIG(:& y7 6):0}

3amerum, uTo ¢} (z, y, ) #0 mpu (z, y, §) € Cy, no onpegeneHnio onepa-
Topuon dazoson pyuknuu. Mensa P Ha omepaTop ¢ IIaJIKOM SIPOM, MBI
MOXKeM CUUTaTh, 9TO supp p(z, y, ) 1exaT B CKOIb yrOIHO MAJION KOHUTE-
ckoll okpecTHocTH MHOXKecTBa C, (cM. mpefaoxenne 2.1) u, B YacTHOCTH,
a0 ¢, # 0 Ha supp p. Kpome Toro, B cooTBeTcTBUE ¢ 3aMedanueM 18.3 MbL
6yaeM mpeamonaraTs, 9To p(z, y, #) =0 mpu || < 1.

3aMeTHM Telepb, YTO MOCKOIBKY A HempepniBHO oToGpaxaeT C'°(X)
B C*°(X), To MBI MOXKeM IPHMEHNTDL €r0 IOJ 3HAKOM mHTerpaia B (18.17)
(@ns »TOro Ha g0 BHaYAIe IPeoGPA30BATE ITOT HHTErPAT B aGCOTIOTHO CXO-
OAIUACA, KaK B § 1; 3aMeTuM, ITO IepeMeHHAs £ B 3TOM IPeo6pa3oBaHnn
He yIaBCTBYET, ABIAACH IPOCTO mapaMeTpoM). Temeps HyXHO JINIIb IPOBE-
puTh popmy.ay (18.19), moHnMaeMyio B cMEICIe onpefeteHns 3.4 (cM. Takxke
samedanne 18.3). Ho ona ecTs 6ananbHOe clegcTBre TeopeMsl 18.1, ecan mo-

n0xuTh A= |6 | n canraTs mapamerpamu y u 6. B camom gerte, nuMeem
q(z, y, 6) = A" e @0 g (2 DY AT p(x, y, 6) 29900

rge 6/ =0/|0|. 3ameuas Temepb, YTO UIPHU U3MEHEHUU [apaMeTpOB ¥, O
dyukunu p(z, y, 0'), A~ p(z, y, §) 1eKAT B OrpAHUICHHOM IIOJMHOXKE-
cree C'*°(X), MBI BuguM, 94To npuMernMa Teopema 18.1. W

Ynpaxueunune 18.1. [lonrydnts ns Teopemnr 18.2 pomMyny KOMIO3UIIUN IBYX CO6-
creennnix [1/10 kanacca L™ (X) (cm. Teopemy 3.4).

Ynpaxueunue 18.2. Ilycte A u P Takue ke, kKak B Teopeme 18.2. /lokazaTh
YTBepXK TeHUEe, aHAJOTHYHOE TeopeMe 18.2, mas onepaTopa Q1 = Po A.

Y ka3aune. BocionszosaThca onepanuei TPaHCIIOHUPOBAHUA.

Jagaua 18.1. IToxyuurs u3 Teopemsl 18.1 (opMyanl 3aMeHBI Hepe-
mennon B IITO (cM. Teopemy 4.2).
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§ 19. PazoBele PyHKIMM, OmpejeIMOIMe KIACC
nceBaoauddepeHINATEHEX ONePATOPOB

19.1. B ¢popmyaupoBke Teopemsl 4.1 cogepxuTCS IpuMep HEKOTOPOLO
xaacca (pazoBLIX (PYHKUUH, IS KOTOPBIX cOOTBeTcTByMoIui kiaacc 1OD
coBmagaet c kaaccom I1J0. [Jasa ganrpHenero HaM Heo0X0IUM CJIe Iy IOMINAT
BAPUAHT DTOU TeOPeMbl s HeAUHENHBIX (Pa30BBIX (DYHKIUA.

Teopema 19.1. IIyemv X — obaacmv 8 R”, p(z, y, £) —maras da-
soeaa gpynkyua Ha X x X x R™, umo

1) (2, y,§) =0 z=y;

2) po(z, z,6)=¢.

Tozda, ecau 1—p<d<p, mo kaace NOD ¢ Pazosot Gynryuei ¢
u ¢ amnaumydamu p(z, y, &) €Sy s(X X X xR") cosnadaem ¢ wkaaccon
LZ?(;(X)‘ Kaace MOD, y komopwizr Pazosas Pynkyus pasHa o, a amniu-
myda a(z, y, ) ABAREMCA KAACCUNECKUM CUMBOAOM, COBNAJAEM C KAACCOM
raaccuueckur I1J0.

Jameuanue 19.1. Yenosus 1) u 2) npu 6AM3KUX £ U Y MOKHO 3amn-
CaThb B BUE OJHOTO YCIOBUS:

ple, y, &) =(x—y) E+0(lz -y P[¢]). (19.1)

19.2. [JokaszareascTBo Teopemur 19.1. 1. ITockoasxy sapa UOD c dpaso-
BBIMHE (DYHKITUAMH, ¥ OBIETBOPSIOMINMI YCIOBHIO 1) Teopemsr 19.1, sBasioT-
csl TIAJKUMIE IIPA & # Y B CUIY IPeaoXkeHns 2.1, To MBI MOXKeM CINTATDL BCE
aMIINTYABL a(Z, Y, £) COCPeJOTOUEHHBIMI B CKOJIb YTOIHO MAION OKPECT-
HOCTHU AUATOHAIU T = Y.

2. Ilycte ¢, ¢1 — aBe da3oBble GYHKUNH, YIOBIETBOPSIONINE YCIOBIIM
Teopemsul 19.1. O6Gozunauas 1epes LZ?(;(X, ¢) xaacc TOD ¢ pazosont GpyHk-
Iuen ¢ U ¢ aMILINTYJaMI 13 ngé(X x X x R™), MBI BUAUM, 9TO JOCTATOTHO
IIPOBEPUTH BKIIOUEHHE

po(X, 0) CLY 5(X, 1), (19.2)

n60 13 Hero, KOHeUHO, BEITeKaeT COBIIAJeHNe Beex kraccos L7 5(X, ¢) u, B
MacTHOCTH, uX coBnagenue ¢ L7 ;(X).

3. O6oznaunm depes ¥, kaacce Gyuxuui ¢(z, y, £), TOTOKATEILHO OIHO-
pPOAHLIX 10 £ mopsaaka k, raagkux upu & # 0 u onpegeneHHBIX IpH GAN3KAX T
u y. 3aMeTHuM, ITo .Xq ABAdeTca airebpon, cogepxarel raagkne GyHKINNn
OT & U Y B Ka4eCTBe HOJAITe6PEL, a ] ABIACTCA #(-MOIYIEM.

[as Hac CyImecTBEeHHO, YTO PA3HOCTD (1 — { MOXKHO IPU OIU3KUX £ U Y
3aIICATL B BIJIE

u dp dp
p1—p= bik5— 57—,  bjr €. (19.3)
j;l 9&; &k



§ 19] PA30BBIE ®YHKIINN 167

IIposepum s1o0. U3z popmyasr Tennopa naxogum

n
e
3¢, = (@i~ i)+ > ajn(ze — ),
7 k=1
rae a;p € o, ajp(x, x, ) =0. DTo MOKHO TakXke 3aIlIcaTh B BHIE

pr =+ A) (z—y),

rae I —egunuunas matpuna, A —MaTpuna c smeMmenTamu u3 ¥y, paszad ()
npu z =y. Ho Torga npu 6auskux z u y cymectsyer Marpuua (I + A)~
3JeMeHTaMu u3 J¥j. DTO 03HAYAEeT, ITO MBI MOXKEM HANUCATh

— Jde -
—y; :Z Gk 5 Gk €., (19.4)
k=1

Teneps, yuuTsiBas ycaosue (19.1) 11a ¢ u 1, MBI BLAUM, 9TO {1 — ¢ Ha
AuaroHaiau (IpH T = y) UMeeT HyIb 2-T'0 Hopajka u mo ¢gopmyte Tertopa

pr—p= E bik(j—y;) (Tk —yk), ik € 7.
7, k=1

TMoacraBnsas cioga BeIpaxkenue z; — y; u3 (19.4), Ml moay=aem (19.3).
4. PaccMoTpuM Tellepb TOMOTOIINIO

=p+tlpr—¢), 0<tLL (19.5)

Kaxgas uz yHxuuil ¢, ygosieTsopset ycaosuio (19.1). Banaaszoe mo-
BTOpEHUE TOILKO ITO IPOBEJEHHOTO PACCYXKJEHUS IOKA3BIBAET, ITO BMe-
cto (19.3) MoxHO HanucaTsb

, o N 0¢r O
pr—p= Y bjka—gj@; (19.6)
7, k=1 -

rie b;k €X u b;k TJIAIKO 3aBUCUT OT t.
IIycts Teneps P, —INOD, 3aganusi popmyaon

Py u(z) :/ e @vp(a, y, &) u(y) dy dé.

Toraa
ey dpt 1py
Z // G g aéj”e pudyd, (19.7)

1y Jer
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rae dj,. . j,. €-%;. Bes orpanmueHns OOGIIHOCTH MOXKHO CINTATh, ITO
p(z, v, §)=0mpu |€| <1, Tak aT0 dj, . ;) DE Sg?:;l_r (X x X x R"). Tenepn
nuTerpupyeM B (19.7) mo wacTaMm, moae3yack GopMy.Ion
% eilﬂt — —1 J iy
3 9¢;
ODTO UHTErPUPOBAHKE TOKA3BIBAET, ITO
dT‘ + 1-9,
thEL:?(;T( p)(X, QDt), (198)

IPpUEM BCE€ OLICHKHI DAaBHOMEDHEI IIO t. Ho ecan TeNnepPhb IMOJOXKUTH

_1')j P mi(1—2
@=" | €L T ),
To o ¢popmyae Tenmnopa
k-1 Fook—1 gk
. ] _\k t d” P
Po—; Q; +(-1) 0/ TR (19.9)

OcraTtox B (19.9) umeeT Aapo, MIaJKOCTh KOTOPOTO yBEAINUNBACTCA IPU

[ee]
k — +oo. HosToMy scHO, 9TO eca Q~ > (; (ACHMITOTHYECKH CyMMUDY-
7=0
eM aMILIATYyAsl), To () € L’;’“(S(X, 1), 1 Pp— Q€ L™°°(X), 9To un goKasnl-
BaeT Bkatodenue (19.2).
ToT (akT, 9T0 KIACCHIECKHTE AMIIITY ALl IIPH 3TOM MEPEXOJAT B KAac-
cudecknue, odeBugeH u3 mocrpoenud. Ml
dagaga 19.1. Iycts 1, w2 — ABe (dazoBele PYHKINH, IPUIEM

n
s s
e j k=1 ik 9g; o8

rae by € C°(X x X x (R™\0)) u b;, oasopoaso mo & nopsagka 1. IloxasaTs,
aro L7 5(X, @2) C LY 5(X, ¢1).

§ 20. Omepatop exp(—itA)

20.1. Onpepenenne u popmymupoBka. Ilycte M —3amxuyToe n-mep-
HOe MHOT'000pa3ue, Ha KOTOPOM 3ajJaHa Tiagkas ILIOTHOCTh, A — camoco-
npsxenubn kaaccudeckun 10O mopsgxka 1 ma M ¢ riaBHBIM CHEMBOJIOM
ai(z, €), yAOBIETBOPAIOMINM YCIOBHIO

ar(z,€)>0 mpm E#0 (20.1)
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(B wactHOCTH, onepaTop A saaunruden). llycrs {¢k}r=1 2, —monHas op-
TOHOPMUpPOBaHHAA CUCTEMa COOCTBEHHBIX (DYHKIUN omepaTopa A, A\; — co-
OTBETCTByIOIINE COGCTBeHHBle 3HaveHns. Ecan u(z) € (M), To o6o3Ha-
auM 4depes uy koddduiuenTsl Pypbe Gyukmun u(z) mo cucreme {pg(z)}:

up = (u, pr). (20.2)

ODpegnoxenne 20.1. Ecau u(z) € C®(M), mo
U(Qf)zz ug i (), (20.3)
k=1

2de pad cxodumes 6 monoaozuu C'(M).
doxaszaTeanctso. Mu umeeM, 09eBUIHO,

uk}‘N = (U7 ANQDA‘) = (ANU7 3014)7

n nocxomsky ANu€ C®(M), mo x pagy (20.3) MoxHO TMowreHHO TpU-
menaTs AV mpm mo6om N €7, momydas Bce BpeMsl PAIbI, CXOIAIIHECT
B L?(M). Ho oTcooga cpasy caegyer, uTo mpu mobom s €R pax (20.3)
cxoguTca mo Hopme H® (M), mockoasky npu s =N € 74 Ta HOpMa KBU-
sanenTHa |[u||+||ANul|, rae || -|| —mopma B L%(M). OTcrooga u us TeopeMsr
Broxenus 7.6 cregyet uckomoe yTBepxkgenue. M

OTO IpeAIoKeHNe TO3BOAAET aTh

Onpegeaenne 20.1. Oneparop exp(—itA) npu t € R onpegensercs

dopmyaon

exp(—itA) u(z) = E exp(—itAx) urpr (). (20.4)

Jlerko BugeTs, uTo pag (20.4) mpu u€ C°(M) cxoaurca B TOHOIO-
ruu C™(M). Boaee Toro, ecmu u € H*(M), rae s —Ieroe 9ucIo, TO STOT
paA cxoauTcs mo HopMe mpocTpancTBa H* (M) (cM. JokazaTelbCTBO mpe-
noxenns 10.2). OnepaTtop exp(—itA) mpeacrasiaser co6oll OrpaHNTIeHHBIN
omeparop B H*(M) mpu memoMm s. 3aMeTHM, ITO OH TaKiKe ABIAETCA yHU-
TapHEIM onepaTopoM B LZ(M).

[pyroit cnoco6 ompejenreHns COCTOUT B TOM, YTOOBl pACCMOTDETh 3a-
paqy Korm

du .
{E—}-ZAU—O, (20.5)
ult:O = Uup, (206)

rae u=u(t, z) EC®°(R x M), ug € C*°(M) un oneparop A B (20.5) mpume-
HAeTCA TO TIepeMeHHLIM T TpHU KaxjgoM ¢pukcupoBanHOM f. Pemas 3agawy
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«weTogoM Dypneyr, MBI BIIUM, UTO pelieHne 3agaercs gopmynton (20.4),
rje BMeCTO ¥ HaJo IOJACTAaBUTDL Ug, T. €.

u(t, z) =exp(—itA) ug(z). (20.7)

Ho pemmenne 3agaqm (20.5)—(20.6) egumcTBeHHO. DTO MOKHO YBHIETD, HA-
IpuMep, HAINCAB JI1 KAKOTUO-TO peleHus u(f, ¢) paszroxeHue

[ee]

ult, 1) =3 ex(t) eu(z),

k=1
noAgcraHoBka koToporo B (20.5)—(20.6) npusoanT x ypasHeHuaM cj (t) +
+iAgeg (1) =0 ¢ mavanpuBIME yenoBuamu ¢k (0) = (ug, ¢k ), OTKYAa OJHO3HAY-
HO HaxoAATca ck ().

Teopema 20.1. Ecau € >0 docmamouno mano, mo npu |t|<e one-
pamop U (t) = exp(—itA) moxcro npedcmasums 6 sude cymmvi onepamopa
¢ eaadkum no t, x, y Adpom u NOD, xomopwiti 2adaemca ¢ nomowpio Au-
HetiHoti no t Pazosot Pynryuu

et 2z, y, &) =v(x, y, ) —tar(y, €) (20.8)

u amnaumydel p(t, z, y, &), a6asowetica 2aa0KuM 1o § KAQCCUNECKUM CUM-
soqom 0-20 nopadka, mak umo 6bINOAHEHBl OYEHKU

|a§ z,y, tp(ta z, Y, €)| <0a6<5>—|o¢|. (209)

Opumep 20.1. Paccmorpum B R™ omeparop A=+/—A, umerommit
cumsoa |€|. 3agaga Komm (20.5)—(20.6) ma y6wBaromux mpu |z|— 400
yrKIMAX pemaeTcsa ¢ moMouILo npeobpazosannd ypwe Mo . A nmeHHO,
nockoabky Au(z) :ngxﬂ{' |#(€)), To

u(t, z) =exp(—itA) ug(z) = stx(e_itlflﬂo(ﬁ)) ://6i(z_y) g—itlglu(y) dy d¢.

Mz BmamMm, 9TO B 3ToM caydae ((popMalbHO He COOTBETCTBYIOLIEM,
BIPOUEM, H3IOKEHHON cxeme) omepaTtop exp(—itA) —NOD ¢ dasoson

dbyukunen (z—t)-& —t|¢]|.
20.2. P110Ka3a'1‘eJn,c'1'Bo Teopemst 20.1. 1. IToctponm oneparop ()(t), an-
npoxcuMupytomun U (t) u asasroomuica 10D Buga

// (t,z,y,& et lt, ’y’g)f(y) dy d¢. (20.10)

Omneparop U (t) ygoBreTBOpAeT yCIOBHAM
{(DH—A)U(t):O, (20.11)
Uv)=1I. (20.12)
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M= nmompoGyem mogo6paTh (Q(t) Tax, 4TOOBI GBLIM BBIIOIHEHBI YCJIOBUA

{ (De+A)Q(t) € L= (M), (20.13)
Q(0)y—TeL™>(M). (20.14)
Tounee, xeBas dacTh (20.13) GyaeT Takxke raaikoil QpyHKIEeR oT ¢ co
aHadeHuaMu B L~ °(M).

JInHenHOCTE 331240 HO3BOAAET ¢ IOMOIILIO PA36UEHUA e IUHALLL CBECTH

J€I0 K MOCTPOEHUIO U ( B JOKAJILHOU CUCTEME KOODIUHAT.
B cuny Teopemsr 18.2 coorromenune (20.13) 6ygeT BHIIOIHEHO, eCan

e[Dy + Al (qe'?) € S™, (20.15)

rae A mpuMeHsieTCs IO TIEpeMEHHON T.
Hannmem acuMIToTndeckne paznoxeHus cuMBoaoB a(z, &) u q(t, z, y, §)
10 OJHOPOAHLIM (PYHKIIHMAM:
a~ay+ag+a_1+...,
g~qo+q-1+qg-2+...

Torzga nmo Teopeme 18.2
e [De+ Al (ge) ~ (e + ar (@, o2)) qo+To+ 71+,

rie r; — CyMMa “LICHOB IIOPAJKOB OTHOPOJHOCTH j.
IToTpebyeMm, 9TOOLI GBLIO

ot +ai(z, ¢z)=0. (20.16)

Hagaapunie yCaoBusa

S0|t:0:'l/)(l‘, Y, 6) (2017)

JOJKHEI OBITH BHIOpAHBEI Tak, YTOOH IpH { = () MBI MOIIn 06eCIeINTD BhI-
noauenue ycaosus (20.14). Ho Torga ot ¢ HyxHO Tpe60BaTh, ITOGHL OHA
6bl1a (asoBoll GpyHKUUEH, cooTBeTcTBYyIomel kaaccy IO (cm. § 19), T. e.
npu 6IU3KUX T U Y

Uiz, y, &) =(x—y) £+ 0(lz —y*[€]). (20.18)

Camy dynxmuio (z, y, £) Ml 6y1eM HCKaTh B OKPECTHOCTH AUATOHA-
au z=y. Jobasox O(|z —y|?|¢]) B (20.18) Heob6xouM A1s TOTO, ITOGHI
MOXHO ObLIO f06HTBCA auHelHOocTH QyHKunu (¢, z, y, {) o i, a 3To, B
CBOIO Ovepeb, IMOIE3HO, MOCKOALKY B JalbHellmeM mo { OpuaeTcA AeIaThb
npeo6pazosanue Dypoe.

Urax, umem ¢ B BuIe

SD(tJ IJ y’ E) :Il/)(:EJ 1’ 5) _ta/(y’ £)
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ITo eme ogHO TpeboBaHUe HA . MBI yBUAUM, 9TO eMy MOXKHO yIOBIE-
TBopuTh. [logcTaBum sTo Beipaxenue 1ug ¢ B (20.16):

—d'(y, &) + ar(z, Y (@, y, §)) =0.

Tonaras 3gecs © =y, noaydaeM B cuay (20.18), uro a'(y, &) = a1 (y, &).
Nrax,

So(ta T, Y, 5) :1/)(1" Y, £) _tal(ya 5)1 (2019)
rae ¥(z, y, &) yAOBIETBODPAET yPABHEHUIO
ai(z, Yo (2, y, &) =ai(y, &). (20.20)
Bmecto ycroBus (20.18) Mbl moTpe6yeM BBIIOIHEHUS YCIOBUH
Yz, ¥, §)l(z—y)e=0=0, (20.21)
1/)1'(:[1 Y, €)|z:y :£7 (2022)

u3 koTophsix (20.18) cpasy caeayer. Coornomenns (20.20)—(20.22) ompege-
asroT aas ¢ 3agady Komn, B xoTopon y u & sBasoTca napameTpamu. [Ipu
5TOM MOXKHO CUNTaTh, 4To | £ | =1, Tak kax, pemms »>Ty 3agady opu | & | =1,
MBI MOXeM 3aTeM IPOJONKHUTL i IO OJHOPOAHOCTH (HmopsAika 1) Ha Bce
3HadeHns £.

OrmeTnM, 9TO mrockocTb (2 —y)- £ =0 He gBIAeTCA XapaKTEePHCTH-
"Jeckol, Tak Kak dgai(x, £) #0 BBuy dopmynsr Durepa - deay(x, £) =
=ay(z, §). Us pesyavraTos § 17 scHO, 9TO pelleHHe CyIIeCTBYyeT NPH Z,
6IU3KOM K Y, U, 6oJee TOr0, COOTBETCTBYIOIAA OKPECTHOCTb TOYKHA Y, B
KOTODOII CYIIECTBYET DelleHre, MOKET ObITh BEIOpaHa PABHOMEPHO 110 Y, &,
Tak 9T0 QyHKUUL (2, ¥, ) oupegeneHa B HEKOTOPOI OKPECTHOCTH AUATO-
HAIU T = Y.

2. s Teopemul 19.1 BrITeKaeT Temepb, YTO CYLIECTBYET TAKOU KJIac-
cuaeckuit cumsoa I(z, y, £) € CS°, aro I(z, y, £) cocpegoTodeH B CKOIb
YLOQHO MaJoll OKPECTHOCTH AUATOHAIA & =Y U

// I(z, y, €) €@V f(y) dy de — f(z) =k f(2), (20.23)

rae k —omepaTop ¢ TIAIKUM AIPOM.
W3 (20.23) u (20.14) BEITeKaeT Temephb, 9TO MBI JOMKHEL 33JaTh CIEAY-
foImne HaYaIbHbLIE YCIOBUA A5 ¢

(0, z,y, §)=1I(z, y,§) (mod S™%). (20.24)
Ecan BBecTn pazmnoxenue I(z, y, £) 00 0AHOPOIHEIM KOMIOHEHTAM

ImTg+ T4 +...
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TO MOXkHO nepenucats (20.24) B Buge

q-;(0, 2, y, &) =1_;(x, v, &), j=0,1,2,... (20.25)

Tenepb BBHINUIIEM yPaBHeHNs A QYHKIMNH ¢_; JaBaeMble COOTHOIIEHN-
M (20.13) n ycaoBuamu (20.25). Inensr 1-ro nopagka o6pamatporcs B 0 B
cuxy (20.16). duaa wienos 0-ro mopsgka moLydnM

do+ Y ai(x, g) 00+ Y al(z, 5%) (%, ¢z) g0 =0,
|a]=1 |o|=2
qolt=0=Io,
| (20.26)
rie aga) =dga. dra zagaia Komm nossonseT onpeeants o (t, z,y, &) npu

Maasix t. [Jamee, mpu mo6oMm 1exoM j > 0 MBI moryHdaeM caeJyloIine ypaBHe-
HUA, HA3bBIBaEMBIC YPASHEHUAMU NEPEHOCA:

drg—j+ Z a1 (z, ¢r)dgq-; + Z a1a) S%) o Cq- it
|

la]=1

ol=2 (20.27)
+ZCIO(I1, Soz)Q—JRJ :01
q—jlt:O :I—ja

rae R; 3aBUCAT TOABKO OT o, -1, -+, —(j—1)-

B cuny paccyxgenust m. 17.6 pemenne 3aga4n (20.27) MoxeT 6BITH OIpe-
JeleHO Ha TOM JKe MHTepBaje 3HaUeHHUN ¢, 9To U perneHnue 3aga4dn (20.26).

Urax, B KOHEIHOM CUeTe MBI IOJLYIUM OIpeJeNeHHLI mpu |t | <& ome-
patop Q(t), xoropuint aaserca IOD u 111 koToporo

(De+A)Q(t) = K(t), (20.28)
Q0)=1+F, (20.29)
rae K(t) mmeer riagkoe fApo, rIako 3aBHcAmee oT ¢, k—omepaTop c
CIaJKUM SIPOM.
3. Joxaxem Teneps, uto [U(t) — Q(t)] —onmepaTop ¢ aapoM, 6eckoHed-
HO audpdepenuupyeMuM o ¢, 2, y (mpu || <e). Jag 3Toro paccMoTpuM
omepaTop

R)=U(—t) Q(t)—1I (20.30)
u npoauddepeHUpyeM ero mo i:
DiR(t) =~ (D7) (—) Q(t) + U(~1) (D, Q) (1) =
= AU(=t) Q(t) — U(~t) AQ(t) + U(—t) K(t). (20.31)

3aKOHHOCTH HTOU BHIKIAJKK CIeIyeT U3 ONUCAHHON CTPYKTYpH (1) m u3
saMedanuit 06 U(t), ceraHHBIX B Hadale >TOro naparpada (Ipou3BogHyo
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HY2KHO, KOHEIHO, 6PaTh IOCIe IpUMeHeHns onepaTopa R(t) k kakon-Huby b
dyuxunn u(z) € C°(M)). Ilockoasky U(t) A= AU (t), To u3 (20.31) creay-

eT, ITO

D/R(t)=U(~t) K(%). (20.32)
C apyroi cropossr, u3 (20.29) acuo, ITo
R(0)=k. (20.33)

Mockoasky U(—t) K (t) —omeparop ¢ sapoM, rIaikuM o t, , Y, TO, UH-
rerpupys (20.32) ¢ yaerom (20.33), MBI BHAUM, YTO TeM Ke CBOICTBOM
obaragaer u R(t), a Torga ms (20.30) sceo, uTo omeparop U(t) — Q(t) =
=—U(t) R(t) Taxxe nMeeT raagkoe mo ¢, z, y sgpo mpu [t|<e. W

Jagaga 20.1. Iycre A —xaaccugeckun IIJO 1-ro mopaaxa ma M,
ygoBaeTBopsiomui ycaosmio (20.1), Ho He 06:3aTeIbHO CAMOCONPAKEHHBII.
IIpoBegs 4as Hero mOCTpoeHHe mapameTpukca (1), I0Ka3aTh, ITO 3ajada
Koum (20.5)—(20.6) umeeT eIMHCTBEHHOE DelleHNe, HIPUYEM JIf OLpeie-
AgeMOro »Tol 3afgadenl omepaTtopa U(t)=exp(—itA) Takxe cupaBelInBO
yTBepxK deHne TeopeMbl 20.1.

Yxaszsaune. Cocrabuts gaa U(t) uHTerpaibHoe ypaBHeMHe THna BoabTeppa,
nosb3sysack onepatopoM Ug (t) = exp(—itAg), rae Ag = %(A + A%).

§ 21. Tounaa dopMyaHpoOBKa
¥ 0KA3aTeabCTBO TEOPeMEl XépMaHjepa

21.1. OcoGennocTu mpeoGpazosamus Pypre cnekTpadbHOM (YHKIHH
BOMM3M HyId W OUEHKM yCpejHeHMA cheKTpambHoM Qyskumu. IlycTs
e(z, y, \)—cnextparsHas ¢(yHknua Taxoro xe omepatopa A (l-ro mo-
paaka), kak B § 20, U(¢, ¢, y) —sapo oneparopa exp(—itA). Ecan ¢;(z) —
co6cTBeHHBIe (QYHKINN A ¢ COGCTBEHHBIMH 3HAYECHNAMH A;, TO MBI HIMeeM

e, y, N =Y vi(z) e (v), (21.1)
A <A

Ut =, y) ZZ et oi(e) 25(y), (21.2)

e mocaeJHUN P CyMMUPYeTCS B CMEIC/Te, HATTPUMeD, 0606MmeHHbIX GYyHK-
unit Ha M X M, raafko 3saBUCAIIUX OT ¢ (3TO JeCKo JOKAa3aTh PACCykK ICHH-
eM, aHAJIOTHYHEIM TOMY, KOTOpOe IpHUBeJeHo mocle onpegererus 20.1). 13
dopmyxn (21.1) u (21.2) caegyer, aTO

Ult, =z, y):/ e~ HMdye(z, y, A), (21.3)
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re NHTerpal MOHNMaeTCs Kak npeobpasoBanne Pypre (0T A k ¢) B cMbICTe
006006IIeHABIX (DYHKITUN.

Oycts p(A) € S(RY), p(t) = Frsep(A) —mpeobpaszosanue Dypoe p(A).
Toraa U3 U3BECTHBIX CBOICTB IpeobpaszoBanus Pypbe BbITEKAeT, ITO

pOU(L, 2, y) = Fase / (A=) dyc(x, , ). (21.4)

BriGepem Teneps p(A) Tak, 4TO

1) p(A) >0 mpu Bcex A€RY;

2) p(0)=1;

3) supp p(t) C (—¢, €), rae € >0 JOCTATOYHO MAJIO.

Ynpaxnuaenue 21.1. [lokazaTsk cyliecTBOBaHNE TaKOU PYyHKIIUU p(/\).

Ykasanne. OTo ZelaeTci aHAJIOMHYIHO NOCTpoeHMO dbyHKMHA X () B Hadale go-
Ka3aTeJbCTBa TeOpeMH 6.3.

Ilycts Teneps Q(t, z, y) —o6obmenHoE 11p0 onepaTopa Q(t), mocTpo-
enHoro (mpu Mansix |¢|) B § 20. B cuxy Teopemsr 20.1 MBI nMeeM

U(t: Z, y) _Q(ta T, y) ECOO((_‘;J 6) X M x M) (215)

Taxum o6pasom, pyuxnuu U(t, z, y) u Q(¢, z, y) IMEeOT B6IN3N TOUKH
t =0 ogMHAKOBBIE 0COOEHHOCTH.

W3 (21.4) BriTeKkaeT Temepsb

Jemma 21.1. Pyuryus

[ 0= ductas v ) = G0 Qe 2. 0) (21.6)

AsAgeMCA 24a0Kk0t PyHKyuel no ecem nepemenHbim, yobvisauel Guicmpee
410601 cmenenu A npu A — +00 PABHOMEPHO OmMHOCUMeEAbHO T, Y € M.
Brrancanm Temeps 2-i wieH B (21.6). 3To MOXKHO Jerko caeraTsb Gaaro-
Japs auHenHOCTH I0 ¢ (azosonn Gyukuuu ¢(t, &, y, &), BXOAMINEN B omIpe-
Jexenne omeparopa Q(t).
Brauane mpomssegeM BBIUUCICHEE (POPMATBHO, He 3a60TACH O CXOJUMO-
CTH NOLYYaOMNXCcsa UHTEerpanoB. B o6o3nadennax § 20 umeem

Q(t, z, y)= / q(t, z, y, &) WOV O=a WO g (21.7)
FZL(p) Q(t, . y)) (A) =
=(27m)"" /ﬁ(t)q(t, 2, y, £) WO Y g (21.8)
Q6o3HaMTM

R\, 2, y, €)= (2m)"" / P alt, vy, € P dt. (219
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Torga

FoL (0 Qt, J)_)(A):/ RO\=ai(y, €), z, y, £) @96 de. (21.10)

3aMeTuM Temepsb, 9To R(A, 2, y, ) — r1agkas GYHKLINS BCEX IepeMeH-
HBIX U, 601ee TOro, Tak Kax q(t, z, y, {) — r1ajkas QyHKIUA BCeX IepeMeH-
HBIX (B TOM wumcie U ), To R— 6bicTpo yObIBatomas QYHKIHUL OT A, A1d
xoTopo# npu a1060M N > () BBINOIHEHB! OLEHKH

103 95 0 BR(N, 2, y, )] < Capran(€) AV, (21.11)

IIpu sToMm R gomyckaeT aCHMIOTOTHYECKOE PA3JIOKEHUE 10 OJHOPOIHBIM
dbyuakunam nepemensoi ¢. U3 ouenok (21.11) sicHo, 9T0 BBHAY 3MINNTHIHOC
Tt ay(y, &) dyaxnusa R(A—ay(y, &), z, y, &) 6eicTpo youIBaeT npn | € | — 400,
Tak 4T0 nHTerpan B (21.10) aGCom0OTHO CXOAUTCA.

[dus o6ocuoBanusa nepexoga ot (21.8) x (21.10), xoTopsil 6611 cAexan
(gopMasbHO, OCTAETCS 3aMETUTh, ITO OH 3aKOHEH st (PUHUTHLIX 0 & CUM-
BooB ¢(t, z, y, £), U cAenaTh CTaHIAPTHBLIN IpeJe]bHBIN IepeXol, KaK B
OIpefeleHNN OCHUIINpYyomero naTerpata (eM. § 1).

IIpunnmas Bo BuuManne jeMMy 21.1, MBI BUAUM, 9TO JOKAa3aHa

Jemma 21.2. Feau K onpedeaeno dopmyaot (21.9), mo npu awbon
N>0

‘/ p(A—p)dye(=, y, u)—/ RA—ai(y, &), z, y, &) Vv dgl <
<ON(T+ AN, (21.12)

2de Cy He 3asucum om T u y.
Teneps onenum 2-i wien B (21.12).
Jemma 21.3. Hueem

‘/ RA—ai(y, &), =, v, E)ew(“‘”y’g)d&‘ <O+[A), (21.13)

2de C He 3asucum om x u y.
JdoxaszaTreasncTso. Oboznaunm, kax B § 15:

V,(\) = / de. (21.14)
a1 (y,6)<A

Tak xak QyHKIuUA ¢1 0gHOpPOAHA o ¢ mopsaka 1, To

V, (A) =V, (1) A™. (21.15)
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Tenepb BOCl’IOJII:3yeMC5I O‘IeBI/IrI;HbIM TO}quCTBOM
/ R(A—ai(y, §), 2, y,€) e"‘”(”’y’@d‘ﬁz/ R(A—0, z,y, &) V@ ¥4y, (o),

06e JacTH KOTOPOr o onpejeneHsl 61aroapsa ouerkam (21.11). Ilpuanmas Bo
BHuMaHue (21.15), MBI BUAUM Temeps, 4TO aeBad 9acTh (21.13) omennsaerca
Tepes
(o] (o]
Cn /(1 +1A=a|)™NaV, (o) =Cy /(1 +1A=a )N do.
0 0

Ho BBuay oueBmamoro mepaseHcTBa 1+ |o|<(1+|A—0o]|)(1+]|A]) Mm
nMeeM

L+ A=) N (L [A—a )TN L+ A"

IToaTomy

/(1+|)\—0|)_N(r”_1d(r<
0

<L+ A /<1+|A—a|)-N+"-1do:c<1+|A|>“-1,

oTkyga u cregyer (21.13). W
Caegcrsue 21.1. Cnpasedausa oyenka

[ 0= duct. v u)\ <CC+]AD Y, (21.16)

2de C He 3asucum om x u y.

21.2. Ilepexoj K olleHKaM CHEeKTPATLHOM (DyHKIMH.
Jemma 21.4. Hueem mecmo oyenka

le(z, 2, A+ 1) —e(z, 2, ) | <C(L+ A", (21.17)

2de C wne zasucum om = u .
JoxazaTeunscTso. Tak kax QpyHkuus p(A\) momroxuTerbHa U OT-
JexeHa oT Hyas Ha [—2, 2], To

A+42

[ 0= deto, 2, >C [ dueta, 2> Clela, 2, A+1) = e(o, 23],
A—1
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rge C'>0, Tak 9TO yTBepXKJAeHWE JeMMEBI BBEITEKACT TeNePh W3 CIel-
creug 21.1. W
Jemma 21.5. Cnpasedausa oyenra

le(z, y, A+ 1) —e(z, y, \) | <CA+ A1 (21.18)

2de C' He 3asucum om z, y u A.
JoxazaTeannctTso. U3 (21.1) creayer, uTo

ele, y A+ —e(x, y, M= Y. 9i(2) (),
A<A; KA+

I 13 HEPaBCHCTBAa KO]'_'LU/I—EyHﬁKOBCKOFO MBI IOy Ia€eM

le(z, y, A+ 1) —e(z, y, A)| <
, 1/2 1/2
<[ 3 Is'oj(l’)l‘] [ 3 ww] —
A<A; KA+ A<A; KA+
=(e(x, 2, \+1)—e(z, 2, \) 2 (e(y, y, \+1) —e(y, y, \) /2K C (14| M)

no aemMe 21.4 (mpuToMm gaxe ¢ Ton xe koncranTon C). W
Jemma 21.6. Hueem mecmo oyenka

e, u, A p) = ez, v, NSO+ A+ " A+ [ul),  (2119)

2de C' He 3asucum om x, y, A, p.

JoxaszaTeabcTBO moxydaeTca pasbuenuneM e(z, y, A+pu)—
—e(z,y, A) B cymmy He 6Gomee deM 1+ |p| craraeMbix, oleHMBaeMBIX,
xak B deMme 21.5. l

Jemma 21.7. Cnpasedausa oyenka

‘/ pA—p)e(z, y, p)du—e(z, y, )| <C(1+ |)\|_)”_1, (21.20)

2de C He 3asucum om x, Yy, A.
NoxazaTeanbcTBo. Bocmompayemca TeMm, uto p€S(RY) n

/p()\_) dA=1. C noMoIIIbI0 01€BUIHOIO HEPABEHCTBA

LA+l <A +[A) (A +[u])
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HOJIy‘-IaeM
‘/ pA—p) ez, y, p) dp—e(z, y, A)‘ =

=|[ = et = el v A=

- \ [ oty et v 3= ) du‘ <

</(1+|A|+Iul)”_1(1+Iul)_Nd/léC(HlAl)”‘l,

4T0 u TpeGoBamocs. M
Jemma 21.8. BuinoaHnena oyenra

A
[ x [ o=y dueta, v ) = el ) [<OQ+A (2120
JoxaszaTeabcTso. IaTerpupys 0o JacTaM, TOIyTaeM

/p(k—ﬂ)due(r, Y, u)Z/p’(A—u)ff(:v, Y, 1) dp,

oTky A
j(/ PA—m)due(z, y, /‘)) dA:j(/ prA—n)e(z, y, /l)d/l) dr =
:/ jp/(A_”)dA e(x’ya#)dlb/p(k—#)@(%u#)d/l,

Tak 4ro (21.21) BEITeKaeT Teneps u3 (21.20). W
YunToiBag aeMMy 21.2; MBI BUAUM, UTO CIPaBeIINBO
IIpegnoxenune 21.1. Umeem mecmo oyexra

e(z, y, \) — // R(oc—ai(y, £), =, y, £) V@ ¥ 8 g d{‘ <C(L+[A) 1,
o<l A
(21.22)

2de C wne zasucum om x, Yy, A.

21.3. Teopema Xépmangepa gag omepaTopor 1-ro mopaaka. Ml xoTum
Telephb IPeo6pa3oBaTh K 6olee IPOCTOMY BHAY oleHKy (21.22). 3ameTnm,
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uTo B cuay (21.9)

+o0
/ RA z,y, 6)dr=q(0, z, y, &) =1(=, y, &). (21.23)

IlosTOoMYy, eciu OTOXKUTH

T

/ R(o. 2.y, £)do, <0,

— 00

Ri(r, z,y, &)= —/ R(o, z, y, &) do=

:/ R(JJ z,Y, 5)(10’—[(33, Y, E)J T>07

To u3 (21.11) BEITEKAIOT ClAeAYIOMNE OLMEHKH Aai Ri:
10202 TRy (M, 2, y, )] < Capan ()N (21.24)
Hmeem oveBUIHO,

// R(J_al(yi 5); T, Y, 5) eiw(x’y’g)dO'dE:

o<l A

= / I(z,y, &) V™ v:0 g¢ -|-/ Ri(A—ai(y, £), z,y, &) V@V 8 g¢.
ai(y,€)<Ax

Anamoruuno aemme 21.3 goKa3bIBaeTCs, 9TO

‘/ Rl(A—al(?/; £)a T, Y, E) eiw(Z7y7€) dg‘ <C(1+|)\|)n_1a

Tlos>TOMy MBI BUAUM, ITO CIPaBeIINBA
Jemma 21.9. Hueem mecmo oyenka

N [ dmwgeeod <ous T e
al(y7§)<>‘

2de C He 3asucum om x, Yy, A.
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[aa ganpHenInero ympoIneHus HYXHA
Jemma 21.10. Ilpu 6auskur  u y cnpasediuea oyeHKa

/ I(z,y, &) Vv 0 dg — / (@, v.6) ge

a1(y,§)<A a1(y,£)<A

<O+[A),

2de C He 3asucum om x, Yy, A.
JdoxaszaTeancTBo. I3 gokasareabcTBa TeopeMmbl 19.1 serko ms-
BJleYb, YTO NpPU OIU3KUX T U Y

[I(z, 9, ) = 1I<CA+]E)7 (21.26)

ITosTomy

/ (I(z, y, &) — 1) 0.9 g | < © / (L+]€)" de <

al(y,E)<A al(y7§)<)‘
<C /<1+mur4@=6'/<r+mn-w%uo<
a1 <\ <A

A

A
<O [+ luh i u< O [l an <o A
0 0

4T0 u Tpe6GoBamocs. W

3aMeTuM, UTO €CAU mapa &, Yy IPUHALICKUT HEKOTOPOMY KOMIAKTY
B M x M, He mepecexamollleMycsi ¢ AUATOHAIBIO, TO Mbl MOXEM CYHTATH,
gro I(z,y, £)=0, Tak 9TO B »TOM ciydae m3 JeMMbl 21.9 cregyer, 4To

n—1

le(z, y, O[O+ A"

CyMMupyeMm 3TH pe3yJIbTaThl B BUEe TEOPEMEI.

Teopema 21.1. 1) Hyecmsy dynxyus (z, y, £) onpedeaena npu 6aus-
KUZ © u Y u makosd, 4mo

111(33, 1/%(35, Y, 5)) :al(ya g)a "/)|(z—y)~§=0 :01 1/)x|x=y :g (2127)

Toada npu 6auzkuzr  u y

e(x, y, A) — / e“"“f’yv@dg‘ <CL+|A)" Y, (21.28)
al(y7§)<>‘

2de C He 3asucum om x,y u A.
B uacmnocmu,

e, 2, A) = Vo ()] S C(L+] A" (21.29)
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2) Ecau napa x, y npunadaexrcum wekomopomy xomnakmy 6 M x M, ne

nepeceimmwewtyca C aUGZOHClAb?O, mo
ez, v, N <O+ A (21.30)

CaegctBue 21.2. Cnpasedausa acumnmomuueckas dopmyia 0ia
yucaa N(X) cobemeennviz 3nauenuu onepamopa A, meHbwuzr uem A:

‘N(A) - / d¢ dx

a1 (z,€)<A

<O(L+ AN

21.4. Cay4au omepaToOpoB BEICOKOTO mopajka. IlycTs, A — caMocomps-
JKEHHBIN aaunTudeckuil gudpdepeHInanbHblil ONepaTop NOPAAKa m Ha 3a-
MKHYTOM MHOT006pasun M ¢ TIaBHBIM CHMBOJIOM G, (2, &) > 0. IlocTpoum
npu GAU3KUX ¢ U Y Takyio ¢yHknmo ¥(z, y, ), 9410

am(mi 1/)1“(33’ y) 5)) :am(y, 5), (21.31)
1/)|(Z—y)'§=0:0: wr|x=y:Ea (21.32)

OTKyna clegyeT, 9TO ) OAHOpPOAHA TIo £ mopAgka 1 m TakoBa, ITO
Yo, v, €)= (2 —y) £ +0(lz -y PlE) (21.33)

Opu £ — Y.

Teopewma 21.2. Jaa onucannozo ewviue onepamopa A nopadka m
umeem:

1) Hpu 6auskuzr © u y

. n—1
e(z, y, \) — / 6z¢(1,y75)[]£‘<0(1+|)\|)7’ (21.34)
am(y,6)<A

2de C He 3asucum om x u y.
B uacmuocmu,

n—1
e(, 2, \) — / dg‘gC(lHM)T (21.35)
am (2,6)<A

u, caedosamenvHo,

N\ - / d:pd‘{‘gC(l—}—MDnT_l, (21.36)
am(z,€)<A

2) Ecau napa x, y npunadaexcum Hekomopomy komnakmy 6 M x M, ne
nepecekanwuemyca ¢ Jua2oHaabo, mo

n—1
le(a, 3, Al C(L+ A (21.37)
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JdoxaszaTenbcTBo. JaMeTuM, BO-IEPBHIX, 4TO 0e3 ymepba 111
00LIHOCTH MOXKHO cunTaTh A >0 (ecam >To HEBEPHO A1 CAMOLO OIEPATO-
pa A, To B cuny caegcrsus 9.3 BepHo a1s oneparopa A+ ¢l mpu gocTaTouHO
6oasimoM ¢ > 0). Beegem omepaTop Aq = AY"™ . 370 snmunTHYecKuil TCeB L0
AuddepeHInaIbHBIN OepaTOp HOPAAKa 1 ¢ MIaBHBIM CHMBOJIOM a1(Z, §) =
=am(z, E)l/m. fcuo, aro ypasrenus (21.31), (21.32) ana ¢(z, y, ) npocTo
coBmajaioT ¢ ypasHerusamu (21.27). Kpome Toro, oueBnHo, 9T0

ey, V=Y wil@) o= D @@ e =elz y A,

A <A )\;/mg)\l/m

rae ei(z, y, A) — cnexTpanbHas GyHKnuA oneparopa A;. Bee yTBepx geHnsa
TeopeMHI 21.2 BHITEKAIOT Teneph U3 COOTBETCTBYIOUINX YTBEPKJCHUH TEO-
pemur 21.1. W

Jagaua 21.1. PaccMoTpeTs ciydail 0JHOPOAHOTO OIEPATOPA G (D)
¢ nocrosHHEbIMEI Koadpunuentamu B R”. 3anucats e(z, y, A) B Buje uHTe-
rpaja I IPOBEPUTH HelocCpeAcTBeHHO oueHkn (21.34), (21.35) u (21.37).

§ 22. Omeparop Jlamraca Ha cdepe

22.1. Omepatop Jlaniaca Ha pumanoBoM MuOT006pazmu. 1) ITycte M —
MHOT006pa3ne, Ha KOTODOM BBejJeHa DPHIMAHOBA METPHKA, T. €. B JII0O0M
KacaTelbHOM mpocTpaHcTBe T, M 3agana GummsenHas ¢opma (-, -) ¢ mo-

MOKUTEILHO OMpeJeleHHON KBagpaTmaHoh popmoit. Ecmm 2zt ... 2™ — 10-

d d
dxl’ "7 9xn
CaTeJIbHOT O MPOCTPAHCTBA BO Beex Toukax . O6o3ua<us

a1={ (). () )

MBI IIOJAYYIHM CHMMETPDHYCCKYI IIOJNOXKHUTEJABHO OIPDEICICHHYIO MaTpHU-
n

. d
uy gij(z). Ecan Teneps v= )" v/ 307 €Tz M, 10
7j=1 z

KaJbHBIe KoopauHaTh B obaactu U C M, To ( ) — 6a3uc xa-

n

(v, v)= Z gij(z) viol. (22.2)

i,7=1

Koxkacareasrnoe npoctpascTso Ty M —53To, 0 OIpeJeleHnIo, IyaIbHOe
npoctparcTBo K Ty M. Ero 6asuc (mpm z € U) cocrout us 1-dopm dz’,
OIPEJEIeHHBIX COOTHOIICHUIMNI

o 2yl
dzJ I 0 mpm i#j.
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MeTpuka Ha BeKTOpHOM IpocTpaHcTBe F muaynupyet mzomoppmim F
u F*. C nomoursio »Toro m3oMopdusMa MOXKHO IE€DEHECTH MeTpUKy ¢ F
ma E*. ®ukcupys Touky z € U, sorancum (dz', dz’) B Touxe z. Kaxoit
KacaTeIbHBIH BEKTOp cOOTBeTCTBYeT dz'? O603HAMIM ero KOOp IMHATHI e-
pea a’*, k=1, ..., n; Tora JOMKHO BHIIOTHATLCA YCIOBHE

n
. ) . 9 .
5 =(de', 57)= (1™}, 557) =27 awsa™,
k=1

otkyga a'* = g* —snemenTnr MaTpuiEL, 06paTHON K ||gik||-
Teneps nMeem

n
T. €. Jud II06000 KOKACATeIBHOT 0 BekTopa a=y , a;dz' € Ty M
i=1

n

(a, a)= Z gijaiaj. (22.4)

i,7=1

2) BeegeM Ha PIMAaHOBOM MHOI000pAa3nu MMaJKyio IIOTHOCTL (06BbeM)
TakK, ITOOBl B KacaTeJbHOM IIPOCTPAHCTBE 00beM Iapalelennlena U3 op-
TOHOPMEIPOBAHHON cucTeMbl paBHsiacs 1. [as aoboro napaienenunea ms3
BEeKTOpOB €1, ..., &, 00beM OyageT paBeH

vol{er, ..., ent =| det{e™, ..., e ™}, (22.5)

rae ei™ —croabel KOOpAUHAT ¢; B OPTOHOPMUPOBaHHOM Gaszuce. DPopmy-
1a (22.5) BEITeKaeT W3 TOrO, YTO OOGBEM JOMKEH OBITH AJAUTHBHEIM He-
OTpHUIATEILHEIM HHBAPHAHTOM TapasLielelnnea.

Yro, ecin 6a3zuc, B KOTOPOM GepyTcs KOODIMHATHI, He OPTOHODM-
posau? PaccmoTpuM Torjga mpeo6pazosanue A, mepesoadiiee opTobaszmc
e}, ..., e, Bbasuc ey, ..., e,. B cTonbmax ero MaTpuus (B 6azuce €, ..., el)
6yAyT CTOATH KOODAWHATHI BEKTODOB €; B opTobasmce {ei}, Tax «ro

vol{er, ..., en} =| det A|=+/det (A* A).

Ho maTpuunsie saemenTsl A* A B 6asuce {e}} nmeror Bug

(A* Ae}, e}):(Aeg, Ae}):(ei, e;). (22.6)
d d
IMosToMy NapasIelemuies (ﬁ’ . W) nMeeT o6beM /g, Tle

g=det ||gij(2)]|, a o6bem m060ro MHOXKecTBa F B JIOKAaIBHBIX KOODIH-
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maTax U ompegendeTca Kak
vol(F):/ Vg(z)de'. . dz". (22.7)
F

HenocpeacTenno u3 GoOpMyIbl 3aMeHEl IePEMEHHLIX B HHTErDAIe MOXK-
HO IPOBEPUTH, 9TO HHTerpal B (22.7) He 3aBHCAT OT BHIGODA JOKATBLHBIX
koopausaT. [To>ToMy MOXKHO cpasy NPHUHATL ero 3a omnpegeneHue vol(F),
ompegensa MIaIKYo MOJI0KUTEIbHYI0 INIOTHOCTE dv Ha M 1o ¢gpopmyae

dv=1/g(x)dz*.. dz". (22.8)
3) das mo6oro audgepeHINaILHOTO OIepaTopa
A: C®(M)—=C™(M)
CYLIECTBYET eJUHCTBEHHLIN omepaTop A* Takon, ¥to
(Af,9)=(f Ag), [, 9€CF (M), (22.9)
rae

(f, 9) =/ f(z) g(x) dv. (22.10)

AHalorn4Hoe yTBepXKJAEHNE BEPHO s ONEPATOPOB B CEUYEHUAX BEK-
TOPHBIX pacciaoeHu Ha M, ecanm B cI0SX PacCIOEHUN HMEETCS 3PMUTOBA
MeTpuKa (MOJOKUTEIBHO ONpefeleHHAs 3pMHUTOBA (GOpPMA), 3aMeHAIOMAL
f(z) g(z) B (22.10).

Ompegenum B 1-popmax A'(M) ckansproe npomssegenue, Geps B
Ty M ® C 5pMUTOBO CKAIIPHOE IPON3BeJeHNe, NHIYIUDOBAHHOE BBEICHHON
Boime MeTpukon Ha T, M. PaccmoTpum onepaTop

d: C®(M)— A (M), (22.11)
nepesoaamuit pynxmuio f € C°°(M) B ee quddepennuan df € A (M), onpe-

JeaseMsIll TeM, 4To ecan v € Tp M, To (df, v) = (vf) (z), rage (vf) (z) o3ma-
JaeT MpOU3BOAHYyIO f MO HampaBieHWIO v. B xKoopanmaTax:

Omnepatop 6: AY(M)— C° (M) onpegenseTca Kak COUpAKeHHbIN K d,
T. e. § =d*.

Onpepgenenmne 22.1. Onepamop Jlanaaca (wan Janaaca—DBeab-
mpamu) Ha QYHKIUAK

A: C®(M)— C®(M)
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Ha pUMaHOBOM MHOroo6pasuu M ompegenserca GpopMyaon
A=-4-d. (22.12)

AmnanornussiM o6pasoM Ha p-popmax AP (M) ompegeren omepatop Jla-
mIaca

A =—(dS +8d): AP(M) — AP (M),

HO MHI He 6yIeM ero paccMaTpUBATh.

Cpaay scHo, aT0 omepaTop Jlamraca A o6ragaeT CIeIyOMAME CBOM-
CTBaMHU:

a) A*=A;

6) ecin T': M — M coxpaHfeT METPUKY B KaCaTeJIbHEIX IIPOCTPAHCTBAX
uT: C®(M)—C®(M) onpegereno dopmymoit T'f = foT, To

AT=TA,

T. e. A IepecTaHOBOYEH C M3OMETPUIMI;

B) ecin M zamxuyTO, TO (Af, f) <0, npudem u3 A f =0 BuTexaeT, 94TO
f = const.

4) BoruncanMm 6 1 A B JoKaIbHBEIX KoopauHaTax. Mmeem

(5 (Z; a; dmi), f) = <Z a; dz’, % da:j) =

i=1 j=1

5 Jnghnne £ [ a

i,j=1 i,j=1

=[ 1% Glaswarie) v

OTKyaa
i . 1 - 9 .
At = i,
5(2 a; dx ) =7 2 o (Vg 9" a;) (22.13)
i=1 i,j=1
i
1 = 9 L Af
Af=6df = — — (V99”55 ). 22.14
NG P oz (\/_ Jx ) ( )

ODpumep 22.1. B eBkangosom mpoctpancTBe R” co cTangapTHON Me-

TPUKOU MOLyIaeM
n
% f
Af= Z; i
1=
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JaMeTnM, 9YTO BCe MHBAPHAHTHI A —3TO NHBAPDUAHTHI PIMAHOBA MHO-
roo6pasus. B wacTHOCTH, TAKOBBI BEIUETHI U 3HAUEHUS (-PyHKIUN.

Ynpaxuenne 22.1. BEYUCAUTE B JOKAJBHEIX KOOPJAWHATAX TVIABHBIM CHMBOJI
omneparopa Jlaniaca Ha pUMaHOBOM MHOI0OGpa3nu.

22.2. Omnepatop Jlamnaca na chepe S™. Chepa S” — caegyroinee moa-
MHOroo06pazue B R+
n
St =1 (20 ..., 2" Z:(acl)2 =1
i=0
Ha S umeercs MeTpuxa, UHIYIUPOBAHHAS CTAHJAPTHOU MeTPU-
xoit R"t! u cooTmeTcTBytommit omeparop Jlamraca, KOTOPHIH MBI 6ygeM
o6o3nadaTs Ag. EcTe caegyromuil crroco6 BerMucasTs Ag, NCHOAB3YS Ole-
paTop A B R?tL
Mpegaoxenne 22.1. Ilyemv f(w) — Pynryua na S™, npodoascun

ee na R, noaacasn f(r) :f(|$—|), m. e. no odnopodnocmu 0-20 nopadka.
xr

Toada A
Asf=Af]sn, (22.15)

uAU

(Af) (z)=r"%Asf, (22.16)
2der=|z|.

JoxaszaTeuascTso. PaBHocuasHocts (22.15) u (22.16) oueBngua,
Tak kax Af mMeeT TOpAI0K 0IHOPOIHOCTH —2.

HoxaxeMm popmyay (22.15). O6oznaunm BpeMeHHO depes Ay omepaTop
Ha S”, ompefenseMblll IpaBol dacTsio (22.15).

Ha S™ genicrByer rpynna msomerpuin SO(n+ 1), momzyuaemas orpasu-
vyennmeMm Ha S" Bpamenui mpocTpancTBa R”T!. C moMompio 53Toft TpymImEL
AI0601 eIUHUYHBIN KACATEABHBIA BEKTOP MOXKHO IEPEBECTH B JM000H APY-
ron. IIoaToMy TJABHBINI CHMBOJ OMEPATOpa, MEPECTAHOBOYHOTO CO BCEMHU
U30MeTPUAMU, TOCTOAHEH HA BCEX €JUHUYHLIX KOKACATEILHBIX BEKTOpPAX
(u, cregoBaTeABHO, OJHO3HAUHO ONPEIEICH € TOYHOCTBIO A0 CKAIAPHOTO
muoxuTens). fcHo, uTo omepaTophl Ag n Ay HepecTaHOBOUHEL C I€HCTBH-
eM SO(n+ 1) ma dpyskunax. IlosToMy cymecTBYeT Takas IOCTOSHHAA A,
uTo omepaTop A’y — AAg numeet mopagox 1. Ho omepatop Ay — AAg Takxe
nepectanoBodeH ¢ SO(n+ 1), a TOCKOIBKY HeT IHHEHHBIX (DYHKIUN, NHBA-
PHAHTHEIX OTHOCHTEILHO IOBOPOTOB, a ¢BOGOAHEIN wieH Ay — AAg u3 Tex
&Ke COOOpaXKeHNH IOCTOAHeH, To omepaTop Ay — AAg KpaTeH eimHEIHO-
My H, ClIeJoBaTelbHO, HyleBol, Tak kak Algl=Agl =0. Urax, Ay = AAg.
U3 pansuenmiero 6yeT acHO, 9To A =1, 4T0, BIpOYeM, MOKHO IPOBEPUTh,
BeramcanB Ag u Ay Ha moGoll HerapMoHudeckonl Ha cdepe Gyuxnnu. W
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22.3. Co6cTBeHHEIe 3HaYeHud onepaTopa Ag. Boraucanm onepatop A
B MOAAPHBIX koopaunaTaX. [lycts r=|z|, w=2/|z|. Torga

A(f(r)g(w))=(Af) g+ F(Ag) +2(V)-(Vg)=(Af) g+ f(Ag), (22.17)

tak kak (Vf)-(Vg)=0 (rpaguent V[ HanpasieH 1o pajuycy, a TpajueHT
Vg — 1o KacaTeIbHOM).
Berancaum A f(r). Uveem

=t =tobf
Otcroga
Af(r) :Z ai«l (t—lf/(r)) :Z f”(r) (x’;)‘ +
=0 1=0
(D) =+ .
i=0
TToaTomy

= +22 1 S aAs, (22.18)
rae Ag TpuMeHAeTCA Ha eIUHUYHON cdepe ¢ MOCIETYIOMUM IIPOJ0IZKE-
HEeM 10 HyaeBoll ogHopogHocTu. Popmyna (22.18) BepHa yxe Ha TOOBIX
dbyHKInIX (MuHenHBle KoMOuHannu GyHknui suga f(r)g(w) mIoTHE B mpo-
crpauctee C° (R"+1\0)).

B uactHOCTH, mpu f(r) =r* momyuaem

A(rfg(w))=r " #[Asg+ [u(p— 1) +npl g] =
=r M Asg+p(p+n—1)g]. (22.19)

W13 (22.19) BeITEKAET, 9TO CIpPABELINBO

ODpegnoxenne 22.2. Pasencmeo A(rfg(w))=0 (npu r#0) pas-
HocuabHo momy, umo g(w) — cobemeennan Pynryus onepamopa —Ag c
cobemeennbim snavenuem A= pu(p+n—1).

ITockoabKy Bce COOCTBEHHBIE 3HAUEHNUS OlepaTopa —Ag HeOTPULATEb-
HEBI, MBI MOXeM CIUTaTh, 9T0 p > 0 man pu < 1 —n. 3ameTum, 4T0 KBagpaT-
uBIl Tpex<aer A(p) = p(p+n — 1) npuanMaet Bee 3HadeHus A > 0 npu p >0,
IpU€YeM POBHO II0 OgHOMY pa3y. IloaToMy sicHO, 9TO COOGCTBEHHEIE 3Hade-
Husg A > (0 HAXOAATCA BO B3aUMHO OJHO3HAYHOM COOTBETCTBUU C TAKUMI
p#>0, 9T0 cymecTByeT Takasd HeTpuBHaIbHAA QYHKINA ¢(w), IT0 rfg(w) —
rapmonmteckas yakmua 38 R"T1\0. Ho Torga mo Teopeme 06 ycTpamm-
Moii ocobennocTu r#g(w) rapmormusa Bclogy B R™T! u, caegosaTensHo,
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ABJAAETCA O TeopeMe JIMyBWAIS TapMOHUYECKUM HOJNHOMOM. B dacTHO-
ctu, p— uenoe. OUeBHIHO, BEPHO U 06PATHOE, T. €. OTPAHUYEHUS OJHOPOI-
HBIX TAPMOHUYECKHUX MOJIUHOMOB Ha S” SBASIOTCS COOCTBEHHBIMU (DYHKIIN-
aMu omepaTopa —Ag ¢ coGcTBeHHBIME 3HadeHmaMu A =k(k+n —1), rge
k=0,1,2, ..., npudeM HO IPUHIUIY MAKCUMYMa TAPMOHNYIECKUH TOJMHOM
OJHO3HAYHO ONpeJeasieTCa CBOUM orpanmdeHueM Ha S™. Utax, qoxazana

Teopewma 22.1. Cobcmeennvie 3nHauenus onepamopa —Ag paeHb
A=k(k+n—1),20e k=0,1,2, ..., npuuesm kpamnocmv cO6CMBEHHO20 3HA-
wenus k(k+n—1) pasna pasmeprocmu npocmparcmea 0dHOpodHBIL 2ap-
MOHUNECKUT NOAUHOMOE cmenenu k.

22.4. MMogcuer xpatHocTH. IlycTh M) — OpPOCTPAHCTBO OJHOPOTHBIX
MHOTrO41eHOB cTenenu k. Berancaum Ny =dim My. Basuc 8 M}, o6pazyior
O JHOYJIEHE mé”. xke rme ko + ki + ...+ k, = k. KormaecTBo ymopsgotues-
HBIX pazbueHunn uucia k B cymMMmy n+ 1 HeOTpHUIATETILHBIX YUCEN PABHO
KOJIUYeCTBY YIOPAJOUEHHEIX pa3buennn gucia k +n + 1 8 cymmy n+ 1 no-
JOXKUTEIBHLIX YUCEd, 9TO B CBOIO OdYepelb PABHO KOJIMUECTBY CHOCOGOB
PACCTaBUTDL N TEPeropojoK Ha n + k MecT, T. €. paBHO

k'n! "~ n!

Nk:(n:k>: (n+k)!_ 1 (k4+n) (k+n—1)...(k+1). (22.20)

3ameTnum, 4To0 omepaTop A 3ajaeT oToGpaKeHne
Az My — My, _s (22.21)
I €CTh TOYHAA IIOCJAeJOBATEIBHOCTD
0— Hy— My — My_o, (22.22)

rae Hip=Ker A|p, —IpocTpanCTBO OAHOPOAHBIX PAPMOHAYECKAX [IOILHO-
MOB CTelneHu k, Pa3MePHOCTH KOTOPOT'O MBI XOTUM COCIUTATD.
Teopema 22.2. 1) Onepamop A: My — My _o cloprexmusen.
2) Hmeem mecmo npamoe pazioncenue

My= @ r'Hi_u, (22.23)
kE—2020

eder?=zl+ .. . +x2.
CaegcrBue 22.1.
a) dim HkZNk—Nk_g. (2224)
6) Ecau f, ¢ — dsa mHo20u4€HA, MO CYWECMEYEM U €OUHCMEEH MAKOT
MHO20UACH U, UMO

Au=f, uljpj=1 =¢ljz|=1 (22.25)
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(m. e. sadaua [upuzae das ypasmenus Iyaccona 6 wape paspewuma 6
MHO20UACHAT).

o 2
B) FapMouuuec%uu MHO20UAEH HE MOJCEM JedumbCa Ha T°.

BriBog caegcrsua 22.1 us Teopemur 22.2. a) CooTHomre-

e (22.24) caegyer m3 ToOro, 4TO HOCIEJOBATEILHOCTH (22.22) MoxHO

InepenncaTs B BUAC
0> Hry—> Mg — Mi_9—0. (22.26)

6) B cuny m. 1) TeopeMbl yTBepxK AeHHE O pa3pernnMocTH 3aga4u (22.25)
cBoguTca k caydato f =0, rge oo oueBuaHO B cuay (22.23).

B) Tak:xe oueBugno u3 (22.23). W

JokxazaTeancTBo TeopeMmu 22.2. O6a yTBepxkAeHUs JOKa-
3BIBAIOTCA OJHOBPEMEHHO MHAYKIMEN 10 k.

Ilpu k=0, 1 yrBepx gerns TeopeMsl BepHEL. [IycTh OHU BepHBI IpU BCeX
[<E.

1°. Toxamem, uTo Hj Nr?Mj_5=0. ITockoIbky OO HHIYKTHBHOMY
npegnogoxennio My_o= P P2 Hy o0, TO P> Mj_9= P P2 Hy o,

E—20-230 E—2020
>0
u ecmn hy € Hy N2 My _o, TO
Z 9
hk = cr lhk_gl. (2227)
1>0
E—203>0

PaccMoTpuM Temeph rapMoHWYecKuit MHOTOWIeH h=hg — Y. cihi_o.
>0
Nmeem deg h < k, npuduem hy —oguopoanas xkomnonenTa h crenenu k. ITo-

cKOMBKY h||z=1 =0, To h=0, oTxyaa hy =0, 94To 1 Tpe6oOBATOCE.
2°. U5 ycmosus My D Hy + P2 Mp_s morydaeM

dim Hyi < N — Ng_a, (22.28)
IpUYeM PABEHCTBO PABHOCUILHO PA3JIOXKEHIIIO
My, = Hy + r* My, _». (22.29)
3°. 3 Tounon mocregoBareasHocT (22.22) caegyeT, 9ToO
dim Hy = Ny —dim A(My) > Ny — Ni_o, (22.30)
IpuY¥eM PABEHCTBO PABHOCUILHO CIOPBEKTHBHOCTHU OIEPATOPA
A: My — Mg_s.

4°. W3 mepasencTs (22.28) u (22.30) caeayer, uro dim Hy = Ny — Ni_s,
OTKyJa BHITEKAIOT CIOPBEKTHBHOCTb U pasnoxeHne (22.29), us koToporo
IO IpeANOI0KEeHNI0 NHAYKINN yXKe clefyeT u pasnoxenue (22.23). W
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CrnegcrBue 22.2. Kpamuocmbs coOCMBEHHO20 3HAUEHUA A=
=k(k+n—1) onepamopa —Ag paena Ni— Ni_s, a2de Ny 3adaemcas
dopmy.aoi (22.20).

22.5. ®@yuxuua N (t) aas omepatopa —Ag. flcho, uTo
N(k(k+n—1)40)=>_ dim H;=> (N —Ni_g) = Nj + Nj_1. (22.31)
1<k 1<k

Ho m3 (22.20) sicuo, 9To N — MHOTOWIEH CTENEHH N OT k €O cTapmuM

x03(pPUINEHTOM % MosTomy u3 (22.31) creayer, uTo

N(k(k4n—1)+0)~ 2 K~ 2 [k(k 40— 1)]"/2. (22.32)
U3 (22.31) BeITeKaeT Takxe, 9TO
Nk(k+n—1)+0)—N(k(k+n—1)—0)=Ng — Np_a=P,_1(k).

rae P,_i(k) —moannom ot k crenenn n — 1. IlosTomy

N(k(k4+n—1)40) = N(k(k+n—1)—0)>ck" ' > c[k(k+n—1)]"T",
(22.33)
rge ¢>0. s (22.32) u (22.33) acuo, uTo

N = 2021+ 0(A12)), (22.34)

mputdeM J06aBKa O(A‘1/2) 6B1BaeT Goabme, geM cA~ /2, T, e. omenka ocraT-
Ka HeylydmaeMma (IO KpailHell Mepe ¢ TOYKY 3PEHUS IOKA3aTesd CTEIEeHN).

IIposepnm, uTo (22.34) —5TO Kax pa3 acCUMITOTHKA U3 TeopeMbl 21.2
(3T0, B YaCTHOCTH, JACT HaM U TOT (PAKT, ITO MHOKUTEIb A U3 JOKa3a-
TenbcTBa npeanoxenus 22.1 pasen 1). Hyxuo nposeputs, 4T0

2= @n) Yy, (22.35)

rae V,, —o6beM n-MepHOro eJUHIYHOTO mapa, V,, —mromaas S” (puMaHoB
06BeM).

!
Vn—l

Acuo, uTo V,, = , OTKyJa BCe CBOANTCA K TOXICCTBY

v ;2(2m)"

n-1Vn = moDn (22.36)
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Boruncaium V,)_, m pgokaxem 5To cooTHomenune. O6ozmaunm =
(o)

2
:/e_z dz; Torga
0 I":/ e_(xf"'“""xi)d:bl...dmn
z;20
U, B 9aCTHOCTH,
/2 o o)
2 2 2
I’ = / e_(x1+x2)da:1dm2:/ dgo/re_r dr:%/e‘zdzzg,
z;20 0 0 0
_ﬁ 7rn/2
OTKYAa I_T,I”: o
Teneps 3aMeTUM, ITO
7 < 7 * !
Vo _ 2 Vo1 1 Vi n
n__ ‘n-=1 n—1_-r _ 'n—-1 1 n/2—1_-z _ 'n—-1 n
"= on /r e~ " dr= on ~2/z € dz_2n+1 F(Z)’
0 0
27Tn/2
orkyga V/_ = .
D)

Kax msBecTHO, unTerpuposanue mo dactaMm gaeT ['(a + 1) =al'(a) npu
a>0, orkyga npu n =2k noaydaem

r(g):r(k):(k_m: (2_1)!.

Ecan e n=2k+ 1, To

r(5)=r(k+3)=(k-3) (=3)- 35 37()

1 2
HO I‘(—) = \/,E =/, oTKy1a
2) =V

n n—2 n—4 1 _n—1
—_ ) = . — — —_ 9N
r(z)_ S S VE=T (n-2)iva
IIycTes Teneps n — deTnoe. Torga
n nA1N (7 V19-n/2( 1\ r =
r(z)r( . )_(2 1).2 (n— 1)l r=
=2~ (/2D 22 (n — )\ /r=2.27"(n— 1)! /7,

OTKYZa

gy 22222 g
n—1¥n 2.27(n—1ly/7m (n—1)V

9TO " Tpe60BaJIOCB. CJIy‘Iaﬁ HEYIETHOT'O N paCcCMaTpPUBAECTCA aHAJOTUTHO.
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Jagaga 22.1. Hanucate BmIpaxkeHume gis omeparopa Jlamraca Ha
mrockocTn Jlo6adgeBcKkoro.

Jagada 22.2. BuuuceauTb coOGCTBeHHBIE 3HAYEHHS AJAA OIEpaTOpa
Jlanzaca Ha n-MepHOM BeINECTBEHHOM IPOEKTHBHOM HpocTpaHcTBe R P? ¢
€CTeCTBEHHON MeTPUKON (MHIYIUPOBAHHON MeTpUKON cdepsl S” mpu aABy-
aucTHOM HakpbiTHn S” — R P").

Jagadga 22.3. Buuncants co6cTBeHHBIE 3HAYMEHNA olepaTopa Jlamra-
ca Ha N-MEePHOM KOMIIIEKCHOM IPOeKTHBHOM mpocrtpancTBe CP" ¢ ecre-
CTBEHHOU Ka71epoBoll MeTpukon (cM. xsus Ilsa-nmas [1]).



ITTABA 1V
IHCEBAOANPPEPEHIINAJIBHBIE OIIEPATOPHI B R™

§ 23. AareGpa mcespgoauddepeHIMATLHEIX onepaTopoB B R™

Heasio uaydenns IIJ0 B R” sBaseTcs onucanue pa3an<sbix 3GQeKToB,
CBSI3AHHBIX C HoBedeHWeM (yHKOui mpu |z |— +oo. [Ipu sTOoM oCHOBHYIO
POJIBL UTPAIOT yKe HeloKaAbHbIe 3(hd ek T, TaK ITO IPUXOAUTCI OTOPOCUTD
TpeboBanre COOGCTBEHHOCTH, KOTOpoe mouTu Oe3 ymepba gas ob6IIHOCTH
MOKHO OBLTO HCHOJb30BATh B JOKaIbHOU Teopun (ri. I).

23.1. Kxaccel CHMBOJIOB M aMILTUTY .

Onpegenenne 23.1. Kracc cumsomnos I‘Z“(IRN), rnemeR, 0<p<],
cocTonT m3 Taxux ¢pyuxmuit a(z) € C°(RY), uTo BrmoHEHE! OICHKN

|0%a(z)| < Culz)m 01 e RN, (23.1)

IMpumep 23.1. Jo60il MHOrOUIeH a(z) CTENeHN ™M NIPUHA IICKAT
T (RN,

OTMmeTnM cpasy xe, 9TO €Can aEI",;’“(IRN) u bEI",;“?(IRN) , To abe
€ I‘T1+m2 (RN) u 0% € I‘Tl_plal(RN). [anee, ecau 3aJaH TUHENHBIN MOHO-
mopmam j: RIS RN ae I‘;”(}RN) nj*a=acj, To j*a € I":(Rl).

3aMeTHuM elre, ITO

() T2 (®Y) =SRN). (23.2)

Onpegeaenne 23.2. Iycts a; €T, (RY), j=1,2, ..., mj = —o0
mpu j — 400, u nycTh 3agaHa Gyuxuus a € C'™ (}RN). Byaem nucathb, 4TO

aNZ aj, (23.3)
=1

ecan AadA I060T0 Ieaoro r > 2
r—1

a=Y a; €T (RY), (23.4)
=1
rae m, =max m;. !
izr
Cuaegyroriue mpeII0KeHns IBAAIOTCI aHAJOTaMHA Ipefaoxesun 3.5 u 3.6.
Opeaaoxenne 23.1. IMycmy a; €T,7 (RY), j=1,2, ..., npuuen

m; — —o0o0 npu j——4oo. Toeda cywecmeyem maras Pyuxyus a, umo
(]

a~ Y a;j. Jasee, ecau dpyeas dynryua a’ obaadaem mem e ceoticmeon,
j=1
mo a—a’ES(RN)‘
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Opeaaoxenne 23.2. [Tyems a; €T,7(RN), j=1,2, ..., npuuen
m; — —00 npu j —+oo. Myems a € C°(RN) u dag ao6oz0 myasmuundex-
ca a cywecmsyiom makue nocmoannvie fio t Co, umo

10%a(2)| < Cale). (23.5)
ITycmp, HakoHEY, CYWECMEYIOM MAKUE UUCAOEBIE NOCACIOBAMEALHO-
emul; uCj, j=1,2, ..., umol; & —00 npu j— +00 U 6bINOAHEHB OYCHKU
r—1
a(z) — a;(2)] < Cr(z)lr. (23.6)
7j=1

(o)
Toeda a ~ 21 aj.
]:

Yunpaxueunune 23.1. [lokazaTe npegnoxennsa 23.1 u 23.2.

MEeI XOTHM Telepb PacCMOTPETh OlepaTOpHl BIAA
Au(a) = [ [ @0 Sate, € u(w) dy e (23.7)

rae a(z, &) € F’,}“(RQ”). Oanaxo, Kak BUAHO U3 paccMoTpenun ri. I, noresno
Cpa3y ke pacCMOTpeThb 6oJee 06IIyI0 GOPMYIy AeNCTBUL OHEpaTOPa

Au(z) = // (2, y, €) uly) dy de, (23.8)

rae ¢pyskuns a(z, y, ) HasblBaeTCa amnaumydod.

OmnuiteM KIacc aMILINTY[J, KOTOPHEIN OyAeT HaM IHOJe3€H I JaAbHeN-
IIero.

Onpegenenne 23.3. Yepes IIT (R3") 6yzem o603HAYATL MHOXKE-
cTBo dyEKunit a(z, y, £) € C*(R3™), 117 KOTOPHIX PN HEKOTOPOM M’ BhI-
[IOJHEHE! OLICHKY

10¢ 92 0 a(z, y, €)| < Capy(2)m 140N (g yym+rlotbial - (23.9)

rae z = (z, y, £) e R3™,

Acuo, uro ecm a € I (R?™), To d%a(z) e —rlel(R37) a ecn ects
eme be P (R?), To abeM)+™ (R3"). Umeerca Brmoterue I (R%) C
CII(R?). Tockomsky (2)/(x—y)>1, To MexIy caMumm Kraccamu
oy (R3™) mmetoTes BKMIOTCHNA

Iy (97 CIR (B2 mpw i <, f >

Nanee, ecin a(z, y, {) €I (BR37), 1o a(, z, £) € I‘ZI(RQTL).
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Baxnpi npumep ammanTyd kaacca II7 (R nocraBageT ciegyiomee

IMpegnoxenue 23.3. ITycmv p —makoe aunelinoe omobpascenue
p: R = R™ umo auneiinoe omobpancenue R*™ —R™ nepesodauee (z, y)
6 (p(z,y), x—vy), asasemca udomoppusmon. Ilycmov b(zx, )€ I"Z’“(IRQ”‘)‘
Onpedeaun amnaumydy a(z, y, &) € C(R3*™) Gopmyaoii

a(z, y, &) =b(p(z, y), &). (23.10)

Tozda a € T (R37).

doxkazaTenbcTBo. Dyuknun |z |+ |y|u|p(z,y)|+|z—y]|3aza-
10T DKBUBaJeHTHEIe HOpME! B R?”. [osToMy A1sf I0OKa3zaTeILCTBA TPeEIIO-
KEHIS 0CTAeTCHA BOCIOAb30BATHCA JIeIKO IPOBEPAEMbIM HEPABEHCTBOM

(1+1p(z, y)[+1£D)°
(1+1[p(z, y) [+ ]z —y|+]€])
u3 koToporo oueskn (23.9) creaytor aas a(z, y, &) cm/ =|m|. A
Canegcrsue 23.1. Fcau b€ F;”(IRQ”), mo amnaumydet a(z, y, £) =
=b(z, &) ualz,y, §) =b(y, &) npunadaexcam npocmpancmey I (R3m).

S<O(+]z -yl ser,

23.2. Kaaccu pyHKIMM M AeMcTBHe omepaTopa. BseieMm Temepb mpo-
crparcTBo Cp°(R™), cocrosnee us Takux Gyuxnun u(z) € C*(R"), aTo

|0%u(z) | < Ca (23.11)

A1s m060oro MyabTunHAeKca . Hamnyumme nocrosuuse Cy, B (23.11) o6pa-
3yI0T HaGOp MOIYHOPM JaHHON (yHKINH, onpegensiomui 8 C7° (R”) cTpyx-
Typy npoctparcTBa Pperrre.

Omnepatop A Buga (23.8) yzo6HO paccMaTpUBaTh B IPOCTPAHCTBE
C°(R"). YIT0o6HB IaTh KOPPEKTHOE ONmpefeieHNe OCIULINDYIOMEro HHTe-
rpaa, Bxoasimero B (23.8), HyHO HOCTYINTH Tak Xe, Kak B § 1. A nMenHo,
nycts BHavaze a(z, y, ) € C§°(R3®). Toraa unterpan (23.8) daxTueckn
6epeTca O KOMIAKTY U MBI MOXeM BBINOJHUTHL UHTEIPHPOBAHIE II0 Ha-
CTSIM, NOAB3YACH TOX JeCTBAMHA

<I_y>_M<D£>M6i(x—y)f:ei(f—y)f’ (23.12)
(€)M (D, )N eile=0)€ = cile-v)€, (23.13)

rge M, N —<deTHble HeOTpUUATENbHEIE Heable dnciaa. U3 (23.8) moxyuaercs
Aua)= [ 0@ ) DYV (D) x

x[(€&)Na(e, y, ) u(y)]dyds. (23.14)

Ecmm avmmryga a € II)'(R?") yaosreropser omenkam (23.9) m u€
€ Cy°(R™), To acuo, uro npu m— N < —n, m'+m— M < —n uaTerpan
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B (23.14) craHOBHTCA aGCOMIOTHO CXOAAIINMCH, IPUIEM OH OIpeenfeT He-
mpephIBHYI0 (yHKIUio oT r € R”. YBeanunBaa M u N, MBI DOIy<InM HH-
Terpajbl, COXPaHIIOLUINe CXOAUMOCTb U nocile gudQepeHnIupoBaHusd Io .
ITosTomy ompegensemsri popmy.tont (23.14) onepaTop 3ajaeT HeIPePLIBHOE
oTobpaxeHune
A: Cg° (R™) = C(R"™). (23.15)
IIpu m < 0 MBI momygaeM oTob6paxkeHne
A: Cg° (R™) = Cp° (R™).
JTo xKe oTobGpaxkeHnme MOXKET ObITH ONpeIeIeHO ¢ IIOMOINBIO Cpe3arolier
byrknuu x(z, y, &) € CF°(R3™), x(0, 0, 0) =1, mo dpopmyae
Au(z) = Tim, // i) €y (ca, ey, e€) al(z, y, ) u(y) dydé.  (23.16)
e—

N gentuunocts onpegenenni (23.14) u (23.16) mposepseTcs, xkak B § 1,
I MBI IPEJOCTABAIEM HTY IPOBEPKY UUTATEN0 B KadeCTBe YIPaXKHEHU.

B uactHOCTH, onmepaTop A ompegenen Ha dynxnuax u € S(R™). IToka-
JKeM, 4TO OH ONpeelseT HeIPePHEIBHOE 0TOGpaKeHNe

A: S(R™?)— S(R™). (23.17)
B camoM gere, TOL3yAChL HEPABEHCTBOM
L+l <@+ly) A +lz—yl)* k>0,
MEI moxyduMm u3 (23.14), ato
(1+ ]z ])*| Au(z) | < Cr

npn mo6oM k, 1 aHaIOTHMYHAS OlleHKa BepHa ¢ 3aMenon Au(z) na 05 (Au(z)).
Orcioga u caegyet Tot daxt, uro Au(z) € S(R") npu u(z) € S(R") C olleH-
KOH IOIYHOPM, OGeCIeYNBAOIIell HENPEePLIBHOCTL oToOpaxenus (23.17)
(xoTopasd, BIpodIeM, MOXKET GbITH BHIBEJEHA TaKiKe I3 TEOPEMEl O 3aMKHY-
ToM rpaduke).

Haxkouen, 3ameTnM, 9T0, IOCKOIBKY TPAHCIOHIPOBAHHBIN OEPATOD

fAv(y // ilz=y): (2, y, &) v(z)de dé (23.18)
[0 aHaJOrWYHLIM npuunHam oTobpaxaer S(R") B S(R™), omepaTtop A mo
IBONCTBEHHOCTHU TIPOJOAKAETCA 10 HEMPEPBEIBHOTO OTOOPAKEHUS
A: S'(R?) — S'(R™).
Onpegeanenune 23.4. Kanacc omeparopos A Buga (23.8) ¢ amman-

m 3n m n m
tygamu a € I} (R®") o6osmataerca gepes G (R") min mpocto epes )
(ecin AcHO MU 6€3PA3INIHO, KAKOBA PA3MEPHOCTH 7).
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IToseano ommcaThb omepaTophl, DpHHALIEXKAIMe Tepecedenuo G~ =
=N G'. MuI mokaxkeM ceirac, ITO 3TO IepecedeHne He 3aBUCHT OT p 1
m

cocTont 13 onepaTopos ¢ aapamu K 4(z, y) € S(R?*™). flcro, uTo gocTaTou-
HO PaccMOTpPeTh caydan p < 1. 3JaMeTum, 9TO ONepaTOPHL C AMILIATY JaMU
a(z,y, &) u{z—y)~N(D¢)Na(z, y, €) coBnajaior, 0TKya cledyeT, ITO eCIn
A€ G, To onepaTop A MOXKHO 3aJaTh € IOMOIIBIO AMIIUTYALL a(z, ¥, &),
YAOBIETBODAOMEH yca0BuAM (23.9) co CKOIb YT OAHO MATLIME (CKOIb YT OA-
HO GamskuMu K —oo) ducaaMu m u m’. Ho Torga onepatop A umeet s1po

Ka(z, y) 2// T Eq(z y, €)dE, (23.19)

npuna grexamee S(R 7). OTcioga cregyeT, B 9acTHOCTH, 9TO A ompegenseT
HeIlpepBIBHOE OTOOpaxKeHNe

A: S'(R™) = S(R"), (23.20)
KoTopoe 3ajaeTca GhopMy.Ioit
Au(z)=(Kal(z, ), u(*)). (23.21)

B o6mewm cayuae 1apo Ka(z, y) ompegeneHo ¢hopMyIon
(K oy= [[ oDt oo, drdyde, peSE™), (23.22

u mpejcTaBageT coboit 06obmennyio dynxmuio K4 € S'(R).

Yunpaxuenne 23.2. O6osnaunm gepes C7° (R™) npocTpaHcTBO Takux hyHKIUN
u€ C(R"™), aro aaa mo6oro My IbTUAHJEKCA & HAHAyTCA Takne nocToaHube Co U fa,

q9TO0
|0%u(x) | < Ca () e (23.23)

JlokazaTh, 94To onepatop A € G™ onpegenseT oTo6paxeHue

A: O (R™) = OF (R™). (23.24)

Ynpaxueunne 23.3. [lycrs A € GZI (R™), K 4 —agpo onepatopa A. [Jokasars,
aro K 4 € C®(R?™\A), rae A — gnaronaas s R™ x R™.

23.3. JleBHil, MPAaBEIA U BEWICBCKMU CHMBOJEL.
Teopema 23.1. Onepamop A€ G} 6uda (23.8) moxcem 6vimy 3anu-
can 6 A0b6oti u3 cacdyrowur mpexr Hopm:

Au(z) :// ei(x_y)f(rA’l(m, &) u(y) dy de, (23.25)
Aua)= [[ @D Eon (€ ulw) dy e (23.26)
Au(z) :// o, (T ) uy) dy de. (23.27)
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m 2n
30ech 041, CA,r U T4 w NPUHAdEHCAM ry (R*™), odnosnauno onpede-
AEHBL U PA3AARAIOMCA 6 CACOYOUUE ACUMNMOMUNECKUE PADBL:

1 o [e3
oa1(z, &) NZ aag Dya(z, y, &)ly=z, (23.28)

o

oary, )~ ia?(—Dz)"‘a(m, Y, o=y, (23.29)

1 1\ 1B+
oaw(@ &)~ W(E) M (=D,) DYa(z, y, E)ly=s.  (23.30)
7’Y

DTa TeopeMa MO3BOJAET BBECTU

Onpegenenne 23.5. PYHKUUN 04, Oa,r U 04w U3 GOPMYTI
(23.25)—(23.27) Ha3BIBAIOTCS COOTBETCTBEHHO A€6bIM, NPAGLIM U 6eliie6-
CcKuM CUMBoJaMu omepaTopa A.

XoTs MBI U He OyJ€eM ICHOMB30BATH HIKAKUX APYTHUX CHMBOJIOB, JOKa-
XKeM clelyiolilee 0600mmenne TeopeMul 23.1, cogepxaree napaMeTp TER u
I03BOJIAOIIEe 060OUTUCE €3 IOBTOPEHUN B JOKA3aTeJbCTBe TeopeMul 23.1.

Teopewma 23.2. Ilycmvp dan onepamop A€ G} suda (23.8). Tozda
das awboeo T €R onepamop A moxcem Gvimb eduHcmseHHbIM 06pA3OM 3a-
nucam 6 eude

Aua)= [[ DG (- a i Quidyde, (233

2de b, € re (R?"). Ipu smom b, paszaazaemca 6 caedyrowjuti acumnmomu-
ueckuti paod:

b (2, €) ~ ﬁrlﬁl (1—r)Maf* (—D,)° DYa(a, y, )lyms.  (23.32)

B
Onpegenenne 23.6. Dyuxnmio b (z, ) ™Mb O6ygeM Ha3bIBAThb

T-CuM6040M omepaTopa A.
HJokxaszaTteancTBo Teopemnu 23.2. Iomaras

v=(l-T)x+ 1Y,
{ ( ) (23.33)
w=z—y,
HOTY UM
{I:v+7w’ (23.34)
y=v—(l—7)w,
OTKYyIa

a(z, y, &) =alv+Tw, v—(1—1)w, &). (23.35)
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Pasmoxnm Temeps mpasyio dacTb (23.35) mo ¢opmyre Temnopa mpu
w=0:

_1)hl
a(z,y, &)= Z (ﬂll—)jTlﬁl(l—T)M(:L‘—y)ﬁ‘M(&g dya) (v, v, &) +rn,
palen—1
(23.36)

rae

1
= Y enle-n™ [1-n¥ix
[B+y|=N 0
x (07 dga) (v4+trw, v—t(1—1)w, §) dt, (23.37)
€3y — HEKOTOPBIE MOCTOAHHEIE.

B dopmyne (23.36) Bripaxenue (&g&ga) (v, v, £) ozmagaer, 9TO Ha-
10 B dysxmum 97 dya(z, y, §) BMECTO apryMeHTOB 2,y NOACTaBHTDL
v=(1—7)2+7y. AHATOPWYHEI CMBICI WMeeT BbIpaxenme (5 dya) x
X (v+trw, v—1t(1—7)w, &) B popmyne (23.37).

3aMeTHM Temeph, UTO omepaTop ¢ ammnTygon (r — y)PtY (97 dya) x
X (v, v, {) coBmAJaeT ¢ ONEPATODPOM, 3aJAHHBEIM C IOMOIIBI0 AMILIATYABI

(=De)™* (92950) (v, v, &) = (=1)/HP (97 DIDYa) (v, v, ).
Tosromy u3 (23.36) caegyer, 9To omepaTop A mpeIcTaBUM B BHAE CYMMEL
A=An + Ry, rae Ay — omepaTop ¢ T-CUMBOJIOM

1
bv(z, &)= > 1= )M (=D,) DYa(z, v, €)ly=a,

Bly!
[B+vI<N-1

a Ry —omeparop ¢ ammiurygon ry(z, y, £). OTMmerum Temeps, uTo Ry
uMeeT BHUJ JUHEHMHON KOMOUHAIUU KOHEIHOTO HUUCIA CIATAEMBIX € AMILIH-
TyJaMu BHAA

1

/(6?“65 dya) (v+trw, v—t(l—r)w, ) (1-)N""dt, |f+y]=N.
0

HokaxeM, 9TO 3Ta aMIMIUTYJa OPUHAIIECKUT KJIACCY H?‘2NP(R3”). st
3TOr0 JOCTATOYHO IOKA3aTh, ITO 3TO BEPHO A/ [0 BIHTEr DAJLHOIO BEIPA-
XKeHNs, IPUIeM BCe OLlCHKH PABHOMEDHEI 10 ¢ (3aMeTHM, ITO 3TO 0UeBHIHO
npu kaxgoM (GukcupoBaHHoM t# (0 u BepHo mpu ¢t =0 B cmay mpegmoxe-
uua 23.3). Beuay coorHomenui

v=(1-7)(v+trw)+ (v —t(1—1)w),
tw=(v+trw)— (v—1(1—7)w)
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SICHO, 9TO
_1 v4trw|+v—t1—-7)w
(1 lottru o=t = r)u
lv|+|tw]

<,
rge C'>0 u C ue 3aBucut ot t € [0, 1]. ITosTomy
(077702 0 a) (v +trw, v—t(1—T)w), €| <
SO+ [v]+ [tw]+ €)™ V(14 [tw )7 20N,
IMockoasky npu m’ +2pN > 0 Mbl nuMeeM
(L 1w )™ 2N (L o] [t |+ [E)™ P2V (L | 4] )02,
TO ACHO, 9TO ecan eme m' +m >0 u m—2pN <0, To
|(0?+W&£ &Za) (v+trw, v—1(1—7)w, §)| <
SO+[v|+]E)™" N (14 o]+ [ tw]+ €)™ <
SOA+v|+]ED™ N1+ |w])™+™ <
SO+ ]v]+w]+ [NV (L fw mieme2en,
rae C He 3aBuCUT OT {. AHAJOTMYHO TOLYIAI0TCS OLEHKY IJIs1 IPOU3BO JHEIX.

Ilycts Teneps cumsoa b’ (z, &) € I":(}RM) TaKoB, ITO

(o]
Bz, &)~ Y (bn(x, &) —bn_1(z, €)).
N=0

Torga, ecan oneparop A’ umeet T-cumBoa b’ (z, £), To acuo, uTo A— A’ €
€ G, T. e. omepaTop A — A’ uMmeer agpo, mpuHALTIEKAIIEe IPOCTPAH-
ctBy S(R?).

IIpoBepuM Temeps, uTo ecan onepaTtop A mmeet aapo K4 € S(R*™), To
on nMeeT T-cuMBol b, (z, &) € S(R?™), nputeM cOOTBETCTBHIE MeX Iy AIPAMU
U T-CHMBOJIAMI B3aIMHO o gHo3Ha4uHO. Ho u3 ¢popmyast (23.31) sacHo, uT0 5TO
COOTBETCTBUE UMEET BUJ

Ka(z,y)=F,_ b (1-7)z+T1y, &), (23.38)
br(v, &) = FyseKa(v+ 71w, v—(1—1)w) (23.39)

(dopmyaa (23.39) noaygaerca us (23.38) ¢ mOMOLIBIO 3aMeHBI TepEMEHHEBIX
u dopmyasl ob6pamenns Dypoe). B wactroCTH, A1 moboro K4 € S(R?)
no dopuye (23.39) moxuo mairTu b, (v, £) € S(R?™).

JlokaxeM Temeph eIMHCTBEHHOCTL T-CHMBOJa B obmiell cuTyaruu. [isa
aToro zamerny, 4To ¢opmyra (23.38) BepHa Bcerga, xorga omepatop A
3aaH ¢ HOMOIIbI0 T-cuMBoaa by (v, ), ecan dacTuuHOe IpeobpazoBaHUe
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®ypre, BXogdmee B 3Ty (GOPMY.IY, IOHIMATEL AHAJOTUIHO IPe06Pa30BaAHUIO
Dypbe 0606mennbIx Gyrknun (cM. § 1). IIpu sToM BepHa u Popmyaa obpa-
IIeHNd, IPUBOAALIAL IOCIE INHEHHON 3aMeHBI apryMeHTOB (23.34) k (23.39).
N3 ¢popmyast xe (23.39) e JUHCTBEHHOCTD T-CUMBOJIA OYEBUIHA B CHIY €I1H-
crBernocTn aapa K. H

Creactsue 23.2. Kaacc onepamopos (' cosnadaem c waaccom
onepamopoé 6uda (23.25) ¢ aesvim cumsosom o4 1(x, &) € rr (R?). To arce
camoe 6epro ¢ 3amenoti (23.25) na (23.26) wuau (23.27) u 04 Ha 04 ,
UAU T -

23.4. Casm MeXAy pa3saIm4HEIMKM cHMBoaaMM. CHUMBOIBI TPaHCIIOHH-
POBAHHOIO M COIPAXEHHOr0 OmepaTopoB. Bripaxkenme T-cuMBoaa depes
T1-CUMBOJI B BHd€ ACHMITOTHYECKOT'O PAJa MOXKET OBbITH JeIKO [TOJAYHeHO 13
TeopeMsl 23.2. B camoMm gexe, ecan omepaTop A mMeeT Ti-cuMmBoa by (2, £),
TO DTO 3HAYAT, ITO OH MOXKeT OBITH 3aJaH C IOMOLILIO AMILIUTY B!

a('r; Y, £) = le ((1 - Tl) T+ 7y, E)

Ho Torga mo Teopeme 23.2 ero 7-cUMBOJ IMeeT ACUMIITOTHYECKOE pa3-
JIOXKEHIIE

_nlal
br(z, &) NZ %Tlﬁl(l —-nhla _Tl)lﬁlTllvl3?+7D5+vbr1 (z, €),

B,
nan
br(z, &)~ cadf Dbr (2, §), (23.40)
rie ’
_pl8l
Ca= ) (5!1)753 [r(1 = )] [(1 =) m]"! (23.41)
B+y=o

U, B 9aCTHOCTH, ¢g = 1. [Ipeobpasyem Temeps (23.41), moasaysacs Gpopmynon
6unoma Heiorona (remma 3.4).

O6osmagas e= (1, 1, ..., 1), moxyaum
1 o 1 N
Co= a[(l—r)ﬁe—T(l—ﬁ)e] :a(ﬁ—r)l .

Nraxk, goxasana
Teopema 23.3. Cumeoavt by(z, &) u by (z, &) odnozo u mozo e
onepamopa A€ G} ceazanvl coomuouienuem

b, )~ L (= )10 D2y, (2, €). (23.42)

o

B uacmuocmu, by (x, §) — by, (2, &) € T2 (R?7).
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PaccMoTpuM Temeph TPaHCTIOHUPOBAHHLIN omepaTop ‘A, onpeneasembrit

dopmymon
(Au, v) = (u, "Av), u, veS(R"), (23.43)

rae
(u, y>:/ u(z) v(x) de.

"3 popmy.anr
()= [[[ D (= )2ty ) uly) v(o) dy dode =
= // ei(y_z)‘gbf((l —r)z+r1y, =€) u(y) v(z)dy de dé

cregyeT, ITO ecan omepaTop A mmeeT T-cumBoa b, (z, ), To omepaTop ‘A
nmeet (1 — 7)-cumBox *hy_,(z, &), sagaBaeMerii hopMy.I0it

bi_r (2, €) =bs (=, —€). (23.44)

3 Teopemnr 23.3 cregyeT Temeph

Teopema 23.4. Ecau A€ G}, mo ‘A G} u T-cumeoa ', (z, &) one-

pamopa 'A ewipascaemcsa uepes T-cumeoan b (z, &) onepamopa A Bopmyaoti

1 o o o
"br(e, €)~ Y — (1—-27)"10g Db, (z, —£). (23.45)
IIycTs Teneps A* — conpsixkeHHBIN K A omepaTop, ONpegeleHHBIN COOT-
HOILICHTEM
(Au, v) = (u, A™v), u, veSR"), (23.46)
rae

(u, v) :/ u(z)v(z)de. (23.47)
]Rn
Anamoru4no Teopeme 23.4 qoxaswpIBaeTCA
Teopema 23.5. Ecau A€G), mo A*€G}', npuuem T-cumeoa
bi(z, &) onepamopa A* ceasan ¢ (1—71)-cumsoaom by_(z, &) onepamopa A
COOMHOULEHUEM

b (z, €) =b1_(z, £), (23.48)

a uepes T-cumesoa by (z, &) onepamopa A evipanxcaemcsa acumMnmomuuecKum
padom

bi(, )~ = (1—27)*log Dbz, €). (23.49)

o
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Caeagcrsue 23.3. Ecau A€ G, mo

oarw(, &) =04,uw(z,§). (23.50)

B uacmuocmu, ycaosue A* = A pasHocuavHo eeujecmeenHocmu setiaes-
CKO20 CUMBOAA T4 (2, ).

23.5. ®opMyaa KOMIO3UIINN.

Teopewma 23.6. [Tyems A’ €GP, A" €G>, Toeda A'- A" € Giptm2,
npuuem ecau b (x, ) —m-cumeoa onepamopa A', b (x, &) — Ta-cumson
onepamopa A", mo t-cumeoa b, (z, ) onepamopa A’ - A" umeem acumnmo-
muueckoe pazaoncenue 6uda

br(z, &)~ Y caps(9 DI, (2, €)) (9] DIbY, (=, £)), (23.51)
o, B,v,98

ede Copys — nocmoannvie (3a6ucawue om T, Ty U Ty), npuuem copoo =1
u cymma bepemca no maxum Habopam mysbmuundercos a, B, v, d umo
at+y=p8+4.
_ " mq+mo—2p 2n

B uacmnocmu, b;(x, £) — b7 (=, §) b7 (=, §) €T (R=M).

Joxa3zaTeabcTBo. YIUTHBadA TeopeMy 23.3, MBI BUAUM, ITO JO-
CTATOYHO PACCMOTPETDH KAKOU-HUOY Ab OUH HAGOD TUCEX T, T1, T9. Bo3bMeM
aus mpoctotsl caydan 71 =0, 7o =1. Onepatop A” 3amnuceiBaeTcsa wepes
cumBoa by (z, £) mo dopmye

()= [[ U, € uty) dy de.

Wu(e)= [ e (0, €) uly) du (28.52)
Omnepatop A’ mveet Bia
(@)= [[ oo utn) dyag= [ (o ¢) i) de. (23.59)
> (23.52) u (23.53) maxogm
Nodtu@)= [[ D B ut)dyds, (2359

T. e. omepaTop A’ o A” 3agaeTcs ¢ mOMOMIBIO AMIINTY JbI

a(x, y, &) =by(x, &) b (y, &) €T M2 (R7),
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Orciona A'o A" € G172, Tpumensas Teopemy 23.2, Mbl MOTy<IaeM A1s

br(z, &)
(_1)|,@|

e, €)~ D7 g = PO (Db (2, ) (DI6 (v, €))]
B

u mo dopmyxe Jenbunua (1emma 3.3)

_1'|/3| + ! - .
bl &)~ Y BRI P02 D2k (0 D201), (23.55)
B,v,8,¢

S+e=p+y

uT0o u TpeboBanocs. M

=4 / 1 / 1
Hoacrasass B (23.55) Berpaxenus by, by wepes b, b Mer nomyaum gra

KO3 PUIUEHTOB Cog+s U3 HopMyInl (23.51) HeKOTOpEIE POPMY.IBI, KOTOPHIE
uHOT Ja yAaeTcda ynpoctuTs. Hampumep, anasoruvro Teopeme 3.4 gokasbl-
BaeTCH

Teopewma 23.7. B npednoaoncenuar meopemvr 23.6

bol, €)~ > = (9bh(x, ©))(DIH (. €)). (23.56)

o

3apgawa 23.1. [JokasaTb, ITO JAeBBIH CHUMBOI 04 (&, £) omepaTopa
A € G} BrpaxaeTcs epe3 onepaTop A dpopmyion

oai(z, &) =e I TEA(™), (23.57)
rje omepatop A mpuMeHsieTCS IO IEPEMEHHON Z.

3agawsa 23.2. [Joxaszats, uto ecin A'€ G, A" € G2, To

TAl0 A w (l‘, £) ~

_nler N N N
~3 % 27194292 D2 g 41, (2, €)) (0 DEcan (2, €)). (23.58)
o, B
Jagaga 23.3. PaccmoTrpum MHOrO4IeH
(tiz1 4 ...+ tntn + 11 Doy 4+ ...+ 10Dy )Y

oT mepeMeHHBIX ¢, T €R™ ¢ omepaTopHBIME Kod>(dUIIEHTaMH (Z; paccMa-
TPHBaeTCA KaK OLNePaTOp YMHOXKEHNT HA ;) U 3allilleM ero B BHJIE

N o g

JoxasaTsb, 9T0 Aag — omepaTop ¢ BeiaeBckuM cumBoxoM 4¢P,
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§ 24. AHTMBUKOBCKMM CHMBOJI.
TeopeMEl 06 OrpaHMYeHHOCTH M KOMHIAKTHOCTH

24.1. OmpejiefieHre M MPOCTeUIIINE CBOMCTBA AHTHBMKOBCKOT'O CMMBOJIA.
TTonoxum

®o(z)=n""* exp[—2?/2], z€R" (24.1)

Torga Pq(z) € S(R®) u ||®o]|=1, rae MBI oGosHaumau depes |- ||
oberamayo mopmy B L%*(R"), HOPOXICHHYIO CKAISDHBIM IPOW3BEICHN-
eM (23.47). O6osmaunM depes P omepaTop OPTOCOHATBLHOIO HPOEKTH-
posamus B L?(R™) ma BexTop ®¢. SIcHO, ITO ATPO €ro MMeeT BUI

K(z, y) =72 exp [ (2® +y*)/2]. (24.2)

Boiuuncanm BelIeBCKUII CHMBOJI 0y omeparopa Py, mcmoassys gopmy-

1y (23.39) c 7=1/2, 1. €.

ooz, E):Fv_%K(r—}— %v, r— %v). (24.3)
YuTeIBag, 4TO
n/2 2
o= () )
Fyem exp (—av”) (a exp(—~), a> 0, (24.4)
MbI noaydaeM u3 (24.3), 1ro
2
ooz, &) = Fv_>§7r_n/2 exp (—' 2 UI) =2" exp [—(z? +£7)]. (24.5)

[ycTs Teneps z = (z, £), 20 = (%0, &) € R?™. PaccmoTpum onepaTop P,
C BEIIEBCKUM CHMBOJOM 0, (z) BEAa

02:,(2) = 00(z — 20). (24.6)
Jlerxo mpoBepuTs, 9TO

Puo= Mg, Ty PoT; MY, (24.7)
rae Mg, — onepaTop ymHOXKeHus Ha €' T, — omepaTop ciBura Ha o,
B L2(R"), 1. e. Ty u(z) = u(z — z0).

Monaras U,, = M¢, T, MBI Bugum, 9To omepaTop P, samuceiBaeTcd B
BUJE

P,,=U, PU ' (24.8)

Zg ?

OTKyJa BBUAY yHUTapHocTHu U, sicHo, 9TO P, ABIfeTCS ONepaTOpOM Op-
TOrOHAJIBLHOT'O IPOEKTUpOBaHug Ha BekTop 8, =U, ®.
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Mu1 X0TUM paccMOTPETD ONEPATOP, ABASIOMINNCA CJIeIYIOMEd IHHETHON
KOMOGUHAIIIEH omepaTopo P,, z € R?™:

A:/ a(z, &) Py, ¢ dx dE, (24.9)

rae a(z, ) € I‘Z“(R%). g mpugaHusa cMBICIa 3TOH (GopMyJe 3aMeTHM, ITO
HEeMOCPEICTBEHHO IpoBepseTcs caefyiomuil ¢akT: ecan u(z) € S(R™), To
(Py cu) (z0) ES(R%’:‘E). Baarogaps stomy (24.9) nMeeT cMBICa IOCTe IpH-
MeHenus k¥ ¢yukmun u(z) € S(R™), u aerko ybegurhbes, 4To omepaTop A
otobpaxaer S(R™) B S(R").

Onpegeanenne 24.1. Oneparop A Buga (24.9) maseiBaeTcsa onepa-
MOPOM C AHMUBUKOBCKUM cUuME0A0M a(T, &).

Y 106¢TBO aHTUBUKOBCKOI'O CUMBOJIA [IOKA3bIBAET

Mpeganoxenne 24.1. Feau a(z) >0, mo A>0, m. e. (Au, u) >0
npu u € S(R").

doxaszaTeasbcTso.ITOBETEKAET U3 TOrO0, 9TO P, > 0 mpu m060M
2 €R?™. A

Crneagcraue 24.1. Ecau dynxyus a(z) 6eujecmsennozHauna, mo

[All < sup fa(2)], (24.10)
ade zeR
A= sup [ Aull/||u]|.
u€S(R™),uz0

JoxazaTeuascTso. Yreepxaenue ||A||< M pasHocmisHO Aaa ca-
MOcCOTIpsaKeHHoro A HeoTpunaTeabHocTH onepaTopoB M — A u A+ M, ode-

Bugson npu M = sup |a(z)| u3 npegaoxenus 24.1. W
2€R2R

Crnegcreue 24.2. Jas xomnaexkcrosnaunot @dynryuu a(z) umeem

MECTO OYEHKA
lAII<2 sup [a(2)]. (24.11)
2€R2n

JdoxaszarTeabcTBo. [ocTaTOYHO BOCHOIL30BATHCA ClIEICTBHEM
24.1 nna ReauIm a. B

Jameuanue 24.1. Ha camom gexe onenxa (24.10) Bepra n g1a KoM-
IUIeKCHO3HAYHEIX QyHKIUN a(z) (cM. 3agady 24.4), XoTd MBI He Gy 1eM 5TOr0
HCIOAb30BATD.

24.2. CBa3p aHTHMBUKOBCKOI'O CHMBOJA C APYTUMH CHMBOJAMM.
Teopewma 24.1. [Tyemv A —onepamop ¢ aHMUBUKOBCKUM CUMBOAOM
— , m 2n m o .
a(z)=a(z, §) €T (R*"). Toada A€ G} u cetinescruii cumson b(z) onepa-
mopa A svipascaemcs gopmyaoii

b(z)=m"" / e_lz_‘zllEa(z')dz'. (24.12)
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Aanee, awboti T-cumsoa br(z) onepamopa A umeem acumnmomuueckoe
pasaosicenue

br(2)~ > cad®a(z), (24.13)

o

2de c, —Hexomopvie nocmoannvie (3asucAwue om T), npuuem co=1 u
¢o =0 npu neuemnom |a|. B wacmuocmu,

b (z) —a(z) €T (R™). (24.14)

doxkazaTennbcTBo. CoorHomenue (24.12) oueBnguo u3 op-
myx (24.9), (24.5) u (24.6).

Coorromenne (24.13) gocraTouno B cuiy TeopeMbl 23.3 I0Ka3bIBaTh
opu 7=1/2, T. e. 111 BelIeBcKkoro cuMBona. Paznoxum a(z’) mo gopmyae
Tenntopa B ToUKe 2:

a(z)= Y L (0%a(2) (2~ 2)* + (e, 2), (24.15)

o] <N

1

ry (2, 2) = Z c/a(z'—z)a/0aa(z+t(z'—z))(1—t)N_1dt, (24.16)
al=N

0

¢!, — HeKOTOpbIe IOCTOAHHBIE.
TMoacrasaas (24.15) B (24.12), MBI DoxyYIaeM

b(z)= > cada(z)+ Ry, (24.17)
|| <N
rae
_ ! a,—|z|?
Co= = /z e dz (24.18)

(oTkyga, B wacTHOCTH, ¢g =1 1 ¢q =0 npn HedeTHOM | |),
Ry(z)=m"" / e_lz_zller(z', z)dz’

Hoxaxem, aTo Ry (z) € I"f?—pN (R?") (oTcroga 0MeBHAHBIM 06DPA3OM Clle-
ayeT TpeGyemoe pasmoxkenue (24.13)). Ygobuo samucats Ry (z) B BHIe

Rn(z) = Z cl | di dw-wo‘e_lw|2(&aa) (z +tw) (1—t)N 1,
el

a|=N
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oTkyga d] Ry(z) uMeeT BIJ CyMMBI CIaraeMBIX BIIA

/ldt/d“"“’%_lw'?(aﬁ“) (z +tw) (1= )N,

rae |B|=N +|~v|. Acuo, aTo gocTaTouno pasHoMepHo 1o t € [0, 1] ouennTs
BLIpaXKeHUe

Ing(2) :/ dw - 'wa6_|w|2(8ﬁa) (z +tw). (24.19)

Mna onenkn I,3(z) pazo6eem muTerparn B (24.19) B cymmy ABYX mHTe-
T paJIoB:
wp(2) —mo obractu |w|<|z[/2,
ap(2) —mo obractu |w|>|z[/2.

Mas I}, 5(2) nmeeTcs ouenka
| 1ol | < Catay™ =400 [ g Vemlof gy = o aym=r(ND, - 24,20
a I/5(2) oueruBaeTcs cefyiomum oGpasom:

Lp()<Cas [ PN rdug ) sy
lw|>|z]/2

npu ao6oM k. 13 (24.20) u (24.21) HemegmeHHO clegyeT TpeGyeMas OlleHKa
ana Inp(z). A
Teopema 24.2. Ilycmp A’ € G Tozda cywecmsyem maxkoti onepa-

mop A€ G, umo A 3adaemca anMuUGUKOECKUM CUMEOAOM

a(z) ETP(R™) u A-A'eG™™, (24.22)

m. e. onepamop A — A" umeem adpo Ka_a/(z, y) € S(R?").

3Jameuanue 24.2. He mo6ou onepatop A € (' nMeeT aHTHBHKOB-
ckmi cumBoa a € I'? (To BHAHO, HAIPUMED, U3 TOLO, YTO BEHIEBCKUN CUM-
Box b(z), onpegensemsiin Gopmyaont (24.12), gomxeH GBITH AHATATHIECKON
byukuueit o z €R?"). daxTuIeckn HaX0K AeHNE AHTUBUKOBCKOTO CHIMBOIA
II0 BellIeBCKOMY TpeGyeT pelleHre 06pATHOT'O YPaBHEHUS TEILIONPOBOIHO-
ctu. Teopema 24.2 moxasniBaeT, 9To ecan npeHebpeds cumsoaamu u3 S(R™?),
TO DTa NPOIeIypa CTAHOBUTCS OCYLECTBUMOIL.

NoxaszaTeabcTBo TeopeMmns 24.2. Ilycts omepaTop A’ umeeT
BelmeBckmil cuMBoa b'(z, ). Pacemorpum omepaTop Ay ¢ aHTUBHKOBCKEM
cuMBosoM ag(z, £) =b'(z, £) n monoxum A = A’ — Ay. Torga A} € G;“_Q” o
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TeopeMme 24.1. O6o3nauum depe3 Aj omepaTop ¢ AHTUBHUKOBCKUM CIMBOJIOM
a1 (z, £), paBHBIM BellleBckoMy cuMmBoay omepaTopa A). Torga nmeem

AI:A0+A1+A{2, AQEG;'I_M).

IIpogonxkas, MBI IO HHAYKIWHN MOXKeM IOCTPONTH TAKYIO IIOCIEIOBA-
TelIbHOCTE omepaTopos A;, j=0,1,2, ..., c aHTHUBUKOBCKIMHN CHMBOJaMI
R m—2j5p 2n
aj(z) €T} (R*™), uTo

A= AjeqpTN. (24.23)

2n)

Iycte cnvsox a(z) € I')'(R®") Takos, w0

00
an~ E aj.
7j=0

Torga, ecin A—omepaTop ¢ aHTUBUKOBCKHM CHMBOJIOM a(z), TO H3
(24.23) BoiTekaet (24.22), uTo u Tpe6oBamocs. W

24.3. TeopeMH 06 OrpaHUYIEHHOCTH M KOMIIAKTHOCTH.

Teopewma 24.3. Onepamop A€ Gg npododcaemes do 02PaARUNEHO20
onepamopa & L*(R").

JoxazaTeanbcTBo. YTBepKIeHHe B CUIy TeopeMbl 24.2 u cued-
crBus 24.2 cBoguTcs K ciaydalo, korga A € GT°°, rge oHo moaydaeTcs m3
O'€BUIHOU OILEHKU

11 < [ [ 1Kate, )Pz, (24.24)

BHITeKalommenl u3 HepaseHcTBa Komm—ByHAKoBckoro (cM. Taxxe gobasie-
uue 3). W

Teopewma 24.4. Onepamop A€ G}, 2de m <0, npodoasxcaemea do
Komnaxkmwozo onepamopa 6 L?(R™).

doxaszaTeancTso. IIpexjge Bcero 3aMeTuM, IT0 KOMIAKTHEL OIle-
patopsl A€ G~°, asasommuecs omeparopamu I'mib6epra—IlImumara (cm.
JobasieHne 3).

Hycts Temeps A€ G}, m<0. Hoapaysacs Teopemon 24.2, MBI MOXKeM
CYNTATh, YTO OmepaTop A nmMeeT aHTHBUKOBCKIH CHMBOI a(z) € I‘Z“(IR%).

ycts x(2) € C§°(R?), x(2) =1 npu | z| < 1. Honoxum ar(z) :X(%) a(z),

n mycTs Aj —omepaTop ¢ aHTHBHKOBCKEM cuMBoioM ar(z). Torga

sup |a(z)—ar(z)|—=0 opn L — +oco, u B cury caegersus 24.2 oTcioga
Z€ 2n
BHITeKaeT, 4To ||A — Ar||—= 0 mpu I = +o0o. Ho omepatop Aj xommakTen
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npu mo6oM L, nockoasky Ap € GT°. Orcioga clIeiyeT U KOMIAKTHOCTH
omepatopa A. B

24.4. 3apgauu.

Jagaua 24.1. [JokazaTb TeopeMmy 06 orpanmieHHOCTH 24.3 TeM xKe
croco6oM, uTo u Teopemy 6.1.

Jagaua 24.2. JJokazaTb TeOpeMy O KOMIAKTHOCTH 24.4, He HCIOIL-
3ys TEOPHUIO AHTUBUKOBCKOI'O CHMBOJIA.

Ykaszaune. C noMomso MoJAPHOrO Pa3JoXKeHHUA onepaTopa A MpoBepHUTH, 9TO
KOMNAKTHOCTEL A paBHOCH/IBLHA KOMNakTHocTH A* A; mokazaThk, 9T0o KOMNakTHoCTh A* 4
PaBHOCHIIBHA KOMNAKTHOCTH onepaTopa By = (4*A)N, u noayunTs mocsegHion mpu
Gomsmom N us Toro, uro K, (¢, y) € L2(R27).

Jagaua 24.3. Paccmorpum cuctemy BexkTopoB {®.},cg2n, ompege-
nenHblx B 1. 24.1. okasaTs, uTo oro6paxkenune I: f+ (f, ®,) ompegeaseT
m3omeTpuuanoe Broxenue L?(R™) B LZ2(R?"), . e.

IFI1? = (2m)~™ / [(f, ®.)|%dz (24.25)
]RETL

(B Takoll CHTyanun TOBOPAT, YTO BeKTOPH P, 06pasyioT nepenosHeHHYO
cucTeMy oTHocuTerbHO Mephl (27m)”"dz B mpocTpancTee R2™).

Jagaua 24.4. I[TokazaTs, 4TO omepaTop A ¢ AHTUBUKOBCKUM CHUMBO-
10M a(z) MOXKeT GBITH 3alUCAH B BHAE

A=TI"M,I, (24.26)

rae M, — onepatop ymuoxenns na a(z) 8 L?(R™), a onepatop I: L?(R") —
— L*(R?") BBegen B 3agate 24.3. BrBecTu 0TCI0Ja CIPaBeITUBOCTD OLEH-
ku (24.10) gaa xoMILIeKCHO3HAUHON (yHKINN a(z).

Sagaua 24.5. Beegem surosckuii cumeon c(z) omeparopa A€ G} c
BeIIeBCKIM CHMBOJOM b(z) mo popmye

c(z)=n"" / e_lz_zllzb(z’) dz'. (24.27)
HokasaTb, 4T0 ¢(z) BeIpaxaeTcs depe3 b(z) acUMOTOTHYECKIM DAIOM
c(z)~ > ead®b(z), (24.28)

rge co=1u ¢, =0 upu HedeTHOM |t |.
IlpoBepnTs, 4TO BHKOBCKHE cuMBOI ¢(z) omepaTopa A BhipaxaeTcs
dopmyaon
e(z)=(A®,, ®,). (24.29)
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BriBecTn ns HEe, ITO
sup |e(z) [ <Al
2€R 2™

Jagaga 24.6. IIycts a(z) = 0 mpu | z| = 400. Jokasats, 9T0 omepa-
Top A, onpegensemsinn popmyaon (24.26), koMnakTeH.

3agaua 24.7. Ilycts A — xommakTamii onepatop B L%(R") u c(z)
ompegeneHo opmynon (24.29). Jokasats, uTo ¢(z) — 0 mpu | z| = +o0.

3agaua 24.8. llycte A€ G}’ npu HekoTopoM m € R, b(z) — Betlaen-
ckull cumBoa omepaTopa A. JJokazaTb, 9TO OrpaHNYEHHOCTH onepaTopa A
pPaBHOCHIBHA TOMY, 9To sup |b(z)]|< +oo.

2€R2n

Y ka3zanmne. UcnioabzoBats caegcreue 24.2, 3agady 24.5 1 KOHCTPYKIUIO U3 JOKAa-
3aTelbCTRA TeopeMHl 24.2.

Jagaga 24.9. Ilycts A, b(z) Takue Xxe, Kax U B IpeAbIIYINEN 3a1a-
ve. [JoxazaTh, 9T0 KOMIAKTHOCTH A paBHocmIbHaA yciaosuio b(z) — 0 mpu
|z| = +o0.

Ykaszanne. UcioabzoBaTs 3aga4u 24.6, 24.7 1 KOHCTPYKINIO U3 JOKA3aTEAbCTBA
TeopeMHI 24.2.

Jagaga 24.10. JoxasaTs, uTo aubdepeHInanbHblil OIepaToOpP ¢ M0-
JnHOMUAILHEIME Kod(duinuentamMmu B R” nMeeT aHTHBUKOBCKUHI CUMBOJI,
SABAAIONMIUICA MHOTOWIEHOM TI0 z = (z, &).

Ykazaunue. B MHOro4IeHaX MOXHO pemaTh 06paTHOE ypaBHEHHE TEILIONPOBOI-
HOCTH, MIOCKOJBKY Jarjacual A, HIIbNOTEHTEH HA MHOTOYJIEHAX JaHHON CTENEHN; €CIN
b(z) — BelIEBCKUN CMMBOJ onepaTopa A, ABIAIIHNCA MHOIOY/IEHOM, TO €I'0 aHTHBUKOB-
CKHH CUMBOJ UMEET BH]T

1>
| =

=) =3 L (- 3) ). (24.30)
k=0 "

Eon

Jagaga 24.11. Beraucants xo>dpduuueHTH ¢, B popmyae (24.13)
npu 7=1/2, T. e. IpU BEIpAKEHUU BEMIEBCKOIO CUMBOJA UePe3 AHTUBUKOB-
ckun. IloxazaTs, 9T0 >TOT psig MOXKeT OBITH 3alUCAH B BUJe

be)~eta(z)=Y & (%)ka(z). (24.31)

Yxasaune. [Ipu Beranciennn ko>pbUINEHTOB ¢ MOXHO CYNTATh, 9TO a(z) —
MHOTOY.JIeH.

Jagaua 24.12. Ilycts A — auddepeHnnalbHbA OIEPATOD € MOIN-
HoMuanbHEIME Kodddunuentamu B R”. JoxazaTs, 9aT0 omepaTop A egus-
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CTBE€HHBIM 06pa30M MOXKeT OBITh 3allCAaH B KaXaoM U3 OBYX BUJOB:

A=) capa®(at)’, (24.32)
o, p
A=Y dp(at)fa”, (24.33)
o, p
d a a a
B oo — | _ ) _Z _
e a —(:Ll 8331""’13” 8$n),a_(£1+ax1,...,xn+6$n),a,ﬁ

n-MepHBIC MyIbTHHHIEKCHI, CyMMbl (24.32) u (24.33) KOHEHHBI U Cag, Cphp —
KOMILIEKCHEIE TTOCTOAHHEIE. [J0Ka3aTh, 9TO B 3TOM CIydae aHTUBHKOBCKHI
cumBoa a(z, £) u BUKOBCKHI cuMBoa ¢(z, §) omepaTopa A 3agatoTcsa ¢op-
MyIaMu

a(w, §) =) cap(z +i)*(z —i€)?, (24.34)
a, B

c(x, &)= cholz—i&)’ (z +i€)". (24.35)
a,p

§ 25. TMIOIMIITHYHOCTE M MApaMeTPHKC.
IIpoctpancrea CoGoaepa. ®PpearoasMoBocTh

25.1. Kiacc rUIOSIIANITHICCKAX CUMBONOB M OTIEPATODOB.
Onpegeaenmue 25.1. Bygeu mucats, uto a(z) € HI»™° (RN), ecan
a(z) € C°°(RN) u cymecTsyeT Takoe R, To npn | 2| > R BBIIOIHEHb! OICHKY

Clz|™ < la(z) | < Cuf2]™, (25.1)
|0%a(2) | < Colalz)] 2|77, (25.2)

rge C, C1, Cy — NOMOKUTENBLHBIE IOCTOSHHELE.

B wacTrocTn, oTcooga caegyet, uTo a(z) € I (RM).

OnucaHHBIA KJIaCC CUMBOJOB 06IaJaeT CBOMCTBAMHU, OJU3KUMEA K CBOH-
CTBaM DUIORLIUITHYECKUX CUMBOJOB U3 § 5.

Onpegeaenue 25.2. Hepes HG»™° (R") man HG» ™ mpt 6yaem
0603HaYATH KJIACC OLePATOPOB A, 3aJaBaeMBIX T-CIMBOJIOM

b, € HTW ™ (R?™).

fcno, aTo HGW ™ C G

J1a ompaBaanua ompegereHus 25.2 Heo6X0 JUMO

Mpegnoxenune 25.1. Fcau npu Kakom-mo odHOM T GEPHO, uMO
by € HT"™°, mo amo eepno u npu ecer ocmaavuviz 7 €R.
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dokxazaTeabcTBO omupaeTcai Ha TeopeMy 23.3 u ciaeyiomyio
JIeMMY, OOKa3blBAEMYI0 aHAJIOTWYHO JemMMmaMm 5.1—5.3 u mpeaoxenusm
5.2—5.4.

Jdemma 25.1. 1) Kaaccer HIJH™o (RNY o6aadaiom  caedyioujumu
ceoticmeamu:
a) ecau a(z)€HT»™,  mo a_IEHF;mU’_m (Iz| >R) u

(@a)/aet;"™ (2R o
6) ecau a€ HI»™0, ' € HT, " mo aa’ € HI‘ZH_m Mot
B) ecau a(z) € HTTV ™0 wre I, 2de my <mg, mo a+re€ HIT ™Mo,
2) Kaaccu HG ™o ob.aadaiom caedyouwumu ceoticmsea.mnu:
)
)

r) ecau A€ HGP ™0, A'€ HGZN,mG, mo Ao A’ € HGZHml’mD-}_mIO;
a) ecau A€ HGJV™°, mo tAEHG’,?’m” u A* € HGph ™o,
e) ecau A€ HG™ u Re G, 2de my < mg, mo A+ REHGH™.

Yunpaxueunue 25.1. [JokazaTs aemmy 25.1.
Ynpaxueunue 25.2. [lokazaTs npeanoxenne 25.1.

25.2. IlapaMeTpUKC U PeryagpHOCTb. AHAJIOTHYHO Teopeme 5.1 moxa-
3BIBAETCA

Teopema 25.1. Ecau A€ HG}»™°, mo cywecmeyem maxot onepa-
mop B€ HG, ™™™, umo

BA=I+R,, AB=I+R,, (25.3)

ede ReG™>, j=1,2.
Aaasee, ecau B'e GTI — dpyeoti  onepamop, 0das Komopoz2o Aubo
B'A-TeG™, aubo AB'—T€G~*, mo B —BeG™.

Ynpaxueunune 25.3. [lokazaTs Teopemy 25.1.

Creacrsue 25.1. Ilyemv A€ HG™°. Tozda eepnvi caedywoujue
ymeepacdenua:

a) Ecau v e S'(R") u Aue S(R”), mo ue S(R").

6) Ecauu € S'(R™) u Aue CP(R™), mo ue CP(R”). A

dJoxazaTealbCcTBO OYEBUAHBIM 0ODPA30M MOIYIAETCA U3 TeEOpe-
MeI 25.1 u pesyapTaTos m. 23.2. B

25.3. IlpocrpancTBa CobGomeBa. PaccmoTpum mpu aio6oMm s € IR ome-
paTop L, oTamdamomumics OT OmepaTopa ¢ JIeBEIM CHMBOIOM b(z, &)=
=(1+ €|+ |2]*)*/? ma oneparop m3 G ¢ 5’ <s.

Jlerxo Bugets, ato L, € HGY .

Onpegenenne 25.3. Ilpocrpancreo ° =Q°(R") cocronT u3 Ta-
kux o6o6mennsx Gynxmuit u € S'(R"), uto Lyu € L*(R™).
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Ananornuno TeopemaM 7.1 u 7.2 goxasbiBaeTCA
Teopewma 25.2. 1) Feau A€ G}, mo onepamop A ocyuecmeasem
omobpancenue

A: Q= Q™. (25.4)
2) Bcau A€ HG»™0 ue S'(R™) u Au€ Q*, mo ug€@stmo,

Ynpaxueunue 254. [lokazaTs Teopemy 25.2.

TMockoasky xaace | G cogepxut Bce guddepeHnuanbEe onepaTo-
m
PHI ¢ TOTMHOMHUAILHBIME K03(hUIneHTaM, TO ACHO, YTO N3 TeopeMbl 25.2

BBITEKAET

Caegcreue 25.2. (| Q*=SR"), J Q°=5(R").

Bsegem mHa (Q° cTpykTypy rmanbepTOBa IPOCTPAHCTBA. 3AaMETUM, ITO
MBI MOXK€EM CYUTaTh, 9TO L _, —IapaMeTpuKC omepaTopa Lg B CMBICIE Te-
opemsr 25.1. Torga

L_,Ly=I+R,, R,eG™.
IIycTs p > s, p—HaTypaabHoe deTHOe 4uciao. Ilomoxum

(u, v), = (Lou, Lyv)+ > (2*D°R,u, 2*D° R,v). (25.5)
lal+I81<p

W3 mpeacraBiaenus

u=L_,L,u— Rsu (25.6)

ACHO, 4To opmyaa (25.5) onpenenseT Ha (° IPEArNILGEPTOBY CTPYKTYDY.
AHaIOrUYHO IPEIIOKEHUIO 7.5 IPOBEPAETC

Mpeaganoxenune 25.2. Craasproe npoussedenue (25.5) onpedeasem
Ha QQ° cmpykmypy 2uabb6epmosa NPocmpaHcmed.

Ynpaxueunune 255, [lokazaTs npegioxenne 25.2.

Haxomern, amamorudso paccyxIeHusM § 7 NOKA3BIBAIOTCA CJAeIYIOLINE
yTBEDXK JCHUA.

Opeanoxenue 253. Craaaproe npoussedenue (u,v) & LZ(R")
undyyupyem deoticmeennocmy mexncdy Q° u Q~° (TouHam GoOpMyIUpPOBKa
JaeTcs, Kak B TeopeMe 7.7).

Opeanoxenne 25.4. Onepamop A€ G} npodoarcaemes do nenpe-
prierozo onepamopa A: Q° — Q°~™ u xromnaxkmuozo onepamopa A: Q° —
=@ npue>0.

Onepamop saoxncenus Q° — Q°~%, € >0, komnaxmen npu awbom s €R.

Ynpaxueunune 25.6. [lokazaTe npeanoxenns 25.3 u 25.4.
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25.4. ®dpearoabMoBOCTE. AHAIOTHYHO TeopeMe 8.1 nokasbiBaeTcs

Opeanoxenne 25.5. Feau A€ HG™, mo A€Fred (Q°, Q")
npu awbom s ER. IIpu smom Im(Alg:) 6 Q°~™ asasemca opmozoHatb-
ol donoanenuen k Ker A* omuocumeavro ckaaspnozo npouseedenus (-, )
6 L?(R™).

OtmeTnm, 9TO
Ker (A|Qs):Ker (A|5/(]Rn)):Ker (A|5(]Rn)) (257)

Aas aoboro A€ HGW™e.

“ITo6b1 pacnpocTpaHuTh Ipednoxenue 25.5 Ha onepaToper A€ HGW ™,
(¢ mg <m) HeoGxoguMO paccMaTpuBaTh A yXke He Kak omepaTop u3 Q°
B (Q°7™, a xak omepaTop B TONOJOTUYECKUX BEKTODPHEIX IIPOCTPAH-
crBax S(R"), S’(R™) u T. 0. mIKM Kak HEOTPAHUYEHHEIN OIEPATOP

1
Ag s QP —=Q° (25.8)
rae s’ > s —mg, ¢ o61acTeio onpegencHus Dy, cocTodmel n3 Tex u € Q°,

1A KOTOPBIX Au € Qsl.

Onpegenenne 25.4. I[Iycrs Fy, Fy — ABa TOMOJOTUIECKUX BEKTOP-
HBLIX TPOCTPAHCTBa, A — HeorpaHWYeHHLIH onepaTop u3 K1 B Ky ¢ 061acThI0
ompegeaerus D 4. Bynem nasniBaTs omepaTop A pedzoabmosvim, ecinm BuI-
TOJMHEHB! CIeqyoIne yCIOBHA:

a) dim Ker A < 4o0;

6) Im A —3aMKHyTOe HOAIPOCTPAHCTBO B Fa;

B) dim Coker A < +o0.

Teopema 25.3. 1) Onepamop A€ HGT ™0 onpedeasem fipedeoas-
amosvl onepamopet uz S(R™) 6 S(R™) u uz S'(R") ¢ S'(R").

2) Onepamopwl A, ;0 suda (25.8), onpedeasemvie onepamopom A, npu
s' > s —mqy maxoce asaat0mea @pedeoavmosvimu.

Jameuanue 25.1. B npocrpamcree S'(R™) MBI GygeM paccMaTpu-
BaTh crabyio Tonoaoruio. [lockoabKy B onpeaenenun 25.4 TONOIOTHA yIacT-
ByeT JNIIb B I. ), ICHO, 9TO (PPeArOIBLMOBOCTEL 6yAeT U I Beex Gogee
CUIBHBIX TOMOJIOTHH.

JdoxaszarTeabcTBo TeopeMmn 25.3. IlycTs IBOHCTBEHHOCTH
mexay S(R”) m S'(R") zajama xax IpOJOIXKEHNE CKATAPHOTO IPOU3BE-
aenns (-, -) B L?(R™). 3ameTum, aT0 u3 TeopeMsl 25.1 ciaeayeT KoHETHO-
MepaOcTh Ker A u Ker A*, Tak xax 6marogaps BKIIOUEHHUIO

Ker ACKer BACKer (I+ Ry)

gero cBoguTces K caydao A =1+ R;, B KoToOpoM Bce 04eBUIHO. Temepn Ha-
TIHUITIEeM BKJIIOYCHUE

A(S'(B™) D AB(S' (R") = (I + R2) (S' (™).
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Has onepaTopa I+ Ry dpearoasmosocts Ha S'(R™) BeITekaeT u3 mpegro-
xennda 25.5. Ilosromy mogmpocrpancrso A(S'(R")) samxuyTo B S (R”) u
codim A(S'(R")) < 400, uTo gokaswiBaeT (ppearoasmoBocts A B (S'(R7)).

Hoxaxem ¢pearoasmosocts A B S(R™). Heo6xoaumo aums 1poBepuTh
ycaoBus 6) u B) onpegeaerus 25.4. Mu nokaxem, 4T0

A(SR™) ={u: ue S(R"), ul Ker A™}, (25.9)
rje OpTOroHATBHOCTE HoruMaeTca B L?(R™). 3ameTum BHawa€e, ITO
AS'(R™)={u: ue S (R"), ul Ker A*}, (25.10)

nockoasky A(S'(R™)) samkuyTo B S'(R"), a S(R"™) — ayaasHOe IpOCTpaH-
ctBo k¥ S'(R™). Ho Temeps (25.9) BriTexaer u3 (25.10), moTomy uTO

A(S(R™) = A(S"(R™)) N S(R™)

B cuny caegcrsus 25.1. Coornomenue (25.9) goxassiBaeT (ppeiroabMo-
Bocts A B S(R").

IIpoepnM, HaxoHe1, GpPeT 0ILMOBOCTE olepaTopa A, o mpm s> s—mg.
OnsaTe-Taku 0CTaeTCS IPOBEPUTH JIUIIh, 9TO

Im Asyszz{u:uEQsl, ul Ker A*}. (25.11)

Mycts ue Q*, ue (Ker A*)L. Torga u= Av, rge ve S’ (R") B cury yixe
gokazauHoro cootsomenus (25.10). Ho u3 cregersua 25.1 MBI moxydaem
TOrga, ITo U € Qsl‘*‘mﬂ, 3HAYUT, v € Q°, nockoanky s < s’ + mp. ITo goka-
awnBaeT (25.11). W

Anamoruuso Teopeme 8.2 T0Ka3LIBAETCA

Teopema 25.4. Ilyemy A€ HG™® uKer A=Ker A*={0}. Toeda
cyuwecmsyem onepamop A~ = HG [ ™Mo=™, obpamuuiti k onepamopy A.

Yunpaxueunune 25.7. [lokazaTs Teopemy 25.4.

3agauza 25.1. JokasaTs (ppeiroasMoBocTs onepaTtopa A€ HGYH ™0
B npocrparcrax Cy°(R™) u Cf° (R™).

Jagaga 25.2. Jokazars, 9To ecan guddepeHnuajbHbi omepaTop A
¢ TOINHOMUATBLHEIME KOd(OQUINEHTAME UMeeT T-CHMBOI a(z), SILINITHYe-
ckmit o z = (z, ), TO CUMBOJ €ro mapaMeTpuKca B JOImycKaeT aCHMTOTH-
YecKoe PaziokKeHUe M0 PYHKIUAM, OHOPOAHEIM 10 2 1pu |z | > 1.

§ 26. CymecTBeHHAd CaMOCONPIAXKEHHOCTD.
JMCKpeTHOCTh CcIIeKTpa

26.1. CuMMeTpHIecKHe M CAMOCONpAXeHHHe omepaTopH. IlycTb
H,, H» — ruas6epTOBH IPOCTPAaHCTBa, U NYyCTh JaH, BOoOINe roBop4,
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HEOTPDAHUYECHHBIN JUHEUHLIN OIepaTop
A:Hl—)Hg. (261)

Kaxk o6nruno, qepes D4 o6o3HagaeTcs 06JacTh onpegeneHns onepaTopa A
(mogpasyMeBaeTcs, ITO OHa 3ajJaHa BMeCTe ¢ olmepaTopoM A, mpeacrasis-
0IUM cOGO0I INHENHOe 0TOOpaKeHne IUHENHOT 0 MEOroo6pasus Dy B Ho;
OTMeTHM, ITO0 3anuck (26.1) He o3HavaeT, 9TO onepaTop A OmpegeneH BCIO-
ay ua Hy). Conpaxcennviii onepamop

A*:Hz—)Hl. (262)

MBI CUNTaeM OIpegereHHEIM, ecin Dy nmoTtuo B Hy, u B 3ToM cayuae D 4+
cocTouT u3 Tex v € Ha, OI KOTOPBIX CYIIECTBYeT TaKOU BeKTOp ¢ € Hy,
9TO0

(Au, v)=(u, g), u€Da (26.3)

(B meBont gacTu (26.3) cTouT ckamfpHoe mpousBegenue B Hoy, a B IpaBol —
B H1). Ilpu 5ToM fcHO, 9TO BEKTOD ¢ OJHO3HAYHO OLpeJe]eH U IO OIpeje-
Jgennio A*v=g. B wacTHOCTH, HMeeT MECTO TOXIECTBO

(Au, v) = (u, A"v), u€Da, vEDy-. (26.4)

Onpegenenne 26.1. IIycrs H —ruas6epToso npocrpancTso. Ome-
patop A: H — H Ha3pIBaeTCHd CUMMEMPUNECKUM, €CIH

(Au, v) = (u, Av), u,v€ Dy. (26.5)

Ounpegeaenune 26.2. Onepatop A: H — H HazmiBaeTcs camoconps-
gcenHvim, ecan A* = A.

AcHo, 4TO caMOCONPAKEHHLIN ONEPATOP ABAAETCA CUMMETPUIECKUM.
O6paTHoe, BOOOIIE TOBOPS, HEBEPHO.

Onpegenenne 26.3. Onepatop A: Hy — Hy Ha3bIBaeTCHd 3AMKHY-
muia, ecan rpadux G 4, coctosmui uz nap {u, Au}, rae u € D4, npeacra-
BAfET COGON 3aMKHYTO€ MOANPOCTPAHCTBO B H1 @ Ha.

Ynpaxnuaenne 26.1. /lokazaTs, 9To ecam onepaTtop A* ompegeneH, To oH 3a-
MKHYT.

Yunpaxuenune 26.2. [lycrs oneparop A orpaHudeH, T. €. CyHIECTBYeT TakKasf

nocrosaunaa C' >0, uro ||Au|| < C||u||, € D 4. lokazaTs, 9To A 3aMKHYT TOr ia H TOIBKO
Torga, korga DD 4 — saMKHyTOe mogmpocTpaHcTBO B H1.

MsBecTHas TeopeMa o 3aMkHyTOM Tpaduke (cMm. Pyaun [1]) yrBepxga-
etT, aTto eciu D4 = Hi u onepaTop A 3amknyT, To A orpanuden. Pazyme-
eTcsA, TO Ke caMoe BepHO, ecin )4 —3aMKHyTOe IOANpPOCTPaHCTBO B H.

IIycts gam omepatop A: Hi — Ha. Byzaem rosoputs, uTo A gomycka-
eT 3amvikanue A, ecan sambikamme (4 rpaduka G4 omepaTopa A cHoBa
ABAAETCA TPAPUKOM HEKOTOPOro (yXKe 3aMKHYTOIO0) OIepaTopa, KOTOPHIN
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un o6osmaugaeTcs A. B wacTHOCTH, 3aMBIKaHWE JONYCKAIOT JIIOOBIE CHMMe-
Tpudeckue onepaTopsl A: H — H ¢ maoTHOR 061acThI0 onpegereHus [y.
B camom geme, 10cTaTOYHO NPOBEPHUTH, YTO €CIN U, — TaKad IOCTIEeIOBA-

TEIBHOCTH BeKTOPOB u3 Dy, uro lim u, =0, lim Au,=f, To f=0. Ho
n—00 n—r00

upu v € D4 MBI OTydaeM

(f, v)= lim (Aup, v) = lim (up, Av) =0,
n— o0

n— o0

orkyga f =0. OrmeTum, uTo eciu A — cuMMeTpUIECKUI OIEPATOP, TO OIe-
paTop A Taxike SBIAETCH CHMMETPHYECKUM.

Ounpegenenune 26.4. Oneparop A: H — H HaswBaeTcs cyujecm-
6EHHO CAMOCONPANCEHHBIM, €CIU OH UMeeT IMIOTHYI B H o6GaacTh ompege-
qeHns u A= A*.

B wacTHOCTH, omepaTop A* aBaseTca pacmmpenuem A, u, amaunT, A —
CIMMETPUYECKUN OIePaTOp.

KpuTepuil cyIecTBeHHON CaMOCOTIPSIKEHHOCTH JaeT

Teopewma 26.1. Cummempuueckuti onepamop A: H— H ¢ naommuot
ob.aacmyvio onpededenHus AGAAEMCA CYUECMBEHHO CAMOCONPANCCHHBLM MO-
2da u moabko moada, Koeda cnpasediuvl 6KANVUECHUA

Ker (A*—il)C Dy, (26.6)
Ker (A* +il)C Dj. (26.6)
JoxasaTteanbcTBo. 1. Heob6xogumocts ycrosun (26.6) u (26.67)

oueBrAHA. /a8 TPOBEePKU UX AOCTATOYUHOCTHU 3aMETHUM IIpeXKJe BCEro, UTO
HOCKOJBKY omepaTop A* sBasgeTca pacumpenueM A, To u3 ycrosus (26.6)

caegyet, aro Ker (A* —il) =Ker (A—il). Ho Ker (A —iI) =0 BBugy cnm-
metpuurocTn A. ITosTomy u3 ycaosus (26.6) BeTekaeT, 1ITO

Ker (A* —il)=0. (26.7)
Ananornuno u3 (26.6') maxogum, 4To

Ker (A* +iI)=0. (26.7")

2. IIposepum, uTo onepaTop (A —il)~! (onmpeaenennsrit na (A —il) (H))
orpamnyeH. Umeem

WA—iDfl2=((A—iDf, (A—iD) )= AfIP+IIFI%  (26.8)

nockoasky (Af, f) — BemecTBeHHOE HCIO BBHIY CHMMETPHYHOCTH OI€pa-
Topa A. U (26.8) caeayet, uro ||f||* < ||A—il)f]|?, T. e.

[(A=iNT g <llgll, g €(A—il) (H).

3. Acno, uro onepaTop A — il 3amkuyT. [losTOMY 3aMKHYT U omepaTop

(A—il)~!, a nocxoapky omepatop (A —il)~! orpanmten, To ero o61acTh
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onpeereHus (A — i) (H) samkuyTa B H. Ho opToronaisHoe IOMOIHEHNE
x (A—il) (H) pasuo, ouesngno, Ker (A —il)* =Ker(A* +iI) =0. IlosTomy
omepatop (A —il)~! Bcrogy ompegeren. Ilo amazormIHON MpUINHE BCIOAY
ompenenen u omepatop (A +il)~ 1.

4. TIposepuM, 1o omepaTopst (A—il)~" u (A+iI)~" compaxens apyr
K apyry. meem, oueBugHO,

(A=il)u, v)=(u, (A+il)v), u,v€EDjy.

O6osmauas (A—il)u=f u (A+il)v=g, Mp moxynm TpeGyemoe co-
OTHOIIIEHNTEe

(f, (A+il)rg)=((A=il)"'f, g), [ geH.

5. IIposepum, HaxoHer, uTo A= A*. BygeM HCIOIB30BATEL ClIeIyIOMIMil
Merko TpoBepAeMblil hakT: ecin B — Takoil omepaTop B H, 9To ompeaee-
uet (B71)* u (B*)~1, mo (B~1)* = (B*)~!. Nmeem:

A=A =(A+i) +il ={[(A+i)" '] "} +il =
={[(A+iD)" Y il =[(A—i) T Hil=A—il +il = A,
4qTo u Tpeboanocs. M

26.2. CymecTBeHHAd CAMOCONPAXEHHOCTh CHUMMETPUIECKMX THII03]-
JMITHIEeCKUX OMepaTopoB. B sTom mymxTe depes A1 mur 6ygem o6ozma-
4aTh omepaTop, (POPMAILHO COUPSIKEHHHIN K omepatopy A€ G7

o T. e
Taxoit omepaTop AT € G}, aro

(Au, v) = (u, Atv), wu, veCFR").

B mpeasiaymux maparpacdax Bmecto At mpr mmcamm A*) mo 3aech
o6o3natenne A* 3ape3epBUPOBAHO AIs CONPAKEHHOT'O ONEPATOPA B CMBI-
cre m. 26.1.

Teopewma 26.2. [lyemv A€ HG™°, 2de mo >0, u At =A. Pac-
cuompun 6 L?(R™) neoepanuuennviii onepamop Ag, onpedeasemviii wax
onepamop A na obaacmu onpedesenus C§°(R™). Tozda onepamop Ag
CYUECMBEHHO CAMOCONPANCEH U €20 3AMBIKAHUE CO6NAJAEM C CYNCCHUEM
onepamopa A (onpedeaennozo na S'(R™)) na mHoxcecmeo

Dy, ={u:ue L*(R"), Aue L*(R™)}. (26.9)

JdoxaszaTreabcTBo. 1. ObosHauuM BpeMeHHO Uepe3 [) IpaByio
JacTb cooTHomeHud (26.9). IIockoIbKy BepHO TOXAECTBO

(Au, v) = (u, Av), ueSR"), wveS'(R"), (26.10)
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To AcHO, ¥T0 ) C Dyy u, Kpome Toro,
*
Alp=Aflp-

IIposepum, uTo Ha camom gene D= Da+. llycte v € Das, T €. v € L2 (R™)
u npu HexkoTopoM f € L?(R™) BepHO TOXK1eCTBO

(Au, v)=(u, f), uweCF(R"). (26.11)

Ho n3 (26.10) caegyeT, 9T0 TO XKe TOXKAECTBO BEPHO ¢ 3aMeHoR [ Ha Av.
Hostomy f = Awv, T.e. v € D, uro u TpeboBamocs. Utax, MBI gokazanm, ITO
npaBas gacThb (26.9) pasma Dys.

2. [ng Toro YTOOLI TPUMEHHUTHL Tellepb TeopeMy 26.1, mpoBepmMm
BKJIIOYUEHIE

Ker (A —iI)C Dy, . (26.12)
3 yxe moxa3zaHHOTO SICHO, ITO
Ker (Af —il)={u: u€ L*(R"), (A—il)u=0}.

Ho BBuay Toro, aro A—il € HGZ% Mo ;3 caegcTBus 25.1 BEITEKaeT, ITO
Ker (Af —il) C S(R™), oTkyga u caegyet (26.12), mockonsky omepaTtop A
HempepbIBHO oToGpaxaeT S(R™) B S(R™), a CF°(R™) mrorro B S(R™). Ana-
JOTHIHO JoKa3eiBaeMmoe BkIodenne Ker (Af +il) C D 3aBepmaeT goKa-
3aTenbcTBO Teopemsbl 26.2. W

26.3. [JMCKpeTHOCTH CHEKTpA.

Teopema 26.3. Ilyemv A€ HG»™°, 2de mq >0, npuuen At = A
Toeda onepamop A umeem duckpemuwiii cnekmp 6 npocmpancmee L (R™),
MOuHEE, CYWECTMEYEM OPMOHOPMUPOBAHHBIL 6a3uUcC U3 cO6CcMEEHHNT PyHK-
yut pi(z) € S(R™), j=1,2, ..., c cobecmeennvinu 3nauenuanu A; € R, npu-
uem | Aj| — 400 npu j—+00. Cnexmp o(A) onepamopa Ag= A} 6 L*(R™)
coenadaem ¢ MHONCECMEOM BCeX cobCmEeHHtir 3nauenut {A;}.

JdoxaszaTeansbcTso. Mul 6ygeM gelCTBOBATH AHAJOTHUYHO JOKAa3a-
TenbcTBY Teopemsl 8.3. B cmiy cemapa6ersrocTu mpocTpancTBa L% (R™)
cymecTByeT 4uciao Ag € R\c(A). Ho Torga s Teopemsr 25.4 cregyer, 4To
(A=XoI)" e HG,™>™™ u, B 94aCTHOCTH, (A—XoI)~! — xoMmakTHBII ca-
MocomnpsxenHsiit onepatop 8 L%(R"). Jarprefinme paccyX IeHUs T0CIOBHO
TIOBTOPAIOT J0Ka3aTelbcTBO TeopeMul 8.3. W

dagauza 26.1. Ilycts onepatop A € G’ TakoB, 9TO CymeCTBYIOT Ta-
kue uncaa Ay € C, ato Im Ay >0, Im A_ <0,

(A=A D)€ HG™™ u (A=A_I)e HG™™

npu HexoTopoMm my € R. loxazaTs, uTto ectu AT = A, To onmepaTop cyrme-
CTBEHHO CaMOCOIIPSKeH.
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Jagaua 26.2. [Iycrs Hy, Hy — runb6epTOBBI IPOCTPAHCTBA, U IYCTh
gamwel  gBa Takux omepatopa A: Hi—Hy um AT: Hy— Hy, wuro

(Au, v)=(u, Atv), u€Da, vEDy+.

HoxasaTs, 9To ecau omepaTop AT A cymecTBeHHO caMOCONpSXKeH, TO

AF = A" u A= (A)".
Yk aszaumne. Paccmorpum B npoctpanctee Hy @ Hy onepaTtop, onpeenseMbri Ma-

Tpulen
+
A= (31 Ao ) :

Torga ycropus AT = A* u A= (A+)* PaBHOCHJIBHKI €0 CYIIeCTBEHHON CAMOCOTPAYXKEH-
HocTH. Berancants Ker(2A £ ¢1).

dJagauza 26.3. Ilycte A€ HGV™°, mg>0. O6o3natum 1epes Ag
onepaTop AY, cyxennmiit ma C5° (R™). Hoxasats, uto Al =A% u Ag=(AF)*.

Ykasanmne. BocnoabzoBarbcs pesyabraToM 3agadn 26.2, NpefBapUTEILHO IPO-
+ q 7))
JoxuB onepaTopsl Ag n A7 ma S(R™).

Jameuanune 26.1. Pesyaprar 3agaunm 26.3 o3zmagaeT, UTO uUMe-
€T MeCTO «COBIAJEHNE CHIBHOTO U CIab0r0 PACIIIPEHUHy OmepaTopa
A€ HG»™ npu mo>0: ecin u € L?(R"™) u Au€ L*(R"), To cymecTBy-
eT Takas moclegoBaTeabHocTh u; € C5°(R™), uTo u; > u u Auj; — Au mpn
j — +00 no Hopme npocTtparcTBa L (R™).

3apgaua 26.4. [loxasaTs aaa onepatopos A€ HGW™°, mg >0, ana-
JI0T TeopeMsl 8.4 06 yCTPONCTBE CIEKTPA, COGCTBEHHEIX U IPUCOEINHEHHEIX
pyHKIUNN.

Jagaua 26.5. IIycts omepaTrop A uMeeT AHTHUBUKOBCKUI CHMBOJ

2 i 2
a(z) €I} (R™") n omepaTop Aq camoconpsxen B L (Ij&”) IIycrs a(z) — 400
npu | z| — co. JoxazaTs, 4To Ag UMeeT QUCKPETHBII CIEKTD B CMEICIE Te-
opemsl 26.3 u, 6oaee Toro, A\; — +oo mpu j — +oo.

dagaza 26.6. Ilycts onepatop A € G Takos, 1To onepaTop Ag ca-
Moconpsaxer B L?(R™) n mMeeT AUCKDETHBI CIEKTp, HpUIeM Aj — +00
npu j— +oo. Iycts ¢(z) —BukoBckmnit cuMBoa omepatopa A. lokazaTs,
uT0 ¢(2) = +00 mpu | z| = +o0.

§ 27. Caeg m agepuas HOpMa

27.1. Buipaxenue carega u HopMmel I'man6epra—IlIMugra yepes cumMBoIL.
Mz 6ygeM UCIIOAB30BATE 34eCh 0603HAYEHNA U (PAKTHI, KACAIOUIUECT OIe-
patopos I'mas6epra—IIMugra u sSgepHBIX ONEPATOPOB U U3JIOKEHHLIE B
goGaBiaeHUN 3.
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IlpusegeM BHavaze (popMaibHOE BBIDAKEHHE ClAefa Uepe3 T-CHMBOIL.
m / P h —
Oycte A€GY, br(2, ) — r-cumBox onepatopa A, K4 —ero aipo. Pop-
MAJLHO HMeeM

Ka(z,y)= / TV (1= 1) e+ 1y, £)dE, (27.1)
OTKyJa

Kal(z, m):/ br(z, &) de

Sp A:/ by (x, €) dz dt. (27.2)

OTMeTnM, 4T0, B 1acTHOCTH, (popMyaa (27.2) o3HaUaeT, ITO IpaBas ee
9aCThb He 3aBUCUAT OT T.

IIpoBegem Temeps GopMatbHOe BEIHCAeHNE HOPMEL [man6epTa—IIMmug-
Ta, OCHOBaHHOe Ha Ipegroxennu [13.2 u ¢popmyne (27.1). Imeem

||A||§:/ | Kal(z, y)|2dmdy:/ | Ka(z, 2+ 2)|*dz dz. (27.3)

Ka(z, z+2) :/ e, (x4 72, €) dE. (27.4)

IlosTomy
/ | Ka(z, a:+z)|2d;13dz:/ Ka(z,z+2z)Ka(z, z+2)dedz=
:/ eiz‘("_g)bT(:L‘—}—Tz, ) br(x+ 712, n)dédndedz=

= [ 00, o, BT ) de dy i d =

/‘/ e ‘75‘ d‘”dz_/ [br(z, &) [PdEde  (27.5)

(MBI ICTOAB30BANH 31€Ch NHBAPHAHTHOCTD NHTErPala OTHOCUTENLHO CABH-
ros u paseHcTBo Ilapcesans ais npeo6pazosanns Pypee). OKoHIATEIBHO
oIy IaeM

1A]12 = / by (2, &) [d de, (27.6)

rje IpaBas 9acTh ONATbH-TaKW He 3aBUCUT OT T. Temepb MBI JIErKO CMOXKEM
JOKa3aThb

Mpegnoxenune 27.1. Coomsemcmsue mexncdy onepamopamu A€
€ G=° u t-cumsoaanu b, € S(R?™) npodoancaemca no nenpepvieHocmu do
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usomempuu Ss(L%(R™)) u L*(R?"™), npuuem max, umo evinoanena Gopmy-
aa (27.6). Ipu smom, ecau A€ G, mo ycaosue A€ S3(L*(R™) pasno-
cuabHo momy, umo npu wekomopom T 6ydem b, € LZ(R?*™), u mozda amo
BKAIOUCHUE 6EPHO NPU BCET T, npuvem cnpasedausa dopmyaa (27.6).

JoxasaTeasctTBo. Buknagkn (27.3)—(27.6) saxounsl mpun A€
€ G~ mmm, aT0 TO Xe camoe, pu K 4 € S(R?"). Mockorpky G~°° mioTHO
B S5(L%(R")), a S(R?") maotro B L*(R?"), 0ueBUIHLI CYMIECTBOBAHUE N
eIUHCTBEHHOCThL Tpebyemon mzoMerpuu. Haxomen, mociegnee yTBepxie-
HUe OYeBUAHO U3 eIUHCTBeHHOCTH T-cuMBoaa. M

Caeactsue 27.1. Ecau A€G) um<—n, mo A€ Sy(L*(R™)).

IMpeganoxenne 27.2. 1) Feau AeGy u m<—2n, mo A€
€ S1(LA(R™)) u das aobwzr Gurcuposannnir m < —2n u r €R cyuecmeyiom
maxue nocmoannvie C' u N, umo eepna oyenra

[All: <C Z sup{|7b- ()| (z)~ "0y (27.7)
BRI

2) Ilpu A€ G?, m< —2n, daa caeda Sp A npu aobom T ER eepra Gop-
myaa (27.2).

JoxazaTenscTBo. 1) Bubepem kakon-uuGyas omepatop P €
€ HGT/Q’M/E, aas koroporo Ker P=Ker P* =0, Tak 9TO cylmecTByeT

omepatop P~ '€ HGp_m/z’ —m/2 (cymecTBOBaHUe omepaTopa P ykazaHHOTO
BUJa CleAyeT, HAIpHMep, u3 TeopeMsl 26.3). B cury caegcrsus 27.1 Mul
nmeem P? € Si(L%(R")). Ho u3 oueBugnoro npeactasienns A= PZ(P~2A)
BBHY BKIIouenna P~ 2A¢€ Gg C & (L?(R™)) BeiTexaer, uto A € Sy (L2 (R™)).

Taxum o6pa3zoM, JOKa3aHO BKIIOUEHUE
G C S (L*(R™), m<—2n. (27.8)

Hoxaxem Teneps onerky (27.7). Ona MOXeT GBITB IOLYIeHA IBYMS CIO-
co6aMu: HeMOCPEICTBEHHEIM yTOYHEHNEM IPOBEJCHHBIX PAacCyXAeHUnl (u3
AHAJOTHUYHBIX OLIEHOK B (hOPMYJe KOMIO3UIUN U B TeOpeMe 06 OrpaHu<IeH-
HOCTH) WIN U3 TeOPeMbl 0 3aMKHyToM rpaduke. [locaegHui myTh kopode I
ABJAAETCA OOIIUM MECTOM MHOTHX PACCYXACHUN TAKOTO THUINA, XOTA U Golee
rpy6. IIpoBegeM akKypaTHO COOTBETCTBYIOIIUE PACCY K JECHUA.

Bsegem B mpocTpancTse (7' Tomomoruio npocTpaHcTBa Dpere, onpe-

JeafeMyo IMOJYHOPpMaMU BUIA

Al =D sup{[d2b-(2)]| (zy7mHehly, (27.9)

<N

Ham myxno goxaszats, uto ecru B S (L%(R")) paccMaTpusaTh ecTe-
CTBeHHYI0 6aHAXOBY TOIOJOTHIO, TO BaoxkeHue (27.8) mempepnisuo. [las
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5TOrO B CHIY TEOPEMBI O 3aMKHYTOM rpaduke (cM., Hanpumep, Pyaun [1])
JOCTATOYHO HOKA3aTh, ITO HTO BIOKEHUE UMeeT 3aMKHYy TN rpaduk. [lo-
caegHee yaoOHee BCEro AOKA3LIBATE, MOCTPOUB TAKOE XaycAOP(OBO Ipo-
cTpancTBO M, uTO

GYCS(L*(RY))CM (27.10)

u oba Broxenus G' CM n S1(L*(R™)) menpepuisrrl. Ho B kauectse M
MOXKHO B3ATb, Hampumep, S2(L?(R™)), MOCKOIBKY HEMPEPLIBHOCTDL BIOXKE-
Huit G S1(L3(R™)) B S5(L%*(R")) caeayer us npearoxenuit 27.1 (dbop-
Mmynaa (27.6) m 03.7 (omenxa (/[13.29)).

2) HMoxaxeM Temeps Gopmyay (27.2) mpu A € G}, m < —2n. Jamerny,
aT0 06e ee wacTn HempepuisHb Ha G’ Ho npu mo6om m’ >m npoctpan-
crBo G~°° mmoTHO B Gzl IO TONOJOTHHI G’;“I. TosTomy dopmyny (27.2)
JOCTATOYHO goKazaTh npu A€ G~ .

Mur xoTHM IpPOBeCTH akKypaTHO paccyxkgenus m3 m. [13.5. ITo Ga-
HAJIBHO JeJaeTcsd, eCAu HpeicTaBuTh omepaTop A B Buge A= LiL, rae
omepaTopsl L1 u Ly mMewT AApa, UMEOIMUX JOCTATOYHO GOJABIIOE TUCIO
HEeNPEPLIBHLIX U OGBICTPO yOBIBAIOIMINX Tpou3BoAHLIX. Ho mocaeguee mpej-
CTABICHNUE CTPOUTCA AHAJOTMYHO DACCYXKICHHAM M3 I. 1) »TOro gokasa-
TeancTBa. W

27.2. Bonee ToYHAd oleHKAa AJePHOM HOPMEI depe3 T-cumBox. Oren-
ka (27.7) HeygoGHa TeM, UTO COZEPKUT PACTyUMi HO z Bec. B To xe
Bpems ||A||; He MeHseTca HpH CABUTE T-CHMBOIA HA HEKOTODPHII BEKTOD
20 = (20, o) ER?™. B camoM gene, ecan b, (x, £) — T-cumBox omepaTopa A,
a uepes A, o6o3HatUEH omepaTOp ¢ T-CUMBOIOM b, (& — 2o, £ —€y), TO MEL
nMeeM

Az u(z) :/ A (1—1)z+TYy—20, £ —E0) uy) dy dé =
= [ eltem el (1= 7) o = o)+
+7(y = x0), £ —&o) u((y — wo) +x0) dy d¢ =
= [ eI (1) ey € uly o) df
rae ' =x —zo, Y =y —yo, &' =& — &. O603nauan yepes U yHUTAPHLI Olle-

paTop, mepesoaamuit u(z) B (Uu) (v) =e 0 %u(z + xq), Mbl BugUM, ¥TO
A,,=U"1AU, otxyaa

Azl =11l (27.11)
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Onenky sfgepHOR HOPMEI, HHBADUAHTHYIO OTHOCUTEALHO CABUTA T-CUM-
BOJA, JaeT CAeIYIOIee

IMpegnoxenue 27.3. Cywyecmsyiom marxue nocmosanuvie C' u N,
umo npu A€ G, m< —2n, 8bINOAHEHA OYEHKA

P

Ak <C > /|(m ) dz. (27.12)

[vIEN

JoxazaTeuascTso. JocrarouHo fokasaTs oueHKy (27.12) B cay-
qae, xorga b, (z) € C§° (R?").
IIycTe BHAUaME

supp b C{z: |z| < Ro}, (27.13)

rge Ry —HekoTopas (pukcupoBaHHaf NOCTOfHHAL. Torga u3 HpeanoxKe-
HuA 27.2 cIegyeT, YTO CYLUIeCTBYIOT Takue nocrosHusle C1 n M (3aBucamne
ot Ryp), uTo
Al <Cr D sup [97b,(2)]- (27.14)
2

<N
Ho mockoanxy npu b(z) € C§°(R?7)

%"
b(z): m (tla ey t2n) dtldth

1, CleJOBaTeNbHO,

9*™b(=
sup [b(2) | < [ |52

To u3 oueHku (27.14) cregyet ouenka (27.12) (¢ N =M + 2n) npu yciaosuu,
YTO BHINOJHEHO (27.13).

Tenmepb, NOIB3YACh NHBAPUAHTHOCTBIO fAdepHOU HOPMBL ((hopMy.a
(27.11)) m mHBApMAHTHOCTBIO mpaBol 4dacTu (27.12) oTHOCHTEIBHO CABU-
roB b;(z) mo z, MBI BUAUM, ITO oueHKka (27.12) BepHa Bcerja u ¢ OJHUME U
Temu ke C' u N, ecin TOALKO BBITIONHEHO YCJIOBHUE

diam supp b, < Rg. (27.15)

N36aBnmcs, Hakomern, oT ycaosusa (27.15). CuemaeM Takoe pas6ueHue

(o]
equHunsl 1= " ¢;(z), aTo diam supp ¢; < Ro, cymecTByeT Takoe 1ncio /,
j=1
9To 10601 map pagumyca 1 mepecekaeTcs He 6ostee deM ¢ [ MHOXKeCTBa-
MH SuUpp ;, 1, KpoMe Toro, |d7¢;(2) |<Cy, j=1,2, ..., rae nocrosuusle C,
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He 3aBICAT OT j. BBogs omepaTop A; ¢ T-cuMmBonoM ¢;(2)by (2), MBI mOTyIHM
[ee]
A< I <0 Y X [ 12este) () 0
j=1 J=1 |v|gN
=Y /|mb )| dz,

[vIEN

uT0 u TpeboBantocs. M
Jagaua 27.1. IlycTs omepaTop A 3ajaH aHTUBHKOBCKUM CHMBOJIOM
a(z) € I'". NokasaTs, 9TO

Il < [ Ta(e, €)|da e

Jagaga 27.2. Ilycts c¢(z) — BUKOBCKHUI cuMBOJ omepaTopa A € G
HoxkazaTb, 4TO

/| €)| da dé < [|All1.

Ykasanmne. lUcnoasszoBars nonspHoe pasnoxenne A u pesyabrar 3agaqn 24.5.

Jagaua 27.3. Ilycte omepaTtop A mMeeT AHTUBUKOBCKUU CIMBOJ

a(z) € ', m < —2n. JlokasaTs, 4T0

Sp A:/ a(z, &) dx de.

Jagaua 27.4. Ilycte A€ GT
onepatopa A. [Joxaszats, 4T0

Sp A:/ ez, &) dx dt.

o'y m< —2n, c(z) — BUKOBCKHI CHMBOI

Jagaua 27.5. Ilycte M —3aMxHyTOe n-MepHOE MHOr000pasue,
AEL::&(M), 1—p<d<p. Hokazats, uro ecim m<-—n/2, 1o A€
€ S3(L?(M)), a ecau m < —n, To A€ S1(L*(M)).

§ 28. IIpuGAMIKEHHEIN CIEKTPAIBHEIM IPOEKTOP

28.1. Jlemma I'mazamana. B »Tom maparpade MbI onuiiieM abCcTPaKTHYIO
CXeMy ellle OTHOTO MeTOJa MOMYUeHUs aCUMOTOTUKN COOCTBEHHELIX 3Hate-
HUU, OCHOBAHHYIO HA MOCTPOEHUHN IPUOINKEHHOT'O CIEKTPAIBLHOTO IPOEK-
Topa. B ocHoBe 3Toro MeToga MEXKUT CleIyIOMAs U3BECTHAS BapUAlOHHASL
aemMma [nazmaza.
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Jemma 28.1. Ilyemv A — camoconpagjicenmnviti noayoepaHuueHwli
cHu3y onepamop 6 a2uabbepmosom npocmpancmee H ¢ duckpemuwlm cnex-
mpom, m. e. A umeem opmoHopmuposanuwiii 6azuc u3 co6CMEEHHLIT
6EKMOPO6 €1, €3, ... € COBCMEEHHBIMU 3HAUEHUAMU A1, Az, ..., NpuveMm
Ag — oo npu k — 4o00.

IIyemw N (X) — koaunecmeo cobemeennviz 3Hauenuti onepamopa A, He
npesocrodawur A (¢ yuemom kpamuocmu).

Tozada

N = sup dim L (28.1)
LCDa4
(Au,u)<A(u,u),u€l
(L — aunetinoe nodmnozoobpasue 6 Dy).

JoxaszaTeanctTso. llycrs E) — CHeKTPAIbHEI IPOEKTOD OLepa-

Topa A. Ilockoabky

dim (ExH)=Sp Ex=N(}), (28.2)

To, nonaras I = Fy H, MBIl BUgUM, 9TO OpaBasd d9acTh B (28.1) He MenbIue,
TeM JIeBasl.

Hdoxaxem Temepb, 9TO mpaBas 4acTb B (28.1) He Gomblue, UeM JeBad.
IIycTe aumentnoe muorootpasue L C D4 TakoBo, ITO

(Au, u) < A(u, u), ueL. (28.3)

ITocxonbky

(Au, u) > A(u, u), ue(I—Ex)H\O, (28.4)
To u3 (28.3) cregyer, uTO
LNn(I-E,) H=0.
Ho Torga omepatop F, momomopduo oTobpaxaer L B EFy\H, oTkyga
dim L N(A),
4T0 u TpeGoBamocs. M

28.2. CpoMcTBa CHEKTPATbHHIX MPOeKTOpoB. CleKTpaibHBIE TIPOEKTO-
pel F) 06J1a1ai0T CIeIYIONIIMEA CBOUCTBAMMT:

1) B = Ey;

2) E%=Ey;

3) E)\(A - )\I) E)\ < 0;

4) (I—Ex) (A=A (I—Ey) >0
(T0 03HAYAET, 9TO COOTBETCTBYIOMAL KBaAPATUIHAL (POPMA CTPOTO 6OIL-
me () Ha HeHYJIEBHIX BEKTOpaX, NpuHattexamux D4 );

5) Sp E)\ = N()\)
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U geniHoll OCHOBOU MOCAEAYIOUIETO GYAeT CAYKUTH

IMpegaroxenne 28.1. Mycmv Ei —nexomopoe cemeticmso onepa-
mopos, das komopoeo E{ H C D4 u evinoanenst ycaosus 1)—4). Tozda dan
HE20 6BINOAHEHO U Ycaosue B), m. e.

Sp F} = N()\)=Sp Fy. (28.5)

HokaszaTenncTBo. U3z 1), 2) cregyer, uro E} —oproronais-
uBI mpoekTop. Homnoxum Ly = FE\H, My = (I — E}) H. Imeem B cuay 3)
(Au, u) < A(u, u), u€ Ly, otkyga mo aemme 28.1 Sp Ef =dim Ly < N(A).
Hanee, n3 4) Burexaer, 9to (E)yH)N My =0, orxyaa dim (FyH)=N(A) <
<dim Ly =Sp E}, uro u gokaseBaer (28.5). B

Jameuanune 28.1. OrmeTuMm, 4T0 B ycaoBuax npeamoxenns 28.1 Bo-
Bce He o6a3aTensHo Fj = Fy (cM. 3agagy 28.1).

28.3. IIpubIuKeHHEN CeKTPAILHEIN IPOeKTOoP.

Teopewma 28.1. Ilycmv A —maxkot onepamop, rkax 6 aemme 28.1,
u nycmbv cywecmeyem makroe cemeticmeo onepamopos {&\}irer, umo
AH C Da u npu nekomopuviz € >0, § > 0 svinoanenst yciosua:

1°. & =6

2°. & — adepuwiii onepamop u npu A — 400

163 = &l =0(V(3) - A7), (28.6)

2de V(X) —nekomopas noaosjcumedvras neybvisaiowas Gynkyus, onpede-
AeHHAA npu A > Ao;

3. A(A=A) & KON 5

42 (I=&) (A=A (I =&) > -0\

5°. Sp & =V(A) (14+0(A7%)) npu A — +oc.

IIpednoaoacum ewe, umo @dyuxyua V(A), yuacmeywwas 6 Gopmyaupos-
ke mn. 2° u 5°, maxosa, umo npu A — +0co

[VIA+CA =) = V(V)]/V(A) =0(A7%) (28.7)

dan awbozo C > 0.
Tozada npu A — oo
-4
NA)=VA) (1+0(A7%). (28.8)
JdoxaszareabcTBo. Unes coctouT B TOM, 4YTOOBl HCIOIL30BATH
aemMMy 28.1 B mpuMeHeHUN K INHEHHOMY MHOT006pasnio [, HaTAHYTOMY Ha
COGCTBEHHBIE BEKTOPHL ONEPATOPA &) € COOCTBEHHBIMU 3HAYMEHUAMU, OJII3-
kuMu K 1 (Bce onn 6amsku k 0 win x 1, kax 6ygeT BUAHO U3 JaJbHEHIIEro).
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Ilycte a; —coGeTBeHHBIE 3HAaYeHHA omepaTopa &). OHI BelleCTBEHHE
B cuny 1° u 6aarogaps 2° u 5° yIOBIeTBOPAIOT yCIOBUAM

3 lo—a; | =0(*V(N),

> a; =V (1+0(7). (28.9)
Jemma 28.2.
Yo e =V (1+0(A7). (28.10)
laj—1|<1/2

HoxasaTeanrcTso. Ilpm |o;—1|>1/2 nmveem |aj2-—ozj|:
=|aj||a;—1]>]|a;|/2. Hosromy

Solejl<2 D> lai—a[<2) ] lof—a; | =0V (Y).
i

lo—1]>1/2 lo—1]>1/2

Orcroga u u3 (28.9) creayer (28.10). W
Jemma 28.3. Ilycmv N(X) —uucao cobemeennviz 3nauenutd &y, se-
acawyuzr Ha [1/2,3/2]. Toada

N =V (14+01"%). (28.11)

JoxaszaTensctTso. loroxume; =1— ;. Torga ycaosue 2° MOXKHO
3anucaTh B BHJE

> 16 —e =007 V), (28.12)

a yTBepKIeHUe JeMMEI 28.2 1aeT

N =V) (1+007))+ > &

leil<1/2

Ho, xax u B temme 28.2, m3 (28.12) cregyer, uTo

S o lel<2 D] g =0V (),

leil<1/2 leil<1/2

uyTo u gaer (28.11). W
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IIpogonxum gokazaTeIbcTBO TeopeMsur 28.1.
a) Ilycte L) —aumenHOe MHOr0OGpasme, HATAHYTOE HA COGCTBEHHBIE

BEKTOPHL &) ¢ TaKIMU COOCTBEHHBIMH 3HAYEHHAMH aj, ITO |a; — 1] << 1/2,
Tax uTO

N(\)=dim Ly =V(}) (1+0(A7%) (28.13)
mo aemMe 28.3. Ycaosue 3° o3HadaeT, ITO
(E(A= A Eu, u) KCA % (u, u), u€H, (28.14)
Ho, nmockoasky
(u, u) <4(Au, Hu), u€ L. (28.15)

u3 (28.14) caegyer, 4To
([A= (A +4CX " I & u, Hu) <0, ue L.

Tax xax omepaTop &) ocyulecTBaseT m3omopdusm L) Ha cebs, oTcioga
caeiyeT, ITO

([A—=(A+4CA75) v, v) <0, vE L.
Ho orcioga mo aemme 28.1 moayuaem
N =V 14+0N )< NA+40N %),

Honaras A+4CA'~%t, mp moayumm t=A(1+O(A"F)), oTkyma A=
=t(14+0(t"¢)) u, 3naqur,
V(1+0(t7))) (1+0(t™°)) <N(1).
TMoassysacs ycrosueM (28.7), MBI BHAUM, 9TO
VEL+O0(t™))) =V () (1+0(t77)),

OTKY A2

V() (14+0( %) < N(1). (28.16)
6) Mycte M, = (Ly)*. Umeem, ouesugHO,
(v, ) <4((T =& )u, T—E)u), ue M. (28.17)
TTosToMy m3 ycaoBus 4° BBITEKaeT, 9TO
([A=(A=4CA'"5) v, v) 20, vEDsNM,. (28.18)
W3 ycaosus (28.18) BeITexaeT, uT0 A1d a060r0 £ > 0

(E)\—4C)\1—=—E’H) N M)\ = 0,
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OTKYJa, aHAJOTHYI0 PACCYXK JeHIIO U3 JoKa3aTelbcTBa JeMMHI 28.1, MuI Ha-
XOAUM, ITO

NA)=NA—40N = —¢').

Teneps, paccykgasd, Kak I B II. a), MBI IOIyIaeM, 9TO

N@#) <V () (1+0t™°%). (28.19)
Ouenxku (28.16) u (28.19) zator BMecTe TpeGyemyto acumnroTuky (28.8). W

28.4. JocraTouHoe ycmoeue Ha V (). Ycnosue (28.7) BHITALAUT TPYI-
HO mpoBepsaeMbiM. [TosToMy MBI gaguM Gojdee MPOCTOE JOCTATOTHOE YCIO-
BUe.

IMpeganoxenne 28.2. Iycmv V(A) —nosoxcumeavnas neybuvisaio-
waa Pynkyug, onpedesennan u duddepenyupyeman npu A > Ag. Ipednoao-
HCUM, UMO

VI(N)/V(A) =0 ). (28.20)

Tozda V (A) ydosaemeopaem ycaosuio (28.7).

Mpumep 28.1. ®dyukuua V(A) =A%, rge o >0, yI0BI€TBOPAET yCI0-
Buio (28.20) mpu ¢ > 4.

HJoxaszaTeancTBo npegnoxennsa 28.2. IToroxum

(N =V'(N)/V ().

Torga
A
V(A) =V (o) exp (/ o(T) dr) .
Ao
Otcroga
VIA+CA™) =V (\) =
A4CAIE A
=V (Xo){ exp / o(r)dr | —exp / o(r)dr =
Ao Ao

=V(X){ exp / p(rydr | —1,. (28.21)
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Tax xak |@(A)| <CX~°"1 1o npu ¢ £ Mer moryIaem

A+CATTE A+CAITE
p(r)dr<Cy / 0 dr = Cy[(A+ CATE) T - X 0] =
A A

=Co X1+ CA )0 — 1] <X A~ =300,
HpI/I g = (5 IIOJdYyYIaeTCa Ta XKe caMasd OI€HKa:
A4CALTE A4CALTE
/ p(r)dr <Oy / 77 dr=C) In(14+CA™F) < CaA™f =270,
A A
W3 (28.21) Teneps creayeT, 9TO

VIA+CMNT5) =V (N <CV(A)- A8

(MBI BocmOZIB30BAINCE TeM, 4TO €” — 1 ~ 2 mpu 2 — 0), HO 5To U ecTb Tpe-
Gyemoe HepasercTso (28.7). W

28.5. M gea mpumeneHns Teopemnl 28.1 (sBpucTMYecKkui HaBpPOCOK).
[ycts omepaTtop A mmeeT BefiieBckuit cumsoa b(z), z € R?". IMoxoxum

V(A) = (21)"" / dz. (28.22)
b(z)<A
CrexTpansHeil npoekTop F) omepatopa A —»sto onepaTtop xi(A), rge
X () —xapakTepuctudeckas ¢pyHkuus ayda (—oo, A]. PaccmoTpnm omepa-
Top &) ¢ BeltmeBckuM cuMBoaoM X (b(-)). EcTecTecTBeHHO 0XHAATH, ITO

omepaTop &) AOMKeH IpH GOABIINX A UMUTHPOBATE CIEKTPAILHLIA IPOEK-
Top F). OcraeTcsa 3aMeTUTh, UTO

Sp & =(2m)~" /Xk(b(z))dz:V()\).

Texuudeckasi peaan3anus 3TOU UJeU COCTOUT B NPUMEHEHNN TEOPEMEI
28.1, ogaxo BBUAY HEOOXOIUMOCTH PACCMATPUBATEL KOMIIO3UIINY OLI€PATO-
POB MBI JOJXKHEBEI CTIAJUTHL XapaKTePUCTHUIecKyio (GYHKIUIO Xy. Boobe
MBI IPUXOAUM 3JeCh K He0OXOIUMOCTH PAacCMaTpPHUBAaTh IiceBaoauddepeH-
nuaJbHBIE OIEPATOPHl € IapaMeTPOM, JAlolle BO3MOXHOCTBH IPOBEDUTH

o

cBoucTBa 1°—5°.

28.6. Tounas KoHCTpyKIma. Bmegem Taxyio dymkumio x (1, A, ), ¢, A,
xeR, A2 1, >0, uro
X(t A, )= {

1 mpu t<A,

(28.23)
0 mpm t2>A+2x
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11 BBEITTIOJHEHEI OIIEHKN IIPOU3BOIHBIX
1(0/0t)Ex(t, X, 3) | < Crse™™. (28.24)

CymecrBoBanue gyuxnun x (£, A, ») 1erko IpoBepseTCs, HAIPUMED, CJIe-
aytommuM o6paszoM. Iyets (¢, A, 3¢) —xapakTepucTudeckas QyHKINI MHO-
xecTBa {(f, A, ) : t < A+ 2¢}. Torga MOXHO HOJOXKHUTH

Xl A )=~ / B(r, A, #) xo((t— )/ ) dr,

rae xo(v) € C°(RY), xo(v)=0mpu |v|>1n /Xo(l/) dv=1.

Ilycte Temeps omepaTop A MMeeT BellleCTBEHHBIN BEWJIEBCKUU CHUMBOJ
b(z) € HTTV ™ (R*™),  mo >0, (28.25)

npudeM npu HexkoTopwix C'>0u Ry >0
b()>Clz™, 121> Ro (28.26)

(m3 (28.25) cregyer, uTo (28.26) BepHO an60 Aaa b(2), 160 AT —b(2); MBI
¢dukcupyeM 3HaK Tak, ITOOBI omepaTop A OKazaics MOMyorparmdeHHBIM
CHHU3Y, —3TOT (akT GyJeT ACeH N3 JAIbHEHNINero).

Iomoxum

e(z, A, 2) =x(b(2), A, ) (28.27)

u Temeps, BhGuUpas »=\'"", rge v >0, MBI ompejeanM omepaTop &) Kax
OIIEPATOP € BEIMIEBCKUM CIMBOJIOM

ez, \)=x(b(2), A, A7), (28.28)
rge uucao v > () 6ygeT BEIOPAHO [O3kKe. 3JaMEeTHUM Cpa3y XkKe, 9TO

1 mpm b(z) <A,
e(z’)\):{ prn b(z) <

A . (28.29)
0 mpm b(z)=A+2X1 77,

TonbiTaeMcs HAIMCATD OLEHKN IPOM3BOJHEIX IO z 14 €(z, A).
3ameTnw™, 4To oueHkn kaacca HI7"™° npu mg >0 MoryT 6BITH 3anu-
CaHBL B BHje

|07b(2) | < Cob(2) ="M, >0, |2]> R, (28.30)

rie B KadecTBe p' MOXKHO B3ATb, HampuMmep, p' = p/m, HO, OBITH MOXKET,
BO3MOKHO I 60JbIllee 3HAUEHIIE.
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duddepennupyem Teneps (28.28):

" v
&Ze(z, )‘) = Z Cyive (&’Ylb(z) : (a’ka(z)) ( @t?: (t’ A X ) t=b(z) )’
Wl‘f‘|~~~-|f'>’Y(l)c=’Y =
Vi

(28.31)
rje CyMMHDOBaHHe BeleTCs II0 BCEBO3MOXKHBIM pa3bHeHUAM < B CYMMY
1+ ...+ Yk C IPOU3BOILHEIM YUCIOM cjaaraeMbix k< |7v|.

I3 (28.31), (28.30) u (28.24) BEITeKaeT, 4TO
|07e(z, N)| < Cyb(z)F =P P x=R(O-v), (28.32)

Brarogaps xe (28.29) Mbr MoxkeM 3aMeHUTH A Ha b(z) u nepenncats (28.32)
B BHJe

|07e(z, A)| < Cyb(z)B=r N yrv=nhil, (28.33)

rae p— a:000e BelleCTBEHHOE HHCIIO.
IMockoasky k < |v|, To oTcroga cregyer, 9To

[0Ye(z, A)| < va(z)(u—p')lvl A=l (28.34)

OTn oueHku BepHbl npu A >1 u mpu |z|> Ry. KpoMe Toro, Mul nmeeMm
O'eBHAHbBIE COOTHOIIECHHS

le(z, V< C,  |2|< R, (28.35)
de(z, A)=0, |z|<Ro, A=A, (28.36)

ecam \g JOCTATOYHO BEIHKO.

W3 (28.34) scHO, 4TO BBIFOJHO B3ATH ji TAaKUM, 9TO vV < ji < p', OTKy-
Ia BBITEKaeT HeoOX0IMMOCThL BLIOMPATh Takoe v, 9TO v < p', 94To u OygeT
OpeanoaaraThCca B gaabHenmeM. [Ipu HEKOTOPBIX JOTOJHUTEILHEIX yCIOBH-
AX 3TO 06eCIe UT U IPUMEHIMOCTh TeopeMsr 28.1.

28.7. IloBepxHocTH ypoBHA cuMBoaa ¥ cBoucTBa V (). B sTom nyuxTe
MEI CYHTaeM, YTO MHOXECTBO YPOBHA {z: b(z) = A} npm Goabmmx A aBias-
eTcs IJa KOl DUIepPIOBEPXHOCTLIO U, 6oaee TOTO, UTO

Vb(z)#0 mpm |z|> Ry, (28.37)
rae Vb(z) = (%, cn ajb ) —rpaauenT Gyskmun b(z).
1 2n
IIycrs yuxnua V(A) onpegenena ¢opmyxon (28.22). IlpeoGpasyem
naTerpanr B (28.22) B muTerpan mo mosepxHoctu b(z) =A. Ilockoabky
2n-dopma

dz=dz1 N...Ndzsa,
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asagerca gupdepernnaiom ot (2n — 1)-GpopmMsl
1 2n
=5 (=1t zidey A Adzj AL A d2ay
Jj=1

(«mrmukas Hag dz; o3HAdYaeT, 9TO dz; IPOIYCKAeTCH), TO

/ dz = / w, (28.38)

b(z)<A b(z)=X

Ilycte n, —eIWHWYHBIA BEeKTOD BHENIHEH HOPMAJIN K IIOBEPXHOCTH

b(z) = A B TOUKe z, T. €.
n. — Vb(z)
SV |
O6o3nadan depes dS, >IeMEHT IIOMAIN HOBEPXHOCTH b(z) = A, MBI mOIy-
qaem u3 (28.38), uTo

vin=00 /(z.nz)dsz:(z’;{n / |leizz)|(z~Vb(z)). (28.39)

b(z)=X b(z)=A

Berancaum Temeps V/(A). 3aMeTnMm, 9TO paccTOAHHE B TOUKE Z OT IO-
BepxHOCTH b(2) = A 10 6am3koll moBepxHOCTH ypoBHA b(z) = A+ AN paBHO
AL+ o) rronony
IVb(z)]

V/(A) = (27)" / T (28.40)

Cpasuusas (28.39) u (28.40), MBI BuAUM, ITO

LECIPe [b(r?)iﬂ(z . Vb(z))] o (28.41)

W3 (28.41) BeiTexaeT
IIpeanoxenne 28.3. Iycms
|2-Ab(2)|>Cb(2)' ™, |z|> Ry, C>0. (28.42)
Tozda
V'(A)/V(A) =0\, (28.43)

Jameuanue 28.2. Us ycaosus (28.42) BrrTexaet, uto Vb(z) # 0 npu
| 2| > Ro, Tax 4To0 3TO He HyX)HO TpebOBaThL 3apaHee. Bojiee Toro, reome-
Tpudecku ycaosue (28.42) obecnednBaeT «3Be3IHOCTEY HOBEpXHOCTH b(2) =
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= )\ 10 OTHOIMEHUIO K HAYaIy KOODAUHAT, T. €. JI000l 1yd, HATMHAIOIIHICS
B Touke (), mepecexaeT 3Ty MOBEPXHOCTH POBHO B OJHOH TOUKe W TPUTOM
[0 HEHY.IEBBIM YTJIOM.

Yunpaxuenne 28.1. JlokazaTb, 9To ycaosue (28.42) BrmoaHeHo, ecan b(z) —

SINITAYECKUIA MHOTOYIEH.
Ykaszanue. UcnoaszoBaTk ToXgecTBo JiiJlepa 118 OJHOPOAHKIX (PyHKINH.

Jagaua 28.1. Ilocrpouts mpu dim H =2 Takon omeparop A, 4to
IpPH HEKOTOPOM A CyIIeCTBYeT omepaTop FE}, A1f KOTOPOro BBIIOJIHEHEL
ycaosus 1)—4), o E} # Ej.

Jagaua 28.2. Paccmorpum Ha Tope T"=R"/27Z" omepaTtop
A=—A+(Q, raze A —ouneparop Jlanmaca, () — 110601 OrpaHUYEHHLIN Ca-
MocomnpsxenHsiit onepaTtop B L2(T"), mpuuem ||Q|| < M.

IIycte N (M) —umcao co6CTBeHHBIX 3HatUeHHN omepaTopa A, MeHBIIX
TeM .

Ucnoap3ysa IpuOIUKEHHBIN COEKTPAILHLIN IPOEKTOP &), PABHBIN TOY-
HOMY CHEKTPAJbHOMY TPOEKTOPY omepaTopa —A, 10Ka3aTh, ITO

No(A— M) < N(A) < No(A+ M),

rge Ng(\) —9ncao TOYek HEIOUUCACHHON PemeTKN 7,7, MeXAIluX B IIape
lz| < VA, BEIBecTH 0TCI0Ja ACHMITOTHYECKYIO (POPMY.IY

N = A2 (1+0(A"12).

§ 29. OmepaTopul ¢ mapamMeTpom

29.1. Kaacc cumpoaoB u omepatopoB. Iloaydemmwie B § 28 ouenkn
(28.34) pas cumBoaa e(z, \) MOACKA3BEIBAIOT CAeAYIOLICE

Onpegenenne 29.1. Yepes I'}"/ obosmauaerca xaacc (yHKUuUN
a(z, \), ompegerennnx npu z € R?", A > \g, 6eckoneuno auddepernupye-
MEBIX [I0 Z U yJOBJIETBOPSAIOIINX OL[eHKAM

|0Ya(z, )| < Cy(z)mrvixr=ohl, (29.1)

3xece m, yu, p, c€ER, p>0, 0 >0.

fcro, uTO ecam a; EI‘:Z{,’,F;J', j=1,2, To alar;EI‘Z“‘*‘mz’”l"'“?,
rge p=min(p1, p2), o=min(oy, 03). daree, ecan aEI‘p ¥, To dlac
Erm—plvlyu—alvl

3amernwm, uTo ecan a € ')V}, To mpn kaxjaoMm PuKcEpoBaHHOM A > Ag
2
CIIpaBeJINBO BKIIOUCHIE a(z A) €T (R*"), 4To mospoaseT ompegeanTsh
KJIACC 3aBUCALINX OT NapaMeTpa omepaTopoB A(A) ¢ BeHIEBCKIME CHMBO-
m, i . o
aamu a(z, A) €%, DToT xnacc omepaToprerx dynkuuit A(X), geficTayio-

mnx, Hampumep, B S(R™), Mbl 6ygeM 0603HAYATH depes Gt
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29.2. dopMyaa KOMIO3UIINH.

Teopema 29.1. ITyems a; €T, j=1,2; A;j(X) — coomeemcmey-
wwue onepamoprvie Pynryuu. Toeda Aq(A)o Ax(N) EGgfla"'m%“l"'”?, 2de
p=min(p1, p2), o =min(c1, 03) npuuen ecau b(z, \) — setisescruti cumsoa

komnosuyuu B(X) = A1(A) o A2(X), mo

_1yl8l
b= > '(a!—)ﬂ! 27147192 DY ay) (0] DEaz) + v, (29.2)
la+Bl<N-1
ade ‘
T.NE]_“Z’f}j‘l‘mz—N(p1+p2),}i1+u2—N(01+a2). (293)

doxazaTeancTso. MoxHO 65110 6bI TPOBECTH JOKA3ATEILCTBO 110
TOIl e cXeMe, ITO U JOKa3aTeILCTBO TeopeMul 23.6, BBe s IpeIBapUTEILHO
COOTBETCTBYIOMII KIaCC aMILINTY] U HOBTOpHUB paccyxaerus u3 § 23. Ho
IJ15 KPATKOCTH MBI TIPOBeJeM JOKa3aTelhCTBO HeMOCPeICTBEHHO.

Brauame Mbl moiayunM HekoTopyio ¢dopMmyry xommoaunuu B = A; o A,
omepaTtopos A; m Ay ¢ Beitrenckumu cumBoraMu ai(z), az(z) € C§°(R™).
Acno, uTo

Bu(m):/ a1($—;$1, C)GQ(]Jl;—y, 77)><

x ll@=20)CHE1=9)1 () dy da, dn dC.

Ecau Kg(z, y) —aapo onepaTopa B, To oTcioga HaX0JUM

Kp(z, y):/ (B2 (Yo (222, ) »
x etllE=m) CHE=v)nl go) dndac.  (29.4)

UcnoassyeMm Teneps dhopmyay (23.39) (¢ 7=1/2), garomyio BeIpaxeHne
CHMBOJIa depe3 AIpPo:

—iTaf x x _
b(z, €) :/ e Ky (I—f- 72, r— 72) dxs. (29.5)

Tonaras xz5/2 = 23, MOXHO TaKXke HAIUCATH
b(z, &) =2" / e_Zix""E[(B(:E—i—:Bg, r—x3)dxs. (29.6)

Orcioga u u3 (29.4) Haxogum

bz, £) =2" / a (T () 0 (T )

2 2
« ei[(r+z3—1?1)(+(l‘1+1‘3—17)‘77—21'3§] dIl dl‘g Jn JC
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BaegeM BMeCTO T U 3 HOBBIE IepeMEHHBEIC MHTETPUPOBAHNA
r+z1+73 _r+w1—x3
b} ms - )
2 2
Tak 4TO T =12%4-+ %5 — 2, T3=2x4 —T5. lIpUHEMaAA BO BHUMAaHUE, UTO
‘5(9«"17 23) | _gn
(x4, T5)

T4 =

, MBI IIOJIy<IaeM

b, =2 [ ar(ea, Qasles, m)x
x e2il(e=2s) CHwa=o)nt(@s=2)€] o, das dC dy,

naIn

ba, ) =2 [ arly, m)aa, O)x
x e2ille=2 =) C+C-v)8 gy 4 andc.  (29.7)

OTMeTHM, 9TO IOKA3ATENb SKCIOHEHTH! B (29.7) MOXHO TakXe 3aIHUCATh
B BIIe
111 n |1 1 1
ZZmyzZZZE T Yz
£n ¢ i=1 & nj G
U3 Buga »Toro moxasaTens BBITEKAET BO3MOXHOCTH UHTECPUPOBAHUL
[I0 9acTAM, NPUBOJAIICTO K MOSBICHHUIO YOBIBAIOIINX MHOXUTEIEH BIIA
(x—2)"N (y—2)"N (n=&~N,((—¢)~N. HosTomy Hamboree cymecTsen-
HyI0 poab B mHTerpaie (29.7) mrparoT Te TOUKH ¥, 7, Z, {, AIA KOTODPBIX
y=z==2, n=_(=¢&. DTO HABOAUT Ha MBICIb PAa3IOXKUTL a1(Yy, ) U as(z, ¢)
o gopmyae Telmopa mpn y=2 u z = 2.
! , 1 __ . A {
Brauane cgeraem zameny y =y—z, 2’ =z—2,n'=n—-¢, ' =( —¢£. Onyc-
Kaf IITPUXHA, TOLYIUM

b(z, &)= 920 / ar(z+y, E+n)a(z+z,E4+C) e2iy(—2m) dnd( dydz.
(29.8)

BygeM paccMaTpmBaTh 3TOT HHTerpal KaK NOBTOPHEIN IPH NOPAIKE
audpepennnanos dn d¢ dy dz. Hanumem pazmoxenns

al(m+y’£+n): Z %a;‘al(r,ﬁ—}-ﬂ)—f-ﬁ(\})(fy Y, 57 77)1 (299)
o] <N -1

Zﬁ 2
as(z 4z, E+¢) = Z 5 2 as(x, E-I—C)—i—r](\?)(m, z, &, ¢), (29.10)
|Bl<N-1
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rae
1

W 6= e (-0 dryGan) (o 7w, €4, (20,10
la]l=N 7
1

W26 0= en [(=n)tdr 00 (o b7, 640). (20.19)
[B|=N 7}

ToacraBaasn B (29.8) 5Tu pasnoxeHns, MBI HOLyIaeM

bz, &) =2"" /a,ﬁ, sai(z, E+n)][00as(z, £+)]x

|a+AIEN -1
2 =) qnac dydz + 0 (x, €), (29.13)

rae ry’ (z,£) uMeeT BIJ INHENHON KOMOMHAIINY CIATA€MBIX e THIPEX THIIOB!

7o 5(2, £) — Taxoll xe HHTerpal, xax moJ 3HaxoM cymMbl B (29.13), Ho
cla + ﬁ| > N;

rS)N@f):/y“W?al( e+ PP (z, 2, & Q)] W= dnd¢ dy dz;

(29.14)
rﬁ,)ﬁ(r,5)=/zﬁ[r§&)<m, y, & )] [P az(z, € +C)] 3@ dydc dy dz;

(29.15)
rj(\z)(a:,{):/ (1)(33 y, &, ) (13 z, &, C) i(y-C=2m) dnd(dydz.

(29.16)

BeramcanM o4uH U3 HHTECPAIOB IO 3HAKOM cyMMEL B (29.13). TaasToro
mpexje BCErO 3aMeTHUM, ITO

= (30) o

| 8
zﬁe—222~77 — <__D77) (6—212‘77)’ (2918)

11 BBIITIOTHUM HHTETPDUPOBAHUE II0 IaCTAM, IIOJAB3YACh 3TUMU TOX JCCTBaAMU.
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ITonyunm

o _B ;
g [ L2 020 (e, e a) 2as(e, € Q) dydg dyda=
p2-latl (_y)lal

= [spiae, e+ mIREDgas(a, €+ )%

x 2 C=21) dp d¢ dy dz =

=T Lo (v 6 2)] x [02Dg i €4 §)]

x e21W-C=21) qp d¢ dy dz =

= #ﬂi)_m x /{%‘D?al(:’“’a £+ g)} e dndzx

Jlotpzen(e.cs )] v

=18l _9y—lel
- % (03D ax(x, €)][08 D¢ as(x, ¢)],

YTO JaeT KOHEUHEIe 4ieHH B hopmye (29.2).

3ameTnM Temeps, uTo Gopmyaa (29.8) u Bce mocaegyIOmNe BEUNCICHNS
COXPAHAIOT CATY 11f MOOBIX CHMBOJIOB @; Kaaccos [')'. IToT dakT MoxKHO
YCTAHOBUTH HEMOCDPEACTBEHHO, 3aMeHAA OCUILINpYIomuil naTerpar (29.8)
CXOASANINMCS, & MOXHO IIPOBEPUTL CTAHAAPTHHIM IIpeIeIbHBIM IIEPEX0I0M
OT (PUHUTHBEIX CUMBOJIOB, Kak B § 1.

ITpeanomoxuM Tenepsb, ITO CHMBOMIEBL @1 1 d5 TaKue, Kak B (GOPMYyInpOB-
ke TeopeMsl. HyxkHo gokasars Bkaodenue (29.3) 111 KaxkJ0ro U3 0OCTATKOB
r O & w0 o xacaeTes 1Y, To 11a mero 5TO BrIIOMEHTE OTC-

a, B o, N» "N g TN - a,B? A
BUAHO, IIOCKOJIBKY OH HM€ET TOT K€ BHI, ITO I KOHEYHBIe JIeHHI.
(5)  .(6) (7)

Mas ouenkn r, 'y, Ty’ U Ty’ YAOGHO IPOM3BECTH B (29.14)—(29.16) To

e HHTerPHpOoBaHme o dacTaM (¢ momombio (29.17) u (29.18)). B pesyabra-

Te y* 3aMeHseTcs Ha Df, a 2 —ma Dg ¥ MBI IPUXOAUM K He0O6X0AUMOCTH
OLIEHUBATHL PABHOMEPHO 110 T1, T3 € [0, 1] cumBoasl Buja

/[0? D?al(m—l—ﬁy, E+n, V)] [0° Dgas(z + 1z, E+(, A)]x
x 2= qnac dydz, |a+B|>N. (29.19)

Auddepennupys (29.19) mo z m £, MBI moIydaeM ele, YTO IPOU3BOI-
Has &;&g OT >TOTO BBLIPAXKEHUS SBAACTCA IWHEHHON KOMOMHALUEH Clara-
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€MBIX BHJIa

/ [agwla?élal(‘b‘?ﬁya E+m, M) [agﬂu a?H”ag(m—kmz, E4+¢, A)]x
) BV gnac dydz, v 44" =5, §&+8"=48 (29.20)

Iloapaysack Tox ecTBAMHU

2y C—z1) 2 2n-—M 1 M ity-c—zm)
O = (1 [y )M (1= Asg) eHlems,

)

5 M .
A = (L2 (1= 4,,) e

FNg—.

1 UCIIOJABb3Y4d 00603HaYTEeHUS

(2 O =+ +ICHY2 (g =0+l +[n)?

MBI BuAuM, 9T (29.20) npuBOANTCA K JMHENHON KOMOMHALNY BBHIPAKEHUN
BHJA

/ [8::;‘/01(.’13 + 7y, E+7, A)] [6;‘:?”11(12(13 + 12, £+, )\)] X
x (y, n) "M (z, C>_2M62i(y‘c_z"7) dnd¢dydz, (29.21)
rage ', », V', v — 2n-MepHBIe MyIBTHNHACKCHI, TPHIEM
1IN, BN 2416 (20.22)

Nurerpan (29.21) ouernsaeTcsa mo MOAYIIO depes

¢ /<r+r1y, E )b Nl (g gy, g e
s A2 =2l Ry N =M AT2M gn dc dy dz,

uTo Gaarogaps (29.22) He IPEBOCXOANT BHIPAKEHIS

C’)\H1+u2—N(01+02)—|’Y+5|0 '/<€E+T1y, £+77>m1—P1N—P1|VI|X
X (w4 1oz, E4 ()2 Gy gy Tz M s dndC dydz. (29.23)

31ech CTemeHb A B TOYHOCTHU COOTBETCTBYET yTBEPKAEHUIO TEOPEMBI, TaK
YTO JOCTATOYHO OLEHUTH nHTerpal B (29.23) depes HyxHYI0 cTeneHs (2, £).
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3ameTnM, uTo nHTerpan B (29.23) pacnagaercsa B IpousBeJeHIe MHTe-
IpalIoB

/(m iy, § )N Gy, )My dy, (29.24)

/<x 1oz, £ ()mamreN=el =M e g (29.25)

Ouennm nnaTerpax (29.24). Pazo6beM 061acTh HHTETPUPOBAHNA B HEM
Ha [IBe YaCTH:

1
@ ={y, n: lyl+1nl <5021+ €D}

1
= {y, n: lyl+Inl> 2121 +1€D}

n o6o3HaunM uHTerpat mo ; depes [;, j=1, 2. Tax xakx 1e6eroB o6beM 2

He mpeBocxoguT Ci(z, )", a NOABIHTErpalbHOE BHIPaXkKeHNe OLEHNBAETCS
1

Ha Q0 1epes Cy(z, £>m1_”1N_f’1|" |, To gaa I, cnpasegmusa omenka

|11 < Cs(a, gym=mN=mIln, (29.26)

aniMeMmcs uHTerpaioM Ip. MoxHo cumraTs, uTo |z|+|€|>1 (mpm
|z|+]&| <1 TpeGyembie omenxn odeBuHsl). Torga, HCIOAbL3YA OYEBUIHYIO
OTICHKY

(L+lz+myl+1E+n)? <L+ [+1EDPL+]yl+]n])"
u BuI6upas M JOCTATOYHO 6OMLIINM, MBI TOTyHdaeM
| I, < Ca(z, gym=mN=mIl (29.27)
W3 (29.26) u (29.27) creayet, aTo (29.24) ouenuBaerca depes
C(z, E>m1—p1N—p1|V’|+n.

YunTeiBas, uTo gas (29.25) cupaBejnnBa aHaIOTHYHAS OIf€HKA, MBI BH-
aum, 9to (29.23) He npeBocxoguT

Oz, £>M1+mz—(m+pz)N—p1IV’I—PzIV”|+2n APtz = N(ovtoz)—oly+d] o

<O, 5>M1+M2—N(m+pz)—plv+5|+2n AHtHa=N(o1toa)—oly+o]

4T0 U 06ecHevnBaeT BKAIOYUEHNE

ry € I\’p?:b1a+m2—N(P1+P2)+2ﬂy H1+H2—N(01+02). (2928)

Ho yBemmumsas agecs N u paccMaTpuBas BO3HUKAIOIMINE JOTOTHUTETE-
HBle wieHH B cyMMe (29.2), Mbl BuguM, 9To 13 (29.28) caeayer (29.3), uTo
u goxasniBaeT Teopemy. M
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29.3. Iom0XUTEABHOCTE ONMEPATOPOB ¢ MAPAMETPOM.
Teopewma 29.2. ITyems a(z, \) €T}, 0> 0, a(z, A\) 2> 0, ede e —
NOCMOAHHAA, U BHINOAHEHBL OYEHKU

|0Ya(z, \)| < Cyalz, A)- A% x>, ze R, (29.29)

2de o9 >0, o¢ He 3asucum om 7. Tozda, ecau A(X) — onepamop ¢ eetises-
ckum cumsoaom a(z, N), mo npu docmamouro 6oavwuzr A 6ydem A(N) >0
(m. e. (A(XN)u, u) >0, ueS(R")).

s fokazaTeancTBa 3TOU TeOPeMbl He06X0JUMa CIeYIOmas JeMMa, [0
3BOJIAIONIAS UCIOAL30BATH AHTUBUKOBCKUI CHMBOIL.

Jemma 29.1. Paccmompum onepamop B(A) ¢ anmusurosckum cum-

soaom a(z, \) €T I, u nyemov b(z, A\) —e20 setitesckuii cumeoa. Tozda

a—b= > cy(0a)+ry, (29.30)
0<|yI<N

— m—pN, uy—oN
ede ¢y =0 npu nevemnvir [y| u ry €T72F .
JoxazaTelbcTBO IPOBOAUTCH AHAIOTUIHO JOKA3ATEILCTBY TEO-
pembr 24.1.

Ynpaxueunune 29.1. [JokazaTs aemmy 29.1.

doxkaszaTenncTBo Teopemn 29.2. Ilycte Bg(A) —omepa-
TOp ¢ aHTUBHKOBCKHM CHMBOJOM «(z, A), I mycThb bg(z, A) — BellneBckun
cumBon Bj(A). PaccmoTpum Temeph omeparop Bi(A) ¢ aHTHBEKOBCKEM
cumBoaoM a(z, A) —bg(z, A\) m obosmauum depes by(z, A\) ero BellmeBcKuR
cumBoa. ITo HMHAYKIUU CTPOUM TaKyl IOCIEJOBATEILHOCTh OIEpaTo-

poB Bg, Bi, By, ..., 9To B; —omepaTop ¢ aHTHBHKOBCKHM CHMBOJIOM
a—bo—by—...—bj_1, rae bg, by, ..., bj_1 —BellIeBcKMe CHMBOJEI OIle-
patopoB Bq, By, ..., Bj_1.

U3 memmer 29.1 BHITeKaeT, 9TO ecIn
Ay =A—-By—B1—...— Bi_1,
To A € I‘Z?;ka’“_%k. Ilonoxum eme
Qr=Bo+Bi1+...+Bg_1.

Taxum o6pazom, A = Ay + Qg.
3aMeTuM Telepb, 9TO HHAYKIUEN 10 k JoKa3blBaeTcs, 9To b;(z, A) mpu
Jj >0 nmeer Bug
bi= Y. ey(da)+rw,j, (29.31)
2j<IvI<N
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rje cy, j —IOCTOSHHBIE U TN ; € I‘T;/’N*‘_UN . ITosToMy onepaTop Qi nmeeT
)
AHTUBUKOBCKUIN CIMBOJ BIJIa

(2, N =alz, N+ D ydalz, V] +riv(z, N, (29.32)
2<I<N
rae riy(z, A) € FZ?;”M #=oN  Yaurwsas (29.29), MBI moTyIaem
ar(z, A)=a(z, \) (1 +2729%(2, A)),
rae s(z, A) TakoBo, 4TO

sup |s(z, A)|<C, A=A,
2€R 2

rge C me 3aBucuT oT A. B uwactHOCTH, sicHO, ¥TO qK(Z, A) >£/2>0 mpn
JAOCTATOTHO GOJBIINX A, OTKYAa MBI TIOIyIaeM

Qr > g I (29.33)

B cuny npeanoxenns 24.1.
JaMeTHM Tenepb, ITO OpHU 6oabIIOM k

[|[Ax(A)|| =0 mpm A— +oo. (29.34)
B camoM fese, JOCTATOUHO IPOBEPUTE TO XKe A48 HOpMEI ['nin6epTa —
Mmugra ||Ag(A)|]2. Ho
||Ak()\)||§ =(2m)™" / |br(z, A) |dz =0 mpm A\ — oo,

eCan BBIOPATDL k CTOML GOJBIINM, 9TO
m—2pk<—n, p—20k<0.

N3 (29.33) u (29.34) cpasy caeayer, uTto A > Z[, YTO U JOKa3bIBaeT
Teopemy 29.2. B

§ 30. AcuMnTOTMKA COOCTBEHHEIX 3HAIEHUHN

PaccmoTpum onepaTop A ¢ BeleCTBEHHBIM BEHIEBCKIM CUMBOJIOM b(z) €
€ HI'»™0, rae mg > 0. OnepaTop A ABIseTCA CYIIECTBEHHO CaMOCOIPH-
JKEHHEBIM II0 Teopeme 26.2 u uMeeT AUCKPETHHIN CIEeKTpP IO Teopeme 26.3.

Tockoasky b(z) He uMeeT Hyxell mpu GOJBINX |z |, TO, MEHsA B CIydae
He0OXOAUMOCTH 3HAK, MOXKHO CINTATh, 9YTO BHIIOJHEHA OLEHKA

Cylz|™ <b(2) < Calz|™,  |z| =2 Ro, mo>0, (30.1)

rae 01, 02 — IIOJOXKUTEABbHBIE IIOCTOIHHEIC.
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JIerxo moxasaThb, ITO B 3TOM CIy4dae OlepaTop A HoayorpaHntIeH CHU3Y.
B camowm gene, moBTOpAA pacCyXKAeHUSI U3 JOKA3aTEILCTBA TeopeMul 24.2 u
nCcnoas3yA TeopeMy 24.1, MBI BUAUM, YTO CymECTBYeT Takon omepaTop A’
¢ aHTUBUKOBCKUM CHMBOJOM BUIA

bz)+ Y e d7b(2), (30.2)

0<|yI<N

aro omepatop A — A’ orpamuduen. Ho Torga gocTaTouHO HpPOBEPUTH IIO-
JyOrpaHWYEHHOCTh CHU3Y omepaTopa A’, KoTopas BEITeKaeT U3 IOIyorpa-
HUYEeHHOCTH CHu3y aio6on ¢gyukuuu Buga (30.2), uMmelomell MeCcTO BBHAY
TOr0, ITO

e 2 emami(ie 3 )

0<|y|<N 0<|yI<N

a BCce claraeMble B CKOOKax, KpoMe IepBoro, crpeMaTes k 0 mpu |z | — +oo.
IIycTs p/ — Takoe moIOXKUTENIBLHOE UUCIO, ITO BHIIOJHEHEI OLEHKY

|97b(2) | < Cob(=)' =M1, 2] > Ro (30-3)

(xak yxe oTMedanoch B m. 28.6, MOXKHO B3ATh, Hampumep, p' = p/m, Ho
BO3MOXKHO, ITO 3TO He HamIydlllee 3HaUYeHUE p').
Haxomen, npeImonoxnM, ITo

|2-Vb(2)| >eb(2)' ™, |z]| > Ro, (30.4)
rae 0 < <1, ¢>0. Ilonoxum

V(M) = (2m)" dz, (30.5)
b(z)/<)\

u mycts N (A) —4ncao co6CTBeHHBIX 3HAUEHHN ollepaTopa A, He IPeBOCXO-
OAMNX .

Teopewma 30.1. Ilycmv onepamop A umeem setiaesckuti cumeoa
b(z) € C°(R?"), ydosaemesopawouuti chopmyauposannvin ycaosuam (30.1),
(30.3) u (30.4), npuuen >x<p'. Tozda das arwboz0 £ >0 umeem mecmo acum-
nmomuueckas Gopmyaa

N =V () (L+ON7+)). (30.6)

JokazareancTBo. 1. Mu Bocnoabsyemcs Teopemon 28.1 B npu-
MEeHEHUN K IPUOIUKEHHOMY CIEKTPAILHOMY IPOEKTODPY &), HOCTPOEHHOMY
B n. 28.6. HamomunmM, 4To omepaTop &) HMeeT BellleCTBEHHO3HAYHLIN Bel-
JeBckuit cumBoa e(z, ), pasubit 1 mpn b(2) <A u 0 mpm b(z) > A+ 20177,
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u ecan v < p', To ouenknu (28.34)—(28.36) o6ecneunBaroT BKIOUEHIE

e(z, )eT%e, 5>0, >0. (30.7)

I
M&1 101KHBI IPOBEPUTH BBHINOJIHEHNE BCeX yCa0BuR TeopeMsr 28.1. Yemo-
BIe & = &) 0ueBHAHO 6Iarofaps BellleCTBeHHOCTH e(z, A). 3 mpegmoxe-
Hus 27.2 BEITEKAET S1ePHOCTD &).
Bygem BemneBckun cumBoa mo6oro omeparopa A o6o3zHadaTh 4depes
o(A). meem, oueBUIHO,

(&L =E)= > capldloge(z, N][0g05e(z, N+ (e” —€) + 7,
0<|a+B|<N
(30.8)

—2Nj, —2N&
5 . 3JaMeTHuM, ITO BCE WIEHBI CyMMBI, KDOME Tx, COCPe-

rge ry < 6
goTodensl TaM, rae A< a(z) <AL+ 2A7Y), u, npuMeHAT K KaXKIOMY WLICHY
mpeanoxenne 27.3, MBI IOIYYINM OLEHKY
1637 = Al =0(V(A+2X17") =V ().
Ho u3 npegaoxenns 28.3 BeITexaeT, ITO
V')V () =0,
a 3TO B CIIy IpefaoxeHnd 28.2 gaeT OLEHKY

VA + 2077 =V (A) = O\ V(N)).

ITosTomy

163 = &l = 0NV (). (30.9)

Kpowme Toro, ua npeanoxkennsa 27.2 BEITEKaeT, ITO

Sp & =(2m)~" / e(z, \)dz =

=V +O0VA+227Y) = V(A)) = V(A) (1+O0(\*)). (30.10)

3aMeTnM, ITO MBI JOJKHLEL 6paTh v < p'. Beibupasa v=p' —¢, rge £ > 0,
MBI MoxkeM nepenuncats (30.9) u (30.10) B Buge

|62 = &l =0V V (N)), (30.11)
Sp & =V()) (1+0(M\*"'*)) (30.12)
2. IIposepum Teneps TpeGoBanue 3° Teopemsr 28.1:
E(A=AT) & KONV

3annmeM 9TO HEPaABCHCTBO B BUOEC

EN — A) & +CXY > 0. (30.13)
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Berumcaum BemaeBckuit cumBoa omepaTopa & (Al — A) &. lmeem no Teo-
peme 29.1
AN =)= > cas0s 9€) (070F (A —a(2)) + v,
la+Bl<N
m=N(p+7),1-N&
F’qe rN E Fmin(ﬂv 5)7 0 .
IIpumenss eme pas GOpMYIy KOMIO3UINHU, TOLYIUM

(A = A)E) = Cyiyaya (077€) (927€) (07 (A —a(2))) +Fn, (30.14)

. m—=N(p+p),1-N&
£ae TN € Liningp, 7),0

flcHO, 9TO OCTATOK Ty He MOXKET HOBINATH Ha BhimoaHeHue (30.13), u
MBI 3aIIMeMCsl OLIEHKOU KOHEYHBLIX “JICHOB.

Hokaxem, uro npu |41 |+|72|#0 u npu wekoTopsix §>0 u &> 0 cupa-
BEJIUBLI OL[CHKU

[(07e) (072¢€) (972 (A —a)) | < C(z)~Pinlthzlthsl) y1-v=a(ml+zl+la))
(30.15)
Iycts Bragaxe y3 = 0. Torga (30.15) BepHo BBHAY TOTO, 9TO | A —a(z) | <
< 2)\'7¥ ma mocurene (Ve) (072¢). Hycts v3 # 0. Toraa

, CYMMa KOHeYHa U Cggg = 1.

[ (7€) (072€) (0" a) | < C<z>—ﬁ(|m|+|vz|))\—5(|v1|+|vzI))\l—p’lval =
:C<Z>—/3(Ivl|+|vz|))\l—l/)\—Ival(p’—l//lwl)J

3amerum, ato p' —v/|v3| > p’ — v > 0. HosTomy
| (07e) (972 ¢) (072 a) | < CAIY(z)=AlmlFrz) \=5(nl+hzl) \=ouls]

rge oy =p' —v. YuursiBad, 4To Ha HocuTele (07 e) (072¢) cupaBe 1uBEL He-

pasercTBa A < a < A+ 2X7Vu (2)™0 < AN, Mu1 norygaem onenxy (30.15) (o,

OBITH MOXKET, ¢ MEHBIINMH § 1 &, 1eM B (30.7)).
TaxuM 06pa3zoM, MBI TOIYIaeM

(@7¢) (%) (7 (A=) €T, |31 +]72l#0.  (30.16)

p, G
Ho, mosropss paccyxieHue, MOpOBeleHHOE BHadage 3TOCO Iapa-
rpada QaA [J0Ka3aTeIbCTBa MOAyOUpaHUYeHHOCTH A, MBI moaydaem
orcioga, uro Hopma B L?(R™) omepaTopa ¢ BeHIeBCKUM CHMBOIOM
(d71e) (972¢) (072 (X — a)) me mpeBocxoanT C'A' ™Y, Tak ITO DTOT UleH TaKKe
He MOXKeT HOBINATH Ha BhIoaHeHue (30.13).
AHAJIOrUYHEIME PACCy K AeHUAME IPOBEPAETCS, ITO

2 (A —a)eTy ™, 43 #£0, (30.17)

TaK 9ITO I 3TOT YJEH He BJANAET Ha BBINIOJHEHUE (3013)
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Haxonen, nccregyem dynxnuio e? (A —a) =¢. ynxuusa ¢(z, \) obaagaer
CJIeyIOMUMY CBOICTBAMA:

gz, \) = —CA'7¥, “qeTf ™" |y[>0.

Ecan P —omepaTop ¢ aHTUBHKOBCKMM CHMBOIOM ¢(z, A) m p(z, A\) —ero
. . 0,1-
BEWJIEBCKUHM CHUMBOJ, TO m3 adeMMEI 29.1 creagyer, uTo q—pEI‘ﬁ’O Y. Ho
:
acuo, uto P> —CA'7" u ||Q — P||<CA'7%. Otcioga u creiyeT COOTHO-

menne (30.13). Hoxaras B HeM v = p/ — ¢, MBI HOLyYaeM
E(A=A) & LON e (30.18)
3. IIpoBepuM Temeps, ITO
(I—=&) (A=A (I —=&)+CN V>0 (30.19)

upu gocraTodHo 6oasmioM C' > 0. IIpumenss Teopemy 29.1, MBI BUIUM, ITO
cumBoa aeBon wactu B (30.19) umeeT BuA

CATY 4+ " eyppna @ (1—€) -0 (1 =€) - 0™ (a— A + 7y, (30.20)

m—N(p+p), 1-N&

rae rN € ninp, 3),0
OnepaTop Ry € BEHJIEBCKHM CHMBOJOM 7'y AOIYCKAET OLUEHKY HOPMEI

[|Rn]| < CA'~N% 4 He MoXeT HOBINATL HA BBLIIOIHCHIE (30.19).
OuennMm raasayo acts B (30.20) — cumBon

1 Copo = 1.

q(z, N)=(L—e(z, A))? (a(z) = A) + CA* Y. (30.21)
3ameTnM mpex e BCero, ITO MpHU JocTaTodHo GoawmoM C' 6yaeT
q(z, A) =AY (30.22)
doxaxeM Temepb, 9TO
1920(2, )1 < Cya(, X) () HA=h (30.23)

npu HeKOTOpHIX p>0 1 7> 0.
Nmeem

9g= cyyndl (1=€)?0) (a=N).

Ecau 4’ # 0, TO COOTBETCTBYIOIINI WIEH OL[EHUBAETCA, KaK B II. 2 3TOCO
gokazarenbcTBa. Ecan 4/ =0, To mpu v # 0 Ha HocuTeae 1 — e BLIIOJHEHA
OlLleHKa

vl

[(1—€)?07(a— ) |< Ca(2)' ="M < (g(2, \)+23) (a(2)) ", (30.24)
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Tak kak a(z) < q(z, A) + 2. danee,

(402, ) +23) (a(2)) P < (2, 3) (a(2)) P 4201~ a() 71 <
<q(z )‘))‘ P|W|/2< > p'|v|/2m0+q(2’ )\) (a(z))”‘ﬁl|7| (30_25)

na supp (1 — e)?, mockoanky A7 < q(z, A) u A\ < a(z)”. Haxonen,

g(z, A) (a(2))" =" M < q(z, A) (a(z))~ M@=/ <
<o, ) ale) P 2Pl (30,56

s (30 24)—(30.26) serrexaer (30.
BuaHon omeHku |q(z, A)|<C(z)™A

m,l—v

q(z, N € s
Ananornyso onenuBas ocTaabHble wieHsl B cymMe (30.20), Mbr BuanMm,
9TO0 ecau depes ¢(z, \) 0603HAYUTE BCIO HTY CYMMY, TO Takke 6y YT BBIIOI-
Hensl onenkn (30.22) u (30.23) u Bratouenue ¢(z, A) € I"Zl ~1 Y . Ilpu sTom,
Kak OBbLIO BUAHO U3 TPeIbIAyIIero, MbI MOXKeM B3AThb zl_p —¢, rge £ > 0.

Ipumensas Teopemy 29.2, MBI BUAUM, ITO cupasedauso (30.19), uin

23). OTMeTnM emme, 9TO BBHIY Ode-
v

A=Y m3 (30.23) BeITexaeT BKIIOUEHHE

(I—&) (A=A (I — &)+ CA=P+ >0, (30.27)

4. lng 3aBeplIeHns JoKa3aTeabcTBa TeopeMul 30.1 ocTaeTcs 3aMeTUTh,
uT0 TpeboBanusa 1°—5° TeopeMsl 28.1 A1 TOCTPOEHHOTO (TOYTU-TIPOEKTO-
pa» &\ yxke mpoepennl (coorromenus (30.11), (30.12), (30.18) u (30.27)),
a cBonicTBo (28.7) Qpyuxnun V(X) BoiTexkaeT u3 (30.4) u npegroxenns 28.3.
IIpumenenne TeopeMsl 28.1 3aBepmaeT OKAa3aTeIbCTBO ACUMITOTHIECKON
dopmyast (30.6). W

Jagaga 30.1. Buumcants co6cTBeHHBIE 3HadeHus omneparopa A=
=—A+|z|? u TPOBEPUTH HEMOCPEACTBEHHO CIPABEITHBOCTL ACHMIITOTH-
geckon popmyast (30.6).

Ykaszaune. Onepatop A =—-A+ |z |2 ABJAETCH KBAHTOBOMEXAHUYECKUM OTlepa-

TOPOM 3HEPTUU MAPMOHUYECKOTO OCIWIJIATOPAa, U BEIYUCIAEHUE €0 cOBGCTBEHHBIX 3HAYE-
HUH MOYKHO HAUTH B JI060M y‘{e6HHKe KBAHTOBOU MeXaHUKH.

Jagaga 30.2. JokazaTb, 9TO ecaIu BelAeBCKUN cuMBOI b(z) omepaTo-
pa A sSBIfeTCS UINNTHYECKIM MHOT OWIEHOM, [VIABHAS OJHOPOJHAA JaCTh
KOTOPOrO He IPUHUMAET 3HAYEHUN Ha Jyde arg A= g, TO MOXKHO OIpe-
JgenuTh KoMmmaekcHble cremenun A® m (-gpyukuma ((z) =Sp A* gomyckaeT
MepoMOp(hHOe IPOJOIKEHNE BO BCIO KOMILIEKCHYIO maockocTs C.

Hafitu ee moasochl, ux BEIYeTH U 3HadeHus ((z) B Toukax 0, 1,2 ...
IMonyunTe B 3TOU cuTyauuu u3 TaybepoBoll TeopeMsbl lkexapa acuMIToTH-
Ky N()) (6e3 oLeHKH OCTATOYHOrO WiICHA).



JOBABJITEHNWE 1

BOJIHOBEIE ®POHTHEI 1 PACOPOCTPAHEHUE
OCOBEHHOCTEH

B sToMm go6aBieHun MBI H31araeM onpeiereHne U IPOCTENINNE CBOICTBA
BOJHOBOTO (poHTa 0600IIeHHON (DYHKIUY, BBeJeHHOro XépMangepoM [6].
BaxHOCTE HOHATHUA BOTHOBOT'O (D)POHTA COCTOUT B TOM, ITO OHO IIO3BOILET
IaTh MEKPOJOKAILHYIO (I0KAIN30BAHHYIO B TOUKe KOKACATEILHOTO PACCIO-
enus) GpOPMYINPOBKY TEOPEMBl O PeryIApHOCTH pelneHnnl guddepeHiu-
aJbHBIX YDABHEHNI, & TaKke BO MHOIOM IIPOSCHSET BONPOCHL, CBI3aHHEIE C
pacmpocTpaHeHneM ocobeHHOCTel. CyIIeCTBEHHYIO POIb BOTHOBEIE (DPOH-
THI UTPAIOT U B CIEKTPAILHOU Teopuu. BorHoBble (DpOHTHEI OpraHutdecKn
cBA3aHH ¢ nceBaoauddepeHnnaIbHbIMu onepaTopaMu. QcTaBiasis B CTOPO-
He MHOTHe BaXHBIe BOIIPOCH T€OPHH BOJHOBLHIX (DPOHTOB, aBTOP CUel BCe
e II0JIe3HBIM HaIllcaThb 3TO IO Heob6XoIUMOCTH KpaTkoe JoObaBieHIe.

J1.1. Bomsosou ppoHT 0606meHHON (PyHKITHI

Onpegenenne J[J1.1. Ilycte X —o6Gmacte B R", (20, &) €
€X x (R™0), ue 2'(X). Bygem mmcars, uato (zg, &) ¢ WF(u), ecan
cymecTByeT Takoe v € &'(X), 9T0 4 =¥ B OKPECTHOCTH Ty U IpPH J0-
craTovHO MajaoM € > () gaa mo6oro N >0

£ Lo
€] |50|‘<5’ (AL.1)

€)1 <On(©)™ mpm |

T. e. ¥(£) 6BICTPO yOBIBAET B KOHUTIECKOU OKPECTHOCTH TOUIKH &g .

Taxum o6pazom, W F(u)—3aMKHyTOe KOHHYECKOe MHOXECTBO B
X x (R™\0), nmassiBaeMoe 6oaHo6bim Pponmomn (wave front) o6obumenHon
GYHKIUN U.

Jdemma [1.1. Feau ¢(z) € CP(X), (zo, &) € WF (u), mo (2, &) &
¢EWF(pu).

doxaszaTeanbcTso. Hajo IpoBepuTs, ITO eCIu ¥ 6LICTPO Y6BIBACT
B OTKpPBITOM KoHyce I', To To xe caMoe BepHO a1aa pv. Ho

s"ﬁ"v(ﬁ):/'ﬁ(E—n)@(n)dn: / 5(€ — ) B(n) dn+ / 5(€ — ) (n) dn

[n|<R [n|>R
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n

15E(6) | <C sup |#(€—n)|+C /(1+|€—77|)"(1+|77|)'Ld77<

[n|<R
[n|2R
<C sp (36 ~n) |+ Coll ] /(1+|nl)p_Ldﬂ<
7S In[>R
<C sup |3(€—n)|+CL(1+]€ ) R,
[n|<R

Monoxum Temeps R =|&|'/% Torga moxyumres, 9o ecan ¢ mpuHafTe-
KUT KOHYCY, 4yThb MeHbiieMy deM I[', 7o & —n € npu Goapmux |&| u upn
|7| < R, akpome Toro, |£ —1n|~|&]|, R*P~T ~|¢|(n+P=T)/2 BriGupas Goms-
moe L, MBI oTyuM GBICTpoe y6bIBanue v (&) mo & mpu [€ | — 400, (€T, B

Caegctsue [Jl.1. B onpedesenuu [O1.1 moxcno cuumams, umo
v=yu, 2de ¢ € CF°(X).

doxaszaTeanbcTso. Mbl MoXeM BHIGPATE v, 0 KOTOPOM UIET Pedb
B 5TOM OIpefJeJeHUN, U 3aTeM B3AThb TaKoe , 9TO ¢ =1 B OKPEeCTHOCTH Zg
un pu = @v. OcraeTcs Bocnoab3oBaTbea demmon [J1.1. W

Jemma [O1.2. ITyeme m: X x (R™\0) > X — ecmecmsennas npoek-
yua, u € 9'(X). Tozda

7W F(u) = sing supp u.

JoxazaTennctTso.a)Ecum zq¢sing supp u, To, 6eps ¢ € CF°(X),
¢ =1 B okpecTHOCTH Z(, ¢ =0 B OKpecTHOCTH sing SUpp u, MBI IOIYIUM,
aro pu € C§°(X), orkyga pu € S(R™), a snauut, ro & W F (u).

6) Iycts 2o ¢ 7W F(u). Torga aasa mo6oro &y € R”\0 cymecTByoT Ta-
kue GyHKnus g, (z) € C§°(X) u koundeckas okpecTHocTb L'z, Touxm &g,
aTO0 ¢, (z) =1 B okpecTHOCTH To U P, u(£) 6BicTpO y6EBaeT B g, . IIycTs

N
T¢,, ..., Ty —nokparTue R™\0. Torga, monaras ¢ = [] ¢, , MBI nomy4amm,
j=1
uaro pu(f) GeicTpo y6EIBaeT Bcroay, oTkyaa pu € C§°(X), anaunr, u € C°
B OKDECTHOCTH TOYKH Zp, T. €. &g ¢ sing supp u.

Dpegaoxenune O1.1. Hyemv ue P'(X), (zo, éo) g WF(u). Toeda
cyujecmeyem maxot kaaccuueckuti co6emeennviii IO A€ CLY(X), umo
o4 =1(mod S™%) 6 konuueckoii okpecmuocmu (zg, &) u Aue CFP(X).

JoxaszaTteascTBo. IIycts ¢ € C§°(X), ¢ =1 B oxpecTHOCTH Z0,
pu(€) 6wIcTpO yOBIBAET B KOHHYECKON OKpecTHOCTH TO4UkH &o. Ilycrs
x(€) cocpegoTodeHo B >TOH KOHHmUeCKOn okpecTHocTH, X (t€)=x({) mpm
t>1, €21, x(§)eC®(R") u x(£)=1 B HeKOTOPOH MeHbIIEH KOHH-
weckonl okpectHocTn &y. Torga x(€) pu(€) 6bicTpo ybhIBaeT, OTKya
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x(D) (¢(z) u(z)) € C*(X). Ho Torga ¢(z) x(D) (¢(z) u(z)) € C§° (X), ecan
Y € C§°(X). Mbl MoXKeM B3ATH ¢ TakuM, 9T0 ¢(2) =1 B okpecTHOCTH TOU-
ku zg. Torga IIMO A=1(z) x(D) ¢(z) ygoBreTBOpseT BceM TpeGyeMBIM
ycroBuam. W

Opegnoxenune J[JA1.2. ITyemv danw u€eZ'(X), (2o, &)€E
€X x (R™0) u onepamop A€ CL™(X) ¢ e2aasnbin cumeosom am(z,§).
IIycmv aubo u€ &', aubo onepamop A cobcmeennviti, max umo umeem
emvica Au. Harowney, npednosoxcum, umo am(zq, &) #0 u Auec C®(X).
Tozda (xg, &o) ¢ WF (u).

JoxazaTeabcTBo. a) [IpoBoAs B KOHNUECKON OKPECTHOCTH TOY-
Ku (2o, {o) cTaHZApTHYI KOHCTPYKIMIO mapameTpukca (cM. § 5), MbI
MoxkeM mocTpouTsb Taxoil cobersenust IIT0 BeCL™™(X), uTo opa =
=1(mod S™°°) B KOHWYECKOI OKPECTHOCTH TOUYKH (Zg, &o). fAcHo, dTO
BAue C*®(X), Tak uro, 3aMeHas A Ha BA, MBI MOXeM CYNTATb, UTO
c4=1(mod S™°°) B KOHNYIECKOI OKPECTHOCTH TOYKU (a:o, &o).

6) IlycTs Teneps x(£) =1 B oxkpecTHOCTH TOUKH &g, X (&) € C(R™), x (&
ogaopogHa 0-ro nopagka mo ¢ mpu |&| > 1. llyets ¢(z) € CP(R™), ¢ =18
OKPECTHOCTH Z( U HOCUTEIU (¢ U Y BBIODAHBL TaK, ITO

p(x)x(€)oalz, ) =p(z)x(§) (mod 57%).

Orcoza
X(D)p(x) A= x(D) p(x) € L7, (A1.2)
1o mockoxsky (D) ¢(z) Au€ C®(X), To ms (I1.2) cregyer, a0
X(D) ¢(x) ue C=(R"). (A1.3)
B) JloxaseM Temeps, ITo
X(D)¢(x) ue S(R"), (A1.4)

oTkyga 6ygeT clregoBaThb, uTo X (&) pu () € S(R™) u, B wacTHOCTH, QU (&)
OBICTPO YOBIBAET B KOHUIECKON OKPECTHOCTH &g, ITO U TpebyeTcsa. Braode-
uue (J11.4) B cuny gokasansoro skatodenns (/11.3) BeITekaeT u3 clegyomen
JIEMMBL.

Hdemma MAL3. IMycmy ve&'(R™), x(§) €S)y. Tozda
| Dx(D) v(2)| < Ca,v|e|™ (A1.5)

npu p(z, supp v) > 1.
HoxasaTeascTso. Hockoasky %y (&) € Sm+|a|, TO BCE CBOAUTCS
k caygaio a=0. [Janee, upeictaBaad v B Buge v= y . D%v,, rge vy —
lel<p
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HenpephIBHBIe GYHKUNN, MBI MOXKEM CBECTH J€10 K CIydalo, KOrja v Hempe-
peiBHA. IMeeMm

MDMW%j/J“”“x@MWVwﬁ. (111.6)

HaTerpupyeM mo HacTaM, ICIOAB3YS (GOPMY.IY
|2 —y |2V (= Ag)Nefle )€ = cile-v)

W3 ([1.6) moxy1aeTcs
x(D) v(l'):/ DA VX)) [2 — | TN o(y) dy dg. (A1)

YTO HMeeT CMBICA, eCIH CYuTaThb, 4To p(z, supp v) > 1. Bubupas N
N —n—1

crons GoabmmM, TT0 (—Ag)V () €S, , MBI BHIEM, YTO HWHTErpar
B ([1.7) craHoBUTCA aGCOMIOTHO CXOAAINUMCH, NIPUYEM OH OLEHHBACTCA
aepes C(z)~ 2N npu p(z, supp v) > 1. B

Jameuanue [1.1. YcaoBue am(zo, {o)# 0 uHOrga HA3BLIBAIOT .-
aunmuunocmuio A 6 mouxe (zg, &o). Jlerko copMyIupoBaTh I J0Ka3aThb
TUNOMLINOTHYeCKUN aHaxor npegroxkenus [1.2. Mel mpegocrasiasemM >To

YUTATeNI0 B BUe YIPAKHEHN.
Crnegcrsue [I1.2. Iosoocum das A€ CL™(X)

char (A)={(z, ) € X x (R™\0): am(z, {) =0}.
Tozda, ecau Au= f € C®(X), mo WF(u) Cchar (4).

B wacmuocmu, ecau char (A) =@, mo u € C®(X).
CanegcrBue [I1.3. Ecauu€&'(X), mo

WF(u)= () char(A). (d1.8)
A€CLO(X)
AueC™®(X)
To ace camoe sepro u das u€ Z'(X), no nado 6pams auwn cobcmeerHble
onepamopur A.

Baxnocts cregersus 1.3 cocTout B TOM, uT0 popmyaa ([11.8) moxazsl-
BaeT, 4T0 BOAHOBOHI GporT W F(u) MoXKeT GBHITH MHBAPUAHTHEIM 06pa3zoM
ompefeleH B caydae, Korga X — MHOrooGpasue, u B 3ToM ciaydae WF (u)
IpeicTaBiaseT COOOH 3aMKHYTOe KOHHYecKoe IoAMHOXKecTBO B T*X. Mul
Teleph ele HeMHOro o600muM npeanoxenue 1.2, ocrabuB TpebGoBaHUe
Au e C®(X).

MDpeganoxenne A1.3. ITyemb oname A€CL™(X), ue Z'(X) u au-
60 onepamop A cobemeennvit, aubo u € &' (X). Tozda, ecau am(zo, £o) #0
u (zo, o) € WF(Au), mo (o, &o) € WF (u). Huvmu caosamu,

W F(u) C char (A)UW F(Au). (I1.9)
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HJoxkazaTeasncTso. B cury npegmoxenus [1.1 cymecTByeT Takon
co6crsennsi onepatop P € CLY(X), aro op =1 (mod S™°°) B xormIeckoit
okpecTHOCTH (&0, £o) n (PA)u € C*®(X). Ho Torga us npegnoxenns 1.2
acHo, 94To (zg, §o) ¢ WF (u). B

IMpeganoxenne Jl.4 (mceBgomoxarsrocts IINO). ITycms u€
€EZ'(X), A€ L} s(X), 0<d<p< 1 u aubo u€ &' (X), aubo onepamop A
cobemeennniti. Toada, ecau (zq, &) g WF(X), mo (zo, &) ¢ WF(Au).

Huvimu caosamu,

WF(Au) CWF (u). (I1.10)

JoxaszaTeunscTso. Yenosue (zg, &) ¢ W F(u) paBHOCHIBHO CyIue-
cTBOBaHUIO Taxoro cobersenroro II10 Pe CL(X), wto Pue C*®(X) n
op=1(mod S~%°) B xoHIIecKON okpecTHOCTH (g, &). IlycTh Temeps Q —
Taxoit co6creennniit II10, Q € CLY(X), uTo qo(z0, &) #0 (rae go —raas-
HBII CHMBOI () 1 0 € S~ °° BHe HEKOTOPOH JOCTATOTHO MAJON KOHIIeCKOH
OKPECTHOCTH TOUKH (Zg, &), Tak ITO

PR=Q(mod L™) n QP=Q(mod L™).

Ilposepnm, uto QAu€ C®(X). Umeem QA — QAP € L™, Tak 4TO
JAOCTATOYHO MpOoBepUTh, 9T0 QAPu€ C*™(X). Ho 3T0 scHO, MOCKOIBKY
PueC®(X). Teneps ToT daxT, 9T0 (20, £0) ¢ W F(Au), BoiTexaeT u3 mpea-
goxenusa [1.2. W

Crnegcreue [l4. Feau Ac CL™(X), mo

WF(Au) CWF(u) CWF(Au)Uchar (4). (A1.11)
Crneapgcreue [JL.5. Feau onepamop A€ CL™(X) saaunmuuen , mo
WF(Au)=WF(u). (I1.12)

Ynpaxuenue J[[1.1. BuucauTs BoJHOBBIE (DPOHTHL CAEAYIONNAX 0606IIEHHRIX
byHKIMT:

a) 8(z);

6) §(z') @ 1(z"), rme =' €RE, 2" e R"F,

B) 8¢, rae S —raankoe mogmHoroo6pasne B R™ ({85, ) onpegenserca kak HHTerpai
orpaHn4eHus (GyHKIHMHA ¢ Ha MOBEPXHOCTE S IO ILIOMIAIH 3TON HOBEPXHOCTH);

r) (z+i0)~! ma RY;

&) XapaKTepHCTHYIecKad hyHKIHA yria B R2.

[1.2. IlpuroxeHna: Mpou3BejeHNe ABYX 0GOOIIEHHEIX (yHKIMM,
caefy 0606mennon (QYHKIMM Ha IOAMHOT 006pa3um

1) IIyers u; € Z'(X), j=1, 2. Uro Takoe u; - us? DTO JOIKHO GBITDH
06BIMHOE TpOW3BEJeHUe Uqlsz, €CIH, HAIpUMep, Ui, Uy — HempepPHIBHEIE
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dyHKIun nin ogHa U3 QYHKIUN uq, 4s DIAJKasg, 1 3TO JOIKHO OBITH ecTe-
CTBEHHOE MNPOJOIXKEHHe (HAIpHMep, II0 HENPEPEIBHOCTH B KaKOM-HHOYIb
cMeicae). OKa3bIBAETCA, MOKHO ONPEJEIUTh U - Ug IPH YCAOBUU, ITO

W F(uy) + W F(ug) C X x (R™\0), (11.13)

T. e. He cymecTByeT Takoro (z,&)EWF(u1), uro (x, —€)€ WF(us).

IMockoabKy TpomaBeeHre — OUANHENHAS ONEPAlld, TO, UCHIOIbL3Y S pas-
OneHme eIMHUIEBI, MOXHO CINTATh, UTO U1, Uy € &' (R™) u HOCHTEIN U1, Us
JAOCTATOYHO MAJbl, TakK ITO () ybuIBaeT BHe KoHyca I'j, a fis(€) — BHe
koryca I's, mpudem I'y + Ts CR™\0 (1. e. Ty u 'y He cogepxaT anmame-
TPATbHO IPOTUBONOIOKHEIX TOUEK). II3BeCTHO, ITO B OGLIYHON CHTyalun
i () =ity # i1y, 10

iy % (€)= / i (€ — 1) ia(n) dn. (A1.14)

B mamem ciydae 3TOT HHTerpal ToXe aGCOMIOTHO CXOAUTCHA, TaK KaK
upu |n|— 400 aubo | &1 (€ — )|, aubo |is(n)| 6eicTpo crpemuTes x 0. Io
OIpeIeNeHNI0 MBI II0IAraeM

U1“2=F_1/ﬂ1(5—77)ﬂ2(77) dn. (A1.15)

Ilouemy 5To mpojofKeHme Mo HempephiBHOocTu? Hampuvep, MoxHO
noxaszats, aTo ecin x € C°(R"), [ x(z)dz=1, x.(z)=e"x(¢7'z) n

ul®) =u* y. (€CS(R™)), Tax aTO E1_i>r_rF10 uga) =u; B Tomoxoruu Z’'(R"), To

(e),,(€)

lim0 u;y ‘uy ' =ujug B Tomomornn Z'(R™), rae ujuz MOHMMAETCA B CMBI-
e—=+
cre (J1.15).

Opumep [Al.1. Hycrs ux € Z'(R?),
(i, 9= [ xa(on) oo, ko) des, () € CF(RY,
T. e. supp ux C {(21, 22): 2 = kz,}. Hangem npoussegenne uy - ug. Umeem
() = [ (o) OO iy = (6 4 46o).

Orcioga W F(uy) — MHOXKeCTBO BCeX HOpMAJel K IPAMOH Zo = kx1, le-
-1 ’
KaIIUX Hajg 7 (Supp Xk), TAe mx: (21, kz1) — z1.
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Temepb paccMOTpUM CBEPTKY Uy * Uq:
(iix * tio) (€) :/ Xo (&1 = 1) Xk (m + knz) dny dns =

= [ Solm)ans - [ uin) dne = £ x0(0) i 0)
oTCI0a )
uoug = & x0(0) - xx(0) - 6(z).

IIpexen npu k — 0 oTcyTCTBYeT, 9TO eCcTeCTBeHHO, Tak Kak npu k=0
ycnosue ([11.13) me BRImOIHSETCA.

2) HIycts ue 2'(X), Y —noamuoroo6Gpasue B X, NY — cemeicTBo
Bcex HopMalten k Y B T*X (mopmaiabHoe paccaoenme k¥ Y). Ecan
WF(u)NNY =g, To onpegeneH caed 1|y, €CTECTBEHHBIN B TOM ke CMBICTE,
B KaKOM U IIPDOU3BeJeHIIe.

B camom fgene, 10Kaan3ys, MOXHO CIUTATh, 9T0 Y ={z1=...= x5 =0}.
Hdas u e CFP(X) umeem

uly :/ (&, ..., &n) d&r. . dE. (J1.16)

Ho mo ycaoBuio B Hamiem caydae BekTopsl Buga (&1, ..., &k, 0, ..., 0)

He BxogaT B WF(u), Tak 9T0 @ GBICTPO yOBIBaeT B WX HANPABICHUN U
naTerpan ([1.16) oupezernen.

B uactrOCTH, ecn u € ' (R™*!) yaoBaeTBopsaeT aubdepennuaisaoMy
YPaBHEHHIIO IOpAIKa M BHUIA

i i . [e%) n+1 1 n
a(t,:c, dt’daz)u_feo (R*™), teR', zeR",

OpHdeM IIOCKOCTH ¢ =( HexapaKTepucTHdUHa, T. €. am(0, 2, 1, 0)#0, To
. v

0" u
OmpefeNeHbl BCe CIebl ——-
at t=
gauusle Kommu. Ilpn sTom uli=¢, —raagkas GYyHKIUA OT {( CO 3HAUCHUAMU

B 7' (R").

€ 9'(R") u, B 9aCTHOCTH, UMEIOT CMBICI
0

[1.3. Teopema 0 pacmpocTpaHeHHH O0cCOOeHHOCTeHn

Mgu1 chopMyanpyeM Teleph MPOCTEUIINI BAPUAHT TEOPEMEI O PACIPO-
CTPaHEHHH OCOOEHHOCTEM.

Teopema [H1.1. ITycmv onepamop P € CL™(X) umeem seuwecmsen-
nolti 2aaeHbt cumeon pm(z, £), u€ P'(X) u aubo onepamop P cobcmeen-
noiti, aubo u € &' (X), max umo umeem cmvica Pu. Tozda, ecau I — ceas-
Hblti Kycok 6urzapaxkmepucmuru Gynkyuu pm(z, &), He nepecerawujutica

¢ WF(Pu), mo au6o I CWF(u), au6o INWF(u)=9.
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Nueivn croBamu, Ha gonoanennn x W F(Pu) muoxectBo W F(u) nuBa-
PUAHTHO OTHOCUTEILHO CABUT OB II0 TPACKTOPUAM FaMUILTOHOBOU CUCTEMEL

: Opm
5_ 81’)’
. Opm

(11.17)

2
J°u

IIpumep [Hd1.2. HoxaxeMm, 9TO BOJHOBOE YpaBHEHIUE Ey —Au=0
0

B R”*! me MoxeT mMeTh pemreHuii ¢ M3OIMPOBAHHBIME TN KOMIAKTHO

PACHOIOKEHHBIMI OCOGeHHOCTAMH. B ganHOM caydae m=2, pa(z, &)=
=—£2+4|€]% Cucrema ([1.17) mmeer pemenme &=const, zg=—2¢ot,
r=2¢t. Iycrs 0 €sing supp u. Torga cymectsyer Touka (0, 0, &g, &) €
€ WF(u), mpuaem sicro, uto &2 =|¢|? B cury mpeamoxenns [1.2. Ilo
Teopeme 1.1 (—2€ot, 26t, &, £) €W F(u) npu aro6oM ¢ U, B JacTHOCTH,
(—2€0t, 2£t) € sing supp u mpu 11060M ¢, 9TO U JaeT TpeGyeMBIll Pe3yIbTAaT.

Mzr mpuBegeM Teneph JOKazaTerbcTBO TeopeMul 1.1, mpunaamexarmiee
B. H. Tyaosckomy. QHO ommpaeTca Ha clegyioliee TpeiIoKeHNe, OMHCHI-
Barollee BOITHOBOH (PPOHT B TepMUHAX JelCTBUA 0606IIEHHON (PYHKITUH HA
6BICTPO OCHU/IINPYIOMIYI0 SKCIOHEHTY.

Mpegaoxenne M1.5. Ilyems u€ Z'(X). Tozda ycaosue (zq, &) ¢
¢ WF(u) pasrocuabHo caedyoueny ycaosuio:

A. Cywyecmsyem maroe £ >0, umo ecau ®(z, §) —2aadkan sewecmaen-
HoaHaunas Pynryusa, onpedeaennas npu |z —zo|<e u € (RN\0), odnopod-
Haa no 0 nopadka 1 u maxas, umo P, (xg, o) =& npu vekomopom 0y # 0,
mo daa awbozo cumsoaa o€ CSO({|z —zo|<e} x RY), obpawarowezoca
6 0 npu |z —zo|>€/2, cywecmsyem maxasa kowuueckas oxkpecmuocmv T
mouku fy ¢ RN\0, umo

[(u(@), pla, )@ D) <Onl0]7N, FeT, [0]>1.  (AL18)

JoxaszaTteasctBo. 1) Ilycrs BeImoaneHo ycioume A. Bosbmem
p€eCFP(R™), ¢=1 B oxpecTHOCTH TOUKH Zg, ¢ =0 mpu |z —z|>e/2
n ®(z, 6)=(z,0), Tak uyro N =n, 6y=¢&. Mb moayumm Torga, 4To
(u(z), p(x) ™)) = Gu (A) 6uIcTPO YOBIBACT B KOHHIECKON OKPECTHOCTI
Touxn &y. Ho orcioga creayet, ato (2o, o) & W F (u).

2) Iycts (20, £0) ¢ WF (u). IlpoBepuM Buimoanenne ycaosus A. IIycts @
U ( Takue, KaK OMHUCAHO B ATOM ycI0BUH. Be3 ymep6a A1 06ITHOCTH MOKHO
cauTaTh, UTo U € &’ (R"). anumem aesyio gactsb ([I1.18) uepes 4(€):

(u(2), p(x, 0) e 0) = / (€)'t o(e, ) dadé,  (A1.19)
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rge MHTerpal INOHHMAeTCI KaK OCHUATHpYyoumi. BuibpaB Takyio MalIyio
KOHIYeCKYI0 OKpecTHOoCTh I'y Toukm & B R”, uro %(£) GblcTpo y6BIBaeT
B I'y, pazo6rem sTOT uuTerpan B cymmy Iy + I, rge B I; unTerpan mo &
6eperca mo 'y, a 8 [y —mo R™\I'y. OQuenum /1 u /5 oTgeasHo.

a) B I naTerpupyeM mo 4acTAM IO 2 ¢ IOMOIIBIO SKCIOHEHTEL €~

A HIMEHHO, I10Jaras

i®(w,8)

¢ R d
L=|®,| JZ:; zq’rjaxj’
MBI HoayanM Tox gectBo ‘Le '® =e~®, Koadduunents L u L 0ogHOPOIHEL
no f mopsaaxa —1. Iockoasky @y (zg, 0o) =E&0 #0, To |®,(z, 6)|#0, ecan
|z —zo|<eunBel, rge T — gocTaTowHo Matas KOHAUECKad OKPECTHOCTD
Touku fy. Mmeem

L= / IN (@€ o(x, 0)) () e~ ¥ ®) da dt.
gely

TTockoabky
LV Sz, 0]l < OVEN (0N, 0T, 10]>1,
To BBUAY y6uBanud 4(¢) B I'y MBI moxyuaem
|[LI<Cn(B)™™, 6eT, 6]>1. (111.20)

6) dus ouenknu [, HAJZO HHTECPHPOBATH IO JaCTAM IO T YXKe C IOMO-
mpio Beell skcrnorenTsl ¢ [F €2, 8)] Bri6upas konmdeckyio oxpectrocTs I
To4KH @y JOCTATOYHO MaIoOH, MOXKHO CINTaTh, 9T0 & — @, (2, ) #£0, €T,
EeR™\Ty, |z — zo| <eé, oTkyga npu Tex xe z, &, 0

grad, (z - — ®(z, 6)) #£0,

YTO NO3BOASAET IPOJeJATh CTAaHJAPTHOE HHTETPUPOBaHIe II0 JacTIM. B ca-
MOM jeJie, CHO, 4TO npu HekoTopoMm C' > (

&= @az(z, )| 2 C(IE]+10]), 0T, EERMNT, |2 -0 <e.

ITonarasa
n

=il —Ba(x, 0) [ Y (& — Bay(w, 6)) %’
j=1

MBI oayanM, 9o (Lelle €= 2@ 0)] = ¢ile =2, 0)] y noromy

R= [ O (e o)) a(e) de de (a1.21)

EER™\T,
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Mocxoabky ans () smmoamena omerxa |#(€)|< C(1+|€[)N mpn gocTa-
Touno 6oasumx C' u Ny, To mpu goctaTouHo 6oasmoM N naTerpar (J11.21)
cTaHoBUTCA abcoaoTHO cxoaamumMes u npu § €T, |z — 2o | < & MoxeT 6BITH
oneren depe3 Cp(f)~P mpu moGoM p, uTo BMecTe ¢ ouenkon (/1.20) gaer
Tpebyemoe yTBepx genue. Wl

Jameuanune J1.2. Ecin Touxa (zo, &) n dyrkunn ¢, & 3aBucar
OT IIapaMeTpa, IPUUeM BCe YCIOBUS BHIIOIHEHB DABHOMEPHO, TO IOCTOSH-
usle Cy B ([1.18) MOryT 6BITH BHIGpAHEI He 3aBHCALIIME OT TOTO Napa-
MeTpa.

JoxaszaTteancTBo Teopemnu [l1.1. 1) Paccmorpum BHada-

Je 148 IPOCTOTH cIydall omepaTopa P = — EP lycrs Pu=f, (z0, &) ¢
1 Ozn

¢ WF(f). BuxapakTepucTuka cuMBoaIa &, omepaTopa P, mpoxogdmas de-
pes (zo, &), umeer Bug (zf, (zo)n +1, &), vae (2g), —n-f KoopauHATA
TOUKH Zg, & £( — Habop ee mepBbIX (n — 1) KoopAuUHAT, t — IapaMeTp BIOIb
6uxapakTepucTuku. IlycTs | —uHTepBaJ 3TOH 6UXapPAKTEPUCTUKH, COAEP-
xammil (zg, &) u He mepecexatommiica ¢ WF(f). Jokaxem, dro am6o
ICWF(u), anbo INWF(u)=a.

Ilycrs paner Taxue ¢(z, 0) n ®(z, ), xax B npegaoxenun [11.5. oxo-

KAM
oi(z, )=z, zn—t,0), Bz, 0)=(2', z, —1, 0).

Torga supp ¢; 61u30k X (2§, (20)n +1) 1 BOIU3N 3TOH Ke TOYKH ONpeercHa
dyuxuua ®;. IIpn sToM oweBEAHO, ITO mOAGOPOM , B MOXKHO caeraTh Pt
u ®; m06pIMu GYHKIIUAME, A11 KOTOPHIX yCaoBHA Ipegroxenus 1.5 Bul-
HoaHeHbl 411 Touknu (2f, (2o)n +1, &). UMeem

b= S )= () )
- <i ", gote_iq”> = (if, o~ ™Y = R(1, 0), (11.22)

drn

npuiem u3 yeaosus I N W F(f) = @ u npeanoxenus 1.5 cregyer, 9To mpn
HHTEPECYIOUUX HAC 3HAYEHNAX ¢ PABHOMEDHO IO { BBLIMOJIHEHA OLICHKA

|R(t, )| <Cn(O)™N, 6€T, [0]>1, ([11.23)

rae r — AOCTaTOTHO MaJasd KOHI'IeCKasaA OKPECTHOCTb TOYKHI 60. Ho OTCIOJa

to

d —
/a<u,gote Py gt

t1

<u1 §0f16_i¢t1 > - <U’ Qofze_i@t2> < |t1 —1 |CN<6>_N'

(11.24)

TosToMy, ecau mpu KakoM-To t GyHKINA (U, pre 6BICTPO yOBIBaeT 1o f
B I', To 5T0 Xe BepHO mpu Bcex ¢, 9TO U gaeT TPeOYeMBIH Pe3yabTaT.

—i¢t>
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2) Ilycte Teneps P — mpomnssoasubii kaaccudeckuin IO 1-ro mopsag-
ka (T. e. PE€CL'(X)) ¢ BemmecTBeHHEIM TMABHBIM CUMBOIOM p1(Z, €). Mur
XOTHM CHOBa IpoBecTH BhIKIaAKY (/[11.22). 1 3TOro Mbl JOIKHBL TaK HO-
Jo6paTh 3aBHCAIINE OT mapaMeTpa T QyHKIUN », ®, uro

L0 —idy_ tp[, —i® .
L9 i)~ tPlpei?] (11.25)
6nicTpo yoniBaeT 1o f B xouyce I' paBHOoMepHO mo T, mpudeM npu 7=10
BBINIOJIHEHH! ycaoBusd npeaaoxenus J1.5 gasa Touku (zg, &o).
Yecnosue y6uBanusa ([J1.25) npusoaut x ypasHenuio i1 P

20d

- —pi(r, ) =0, ([1.26)

KOTOPOE MEI MOKEM DeIITh (IPU MAaJbIX T), IPOU3BOJBHO 3agaBai P|,—q.
Ilpu »ToM BaxXHO OTMETHTH, YTO BAoIb 6uxapakTepucTuxu (z(7), £(7))
dbyukunu pi(z, £) MBI 6ygeM UMeTh

@, (2(r), bo, 7) =&(T) (11.27)

(cM. § 17), ecam »To 6bL10 BEIDOAHEHO Hpu 7 =0, 9TO MBI IpeANOIATAEM.
.15 0 THOPOAHBIX KOMIIOHEHT CHMBOJIA ¢ IOAYIAI0OTCS YPaBHEHNA epeHoca,
KOTOpEIE PEIIaloTCs ONAThL-TaKN IPU IPOU3BOILHOM 3aJaHuu o|,—¢ aHauo-
CHYHO ypaBHEHNUAM IepeHoca s ¢_; u3 § 20. Croco6 ux pemenns (cu. § 17)
[IOKAa3bIBAET, UTO HOCHTEIb O THOPOIHBEIX KOMIIOHEHT { IePEHOCUHTCS BIOJbL
6uxapaxTepuctuk dyukunu pi(z, ). Brarogaps sToMy gaibHelimee pac-
CyXJeHHe IPH MaJIblX T MPOXOAUT AHAJIOTHYHO COOTBETCTBYIOIIEMY PACCY-
K ICHWUIO [T OTlepaTopa i & P

3aMeTHuM Telephb, ITO HeOG)?O,ZIHMOCTB OTPAHUIUTHLCI MAJLIMA T He UMe-
eT 3Ha'ueHNsd, TOCKOIBKY TeopeMy 1.1 1ocTaTo4HO ZOKA3BIBATEL LIS CKOIb
YT OIHO MAABIX KYCKOB 6UXapakTepUCTHK, H60 TOrAa 110 OYeBH THON IPUYN-
He OHA BepHA U A1g GOJBINNUX CBA3HBIX KYCKOB.

3) PaccMoTpuM, HaKOHeI, CIydall omepaTopa P IpOU3BOILHOIO HODAA-
xa m. IlycTs () — xkaaccudecknn sanuntudeckun cobersennsn I110 mopsa-
ka 1 —m ¢ BemecTBeHHBIM IMIABHEIM cuMBoIoM ¢(z, £). Ilonoxum P, = P(Q).

Torga Py € CLY(X) u raasuetit cumsoa py(z, ) omepaTtopa P; uMeeT Bu

P1(Qf, E)me(r, E) Q(I7 5)

3amerum, uTo B Teopeme [1.1 B cuay caegcrsus 1.4 noctaTouno pac-
CMaTpHBaTh JUIIL HyJleBble buxapakTepucTuku. Ho BBHAY cOOTHOIIEHNN

(P1)e = (Pm)eqd+ Pm -4 = (Pm)eq TPH pm =0,
(P1)e = (Pm)aq+Pm ¢z = (Pm)eq TPH pm =0,
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HyJIeBble OMXapaKTePUCTUKU PYHKUUA P U Ppy, OTIUYAIOTCS JUIIL 3aMe-
mon mapaMeTtpa. [Ipurumas Bo BuuManue caegcrsue 1.5, MBI BuguMm, ITO
yTBepx deHne TeopeMul [[1.1 aag P BhITeKaeT I3 TaKOTO XKe YTBEPK IeHUS
aa Pj, xoTopoe gokasaxo B . 2). W

Jagaua [J1.1. Ilycte A — obGobmennas GyHKIuUA, 3aJaHHAS OCLUAI-
JIUPYIOIIUM HHTErPAIOM

(A, ¢) :/ 0 q(x, 0) o(x) de db,

rae ® — wHeBopoxJeHHas asoBas ¢yukuug, a(z, d)€ S (X x IRN)
(em. § 1). Joxasars, ITO

WF(A) C{(z, &) € X x (R™\0): 30 e RN\0, &)(z, ) =0, & (z, 6) =¢}.

Jagaga [1.2. IlycTs gas AByX 0606mmeHHEBIX QYHKING U1, 4z € Z'(X)
BuinoaHeHo ycaosue ([1.13), oGecmeumBaiomee BO3MOKXHOCTD MX YMHOXKE-
uus. JokazaTk, 4TO

WF (uyus) C[WF (u1) + WF(u2)]UWF (u1) UW F(ug).

3agawa [J1.3. Joxasars, aTo gas omepatopa DF mpm mo6om maTy-
paabHOM k BepHA Takas ke TeOpeMa O PACHPOCTPAHEHUN O0COOEHHOCTEN,
4To u aas onepatopa D, . Kakou Bug 3gecs umeer Teopema [J1.17
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KBA3SHUKJACCUYIECKAA ACUMIITOTHUKA
COBCTBEHHBIX 3HAYEHUA

Ha6mogaeMbIM BeinunHaM KBAHTOBOU MEXAaHUKHN MOXKHO COIOCTABUTH
oIepaTophl BIIA

(Apyu) (2) = / ey (XL he) u(y)dyde,  (12.1)

rae mapameTp h >0 ecTb Tak Ha3blBaeMas NMOCTOSHHaA lliaHKa; omepa-
Top A(j) KOppexTHO ompeneren, Hanpumep, B S(R"), ecru pynxumna b(z)
IpHUHAIICKIT KIACCY I‘;”(]R%).

Kraccudeckas MexaHUKa ABAAETCA TpPeIelbHLIM CIydaeM KBaHTOBOI,
Korja mocTosHHas [l1aHKa MOXKeT CIATAThCA HmpeHebpexmmo Maaon. Ilo-
ATOMY IPeICTABISIOT THTEPEC ACHMITOTHIECKAE CBOICTBA ONEPAaTOPOB BH-
Aa ([12.1) npu h — 0; cOOTBETCTBYIOIINE ACHMITOTHKY IOLY 1NN Ha3BaHHe
K6aA3UKAACCUNECKUT.

[2.1. ®opmyaupoBka O0CHOBHOT'O pe3yIbTaTa

3amena mepemensoit £ — h~1¢ nepesoaut ([2.1) B

() ()= [ (0w vt (122

3[€Cb CUMBOJI yXKe He COAePXKUT mapamMeTpa h, KOTODHII Tenepb BXOAUT B
(a30BBIA MHOXKUTEID.

Byagem ¢yukumio b(z) HaseBaTh h-6elide6CKUM CUMEB0AOM ONEPATO-
pa A,y mim, xopode, h-cumsosom (B 3TOM JobaBICHNU HE OyIyT HCIOTH-
30BATBCA T-CHMBOJHI T IV, mMO3TOMY ONACHOCTBH IyTaHHUILI UCKIIOYUEHA).
OueBugno, 1-cuMBOI €CTh OOBLIKHOBEHHBIA BEMIEBCKUU CUMBOI.

Mexay h- u 1-cumBoaamu umeeTcs caegyomasn cBasb. Caeraem B ([12.2)
3aMeHy mepeMeHHBIX & —\hz, y— Vhy, & —\/hé, moce xoTopoi (12.2)
mepenjeT B

(Agyu) (zvh) = / ee0 ey (VR IIY Vhe) u(Vhy) dyde.  (12.3)

Bsegem B npocTpancTse GpyHKIUN Ha R™ onepaTop pacTIXKeHNA

Th: f(2) = k"4 f(Vha). (12.4)



266 JOBABJIEHUE 2

Kax 7nerxo mouats, omepaTtop 7T; ymurtaper B L?*(R"). C ucmoawssosa-
HueM omepaTopa 7 pasencTBo (/2.3) MoxeT GBITH HPHBEIEHO K BHIY

ThA(h)u = AE?)) Thu nin
Ay =Ty AN T, (12.5)

rie AE?)) — omeparop ¢ 1-cumsonom b(")(z) = b(v/hz). Taxum 06pazom, ome-

paTop ¢ h-cumBoaOM b(z) YHHTAPHO SKBUBAJIEHTEH OIIePATOPY ¢ 1-cuMBOIOM
b(M) (2).

Hac 6ygeT unTepecoBaTh KBAa3UKIACCUYECKAS ACUMITOTHUKA COOGCTBEH-
HBIX 3HAYCHUN.

Onpegenenne [2.1. IlycTs A(p) — caMOCONpAXKEHHBIN NOIYOTpa-
HUYEHHBIN cHU3Y omepaTop. Tepes Np(A) o6o3zHadaeTCs KOIUIECTBO CO6-
CTBEHHBIX 3HAYEHHUH ONEPATOPA, He NPEBOCXOAAIMX A (¢ yIeTOM KpaTHO-
ctu). Ecan B unTepBane (—oo, A] HMEOTC TOYKU HENPEPLIBHOTO CIEKTPa
omepaTopa Ay, To no ompegerenuio Ny (A) = +oo.

Jameuanue J[2.1. Bapmaumonmas aemMa I1azmana (cooTHomre-
uue (28.1)) ocraeTca cupaBeaauson u aas Np(A); goxasaTeascTso (cM. § 28)
MOXKHO ¢ HE3HAIUTEIbHBIME M3MEHEHUAMN TepeHecTH Ha caydail Np(A).

s Toro 4To6sl c(hOpMyINPOBATH OCHOBHOU PE3YIALTAT, HAM IIOHAIO-
O6uTCs caegyoLee

Opeanoxenne [2.1. Ilycmv Ay —onepamop c 6eujecmeennblm
h-setisesckum cumsogsom b(z) € HT»™o mg > 0. Toada npu kaxcdon dux-
cuposannom h>0 onepamop A(p) cyw,ecmeenno camoconpalCcen.

JdoxazaTeanbcTBo. lIpu my >0 mpearoxenne cieJyeT U3 Teope-
Mel 26.2. Ananus gokaszaTelbcTBa TeopeMbl 26.2 moxaswiBaeT, 9TO CTPO-
roe HepaBeHCTBO mg > ( He0O6XOAWMO TaM TOJILKO OIS CIPABEIINBOCTH
sxmotenunt A+il € HGY™°. B ycaosuax npeanoxenus npu mo=0un h=1
Braodenns A+il € HGZ“’O CIeJYIOT U3 OLIEHOK

|b(z) £i]>b(2),
|07 (b(z) £1) | < C4 | b(2) || 2| ~"Nl =
=Cylb(z) |21 "M|b(2) |/1b(2) 2] < Cylb(z) £ | z] 1.

Ilpu h# 1 myxHO BocmoabsoBaThea ([12.5) u Tem, uTO bR € HIJh ™o
(xoHeuHO, ¢ ApyruMu, deM A1 b(z), KOHCTAHTAMH B OLEHKAX IPOU3BOA-
ueix). W

[ycts omepaTop A(p) umeeT BemiecTBeHHEBIH h-cumBox b(2) EHI‘;’“O.
Tax xe, kax B § 30, u3MeHuUB, ecanm HYXHO, 3HaK, MOXHO CUHTATb, ITO
b(z) > C >0 mpu | z| > Ro.
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TTonoxum

V() = (2m)" / dz. (12.6)
b(z)<A

OCHOBHOH LEABIO 3TOrO JOGABICHUS ABILETCI JOKA3ATEILCTBO CICAYIO-
el TeOpeMHI.

Teopema [J2.1. Ilycmv onepamop Ay umeem eeujecmeennwi
h-setiacackuii cumeoa b(z) € HT % b(2) >C >0 npu |z|>Ro. ITycms
Ao maxoeo, umo V (Ag) <oo. Toada das noumu scex A< Ay u arwbozo >0
uMeem MeCMO dcumMnmomuueckas Gopmyaa

Ny(A)=h™(V(A) + O(h'/?=%)). (12.7)

Jameuanune [J2.2. Mexay acumnrorukamu mo h npu h— 0 u mo A
opu A — +00 HMeeTCs TeCHas CBA3b, KOTOpPad MOXKeT OLITh ONUCAHA fB-
HO, xorga cuMmBoa b(z) oamopogen: b(tz)=t°b(z), t>0, s>0. Coraac-
Ho ([2.5) omepatop ¢ h-cumBonoM b(z) mOZ0GEH OmepaToOpy € CUMBOIOM
b(P) (2) = h*/2b(z), mosTomy Nj(A) =N (h=*/2)).

Jameuanue [2.3. Teopema [2.1 sBasercs anamrorom TeopeMsr 30.1.
B ¢opmymupoBke mocregHeH, MOMHMO HPOYEro, MMEIOCh CYIIECTBEHHOE
Tpe6osanne b(z) > C|z|™°, C' >0, mg >0. Teopema J12.1 yTBepx faeT MeHD-
IyI0 3aBUCIMOCTD ACHMITOTUKH 10 A OT TOBeeHNA CUMBOJIA Ha G6eCKOHeq-
HOCTH.

[2.2. Apea pgokazaTeabcTBa Teopemiur [[2.1

[oxazaTeIbCcTBO TEOPEMEI OCHOBAHO HA TEX XK€ CO0OPAKEHUAK, 9TO U
JoKa3aTeabcTBO TeopeMsl 30.1.

BygeT mocTpoeH mpubInXKeHHBIN CHEKTPAILHBIA IPOEKTOD Fj Credy-
omuM o6pazoMm. IlycTes x) —xXapakTepucTudeckas (PYHKIUA UHTEPBAJIA
(—00, A]; MBI IOCTPONM CEMEHCTBO (MYHKIUH X, ), CXOAAMINXCA K X IpH
h— 0. .Z, —>st1o0 omepatop ¢ h-cumsoaoM x4, »(b(2)), rge b(z) — h-cumBox
omepaTopa A(y).

Byger goxazano, 9TO mMOCTPOEHHOE CeMENCTBO .Z) 06JIaJaeT CAeIyIo-
UM CBOUCTBAMI:

1°. ,ﬂ'}’: = yh;

2°. Z), — saaepubiln onepaTop, u mpu h — 0

175 = Zalls = O(h™"+>);

3°. yh(A(h) — )\[) Zn < Ch*”;
4°, (I—yh) (A(h) —)\I) (I—yh) > —Ch*;
5°. Sp Zy = h="V(\) (1+O(h™)):
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agech 0 <2< 1/2, a dynknua V (X), purypupyromas B GpopMyIHpPOBKe II. 5°,
€CTh HEKOTOpAad NOJI0KUTeIbHAA HeyObIBatomas (hYHKIN, olpeelcHHAas Ha
nuTepBale [A, A+ ¢] u gudgdeperunpyemas CIpaBa B TOUKe A. 3aMeTHM TaK-
xe, uTo Im .Z), C D,y vAe Dy, —061acTs onpejeneHnd onepaTopa Any-

IIpu mamu<uuu cemencTBa OMEPATOPOB, 06Ia Jaromux cBoucTBamn 1°—5°,
OCHOBOHI JIf MOJIydeHHs acuMOToTHIeckon Gopmyast ([2.7) cayxut Teo-
pema 28.1, mepedpasupoBaHHas B HOBEIX TepMuHax. a1 yao6cTBa CCHIIOK
chopMyaupyeM COOTBETCTBYIOIIUN Pe3yAbTAT.

IDpeanoxenne [2.2. Ilycmv Ay — cemeticmeo cyujecmeenno ca-
MOCONPANCEHHBIL NOAYORPAHUNEHHBIT CHU3Y onepamopos; Fj — makoe ce-
meticmeo onepamopos, umo Im .Zy, CDA(h) u svinoaHensl ceoticmea 1°—5°.
Toada npu h—0

Np(A)=h7"(V(A) +O(h™)).

JokazaTeabcTBO IPOBOJUTCS AHAJOTUYIHO JOKA3ATEALCTBY TEO-
pemmr 28.1.

Ynpaxueunune J[2.1. [lokazats npemioxenne [[2.2.

[2.3. CuMBoOIEI M OmEpPATOPHL ¢ IAapaMeTPOM

[ns m3ydenus nIpubINKEHHODO CIEKTPAILHOIO IPOEKTOpa Y I0GHO BBe-
CTH KJaCC CUMBOJIOB, 3aBUCAIINX OT mapaMeTpa (cp. m. 29.1).
Ounpegenenune [2.2. Yepes 221’5” o6o3HAYaeTCA KAACC (PYHKIII
:
a(z, h), onpeaenennsix mpu z € R*™ 0 < h < hg, 6eckoneano auddepenu-
PYEMEIX II0 Z U YAOBIETBOPSIOMINX OL[eHKAM

|07a(z, h)| < Cy(zym=Plps=ohl, (12.8)
3aece m, p, p, c €ER, p>0, 0 <1/2.

m 4 i .
fAcHo, uTO ecan ajEijf5’jj, j=1,2, To a1a262’;?10+m27”1+“2, rae
p=min(p1, p2), o =max(c1, 02).
JaMeTnM, 4To Ipu Kax oM ¢puxcupoBanaoM h, 0 < h < hg, 13 BKIIOUeHNA
m m 2n
a€ X} caegyer a(z, h) €T (R*") u dopmyna ([12.2) KOPPEKTHO Ompe-
JelseT KIAaCC 3aBUCAINNX OT mapaMeTpa omepaTopos A(h), gelcTByrommux
B S(R") (3aBHCHMOCTb OT IlapaMeTpa HMeEeTCd KaK B CHMBOJIE, TAK U B
dazoBom MHOXKUTENE). COOTBETCTBYOMMA KIACC ONEPATOPOB OyaeM 060-
m7
3Ha4aTh depes S
U3 ompegenenuss 2.2 caegyer, uTo upu ¢ > ( OIpom3BOIHBIE CHMBOJIA
MOT'YT OLleHUBaTbCA 4depe3 pacTyume npu h — 0 crenenn h. Oanako Bius-
HHOe PACTYIIUX CTeleHed h NCKII0YaeTCs NPH JeHCTBUN COOTBETCTBYIOMIETO
h-cumBoay omepaTopa. B uacTHOCTH, BEepHO cregyiolee
Opeanoxenne [12.3. IMycmv A(h)€S%H, u>0, 0<1/2. Toeda

pVa’

onepamop A(h) oepanuuen 6 L*(R™) pasnomepro no h npu 0 <h < hg.
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JoxaszaTeanctso. llycts a(z, h) — h-cumBox onepatopa A(h) u
AET))(h) — omeparop ¢ l-cumsorom al?) (2, h) =a(V/hz, h). o (12.5) onepa-
Topsl A(h) n AE?)) (h) yHUTApHO >KBHBAICHTHEI, IOITOMY

AR =115 (R (112.9)

OKaXeM TeIlepb OTPDaHUYEHHOCTH OIlepaTopa A(h) h). BriGepem
P P paTop (my\, P

0 < p' <min(p, 1 —20); Torga

|07a™) (2, h)| :h|v|/2‘aga(y’ h)|y:\/ﬁz ‘ < C A2 (Vhz)y= el pr=ahl ¢
< thlvl(1/2—0)+u<\/ﬁz>—p’|v| < C;h|v|(1/2—0—p’/2)+u<z>—p’|v|. (12.10)

B Brikaagke ([12.10) MBI BOCIIOIB30BAINCH OUEBUAHLIM IpH 3 > 0 Hepa-
BEHCTBOM

(14+Vh|z))™* <OWh+Vh|z|) ™% = Ch=/?(z)~*.

Taxum o6pazom, a?)(z, h) EFS,(RQ”) PABHOMEpPHO 10 h U mO Teope-
Me 24.3 omepaTop AE?))
IIpusegeM Temepb BEIpaxkeHHe 1 ClAeJa OLEPATOPa depe3d ero h-cum-

Box. U3 ([2.5) caeayer, 9To

(h) orpanmuen B L?(R") pasaomepro mo h. B

Sp Ay =Sp (T A{{)Th) =Sp A(3)- (12.11)

BocnoaszoBasmmmcs (27.2), moxydaem

Sp A(h):/b@)(x, £) d:pd{f:h_"/b(m,é’) dz de. ([12.12)

C moMoImB0 TAKOTO Xe PacCyXJeHHA MepeHOCUTCS Ha CIydal h-CHMBOJIOB
OIleHKA AJepHON HOpMEIL (27.12):

ODpegaoxenne [A2.4. Cywecmeyiom marxue nocmosuuvie C' u N,
umo das onepamopa A(h) ¢ h-cumeoaom b(z, h) evinoanena oyenra daa
Adeproti HopMbL:

A <Cr 32 AR [ atbe, by (12.13)

vISN

[2.4. h-aHTUBMKOBCKWE CHMBOJIBI

[dus onepatopos (/[12.2), zeficTBHe KOTOPHIX 3aBUCUT OT IapaMeTpa h,
IMeeTCs CAeJYIOUN aHaI0T aHTUBUKOBCKUX CHMBOJIOB, BBEJIEHHEIX B § 24.
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Bcio xoucTpykmuio n. 24.1 MOXHO IpPOBECTH, OTIPABIAACH, BMECTO
dyuxunu Po(z), or GyHKIMK

() = (wh) ™/ e ON = (1771 8y (a).

Omeparop A ¢ h-amTuBEKOBCKEM cHMBOIOM a(z, ) ompegenseTca aHa-
normuso (24.9):

A(h)i/ a(z, €) Qo ¢ du de, (12.14)

rae Qz ¢ :Th_lPI’ETh — IIPOEKTOPEHI, UT'PalOIIe POIb IPOEKTOPOB P ¢ B
ompegenernn (24.9).

Bce pesyapraTh § 24 moryT GuITh Ge3 TpyAa NMepeHECEHBl HA CAy€an
h-aHTUBUKOBCKUX cuMBOJIOB. B wacTHOoCTH, M3 ([2.14) cregyeT, 4T0 omepa-
TOp HEOTPULATENEH, KOTJa HEOTPULATENEH ero h-aHTUBUKOBCKUNI CIMBOJI.

Jlerko mogcunTaTh, ITO AAPO OomepaTopa (Jy NPOEKTUPOBAHUS HA BEK-
Top ¥y paBHO (Wh)_”/2e_(x2+y2)/(2h), a h-BelteBckuil cuMBol og(z, £) ome-
paTopa (g paBen

ooz, §) =20 e HEN R (12.15)

BocnoassoBasmmcs ([2.14) u ([12.15), moxyaeM GpopMyILy CBA3M MeXKIY

h-BelneBCKUM CUMBOIOM b(z) 1 h-aHTHBHKOBCKIM CHMBOJIOM a(z):

lz=2"]*

b(z)=(mh)™" / a(z"Ye” R dZ. ([12.16)

s ([12.16) Takumu xKe paccyX IeHUAMH, KaK IPHU JOKA3ATEILCTBE TEO-
peMel 24.1, MoxkeT OBITH MOMYUEH CAeIYIOUINU aHAJOT JeMMbl 29.1.

Jemma [A2.1. Ilyemv B(h) —onepamop ¢ h-aHmusuKko6ckuM cumeo-
aom a(z, h) €XPVL, u nyemsw b(z, h) —e20 h-cumsoa. Toeda

a—b= E W2 (97 a) + ey,
0<|yI<N
2de ¢y =0 npu neuemmuniz |y| u ry € g;’f;f’N’ ut(1/2-0)N

[2.5. ®opmyna KoMmozuuum

Jlas omepaTopos m3 k1accos S, " BepHa (OpMyIa KOMIO3UINN B Cle-
ayrommen gopme.

Teopema [2.2. Ilyemv a; €X,757, j=1,2; A;(h) — coomeemcmey-
owue onepamopnvie Pynryuu. Tozda

Ay (B) o Aq(h) € Syrytmas b,
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ede p=min(p1, p2), 0 =max(c1, 02), npuuem ecau b(z, h) ecmv h-eei-
aescAutt CuM604 KOMNOZUYUU, MO

_ (_1)|ﬁ| h [+8] o B B8 o N
b_l %:w a1 g1 (5) (0 Dyar) (9 Dyaz)+h7ry,  (A2.17)

ede
TN € Ezl,lo-l—mz_N(pl"'pE)’ #tpz—N(o1+o3) ([12.18)

JokazaTeancTsBo. Moxuo ObLIO 6B HOAYYUTH AOKA3aTEALCTBO,
TIOTHOCTBIO IPOAYOANPOBAB J0Ka3aTelbcTBO TeopeMul 29.1. UTo6nl He mO-
BTOPATH BRIKJIAAKY I. 29.1, MBI Ipu JoKa3aTeabcTBe Gy A€M CChLIATHCI TaM,
rjie 3TO BO3MOXKHO, HA OT/eJbHBIE KYCKH JOKa3aTeabCTB TeopeMul 29.1.

Bocnoabayemcsa cooTrommernuem (/[12.5):

A1 (h) 0 As(h) =T (Ay () () T o Ty (As () ()T =

=Ty [(Ar(R){3) o (Aa(R)) 3] Th-

(h)

Has cumBoaa b'(z, &, h) KOMIO3NIIUN OIEPATOPOB (Aj(h))(l) C CEMBO-

JaMu a;h)(z, h) :aj(\/ﬁz, h) cornacuo Beikaagkam (29.4)—(29.18) (s mnx
He ICHOAb3YeTCA XapaKTep 3aBICHEMOCTH OT IapaMeTpa) MOKHO HIOJLYyIdTh
IpejcTaBIeHIe
, P latsl g po MY (38 Do g™y 45
Wz, & h)= i 2 (9g DJay"”) (9 Dgay”)+7n. (A2.19)
la+Bl<N

3ameTnm, 4TO
(9 DZa") (0F Dga")) = hI*+71[(9F Dl ar) (9 DZ az)]".

IosTomy, mepexoas oT 1-BellmeBckux cuMBOIOB B paBeHcTse ([12.19)
h-BenneBckuM coraacuo ([2.5), moay+unM xoHeuHble caaraeMsle B ([12.17).

Ouenka 0CTATOYHOrO WieHa (pedb HMoKa HAeT 06 1-BelIeBCKOM CHMBO-
1e), Kax mokazaHo B m. 29.1, cBoAWTCS K paBHOMEDHBEIM HO 71, T3 € [0, 1]
OIIEHKAaM MHTErPAJOB BUIA

I(@, &) = / == og D2ai" (2 + 1y, €4, 1))x
x [0f DZal) (¢ + mz, €4+ ¢, h) dndC dydz, (12.20)

la+3|>N.
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AHATIOTUYHO BEIIEU3I0KECHHOMY MBI IIOAYIAeM, ITO 1-BeIIEBCKOMY CIIM-
Boay I(z, ) oTBedaeT h-BelIeBCKUI CHMBOIL

J(x, €)= hlotol / 622’(@/(—247)[@? Dfay(z+nVhy, € +Vhny, h)]x

x [0f DYas(z + movhz, €+ VR, h)dnd¢dydz, (12.21)
la+3|>N.
CuegyeT goxa3aThb BKIIOUYEHUE

RN — h—NJ c 22?10+m2—N(P1+P2)7H1+H2—N(01+02)

paBHOMEpHO 1m0 71, T2 € [0, 1].
duddepennnpys ([12.21) no z u £, mory<IuM, ITO IPOU3BOAHAS &z&g Ry
ABAAETCA TUHEHHON KOMOUHAIINEN BBIPpAXKEHUHT BUIA

ploetBl-N / e%(y(_z‘”)[&§‘+715?+61a1(m+ Tlx/ﬁy, E+ \/En, h)]x
x [054" 02+ ay(x + oV 2, E4VRE, B dnd dydz,  (12.22)
7/+7//:% 5’—}-(5”:5.

Tak xe, xak u B 1. 29.1, nHTerpupoOBaHUeM II0 IACTAM IOAYIUM yOBI-
Batormue MuoxuTemn Tuna (y, )M (z, ¢)7*M. Hyxmo Tompko yuecTs,
uTo npn audpdepenuuposannu mo y, 1 (z, () GyHKmun a; (COOTBETCTBEH-
HO @3) BO3HUKAET MHOXKATEIb Vh. Takum o6pazon, (12.22) mpusegeTca
JUHETHOU KOMOUHAIIUU MHTErPAJOB BUIA

BlokBl= N+ 2] /2 / (2il-C=m) gy \=2M () =2M
x [0 ay (z + Tlx/Ey, &+ \/377, h)]x

x [0v2t*2ay (2 4+ moVhz, €+ VA, W) dyd¢ dydz, (12.23)

rie
vi=a+ B4+, |n|ZN+|y 4+

2.24
va=a+B+4"+38", || >N+|y"+38"]. (a1 )

Bripaxenue (/12.23) omeHuBaeTca IO MOZYIIO depe3
h /(:B + Tlx/Ey, E+ \/En, h)ml_plN_’“W""sll X

x (& +mVhz, €+ Vh¢, hymamraN=r2 437y
x (y, n)"*M(z, ()M dndé dydz, (]12.25)
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rae s=|a+f|— N+ |14 32|/24 p1 —o1|vi+ 201 |+ pa — 02| Vo + 323 |. Ecan
y9eCTb COOTHOWIEHNs 01, 03K 0<1/2, |a+B| =N,y +4"=~,§+§"=¢
u ([J2.24), To mokasaTelb S MOXKHO OLEHITH CACAYIOLIUM 0GPA30OM:

s=p1+po—o1|y +8" | =02y +6" | = N(o1+02)+
+ (N =la+B) (o1 +0o2—1)+ |5 [(1/2=01) +[22|(1/2 = 02) >
> p1+ p2 —o|ly+08| = N(o1 +02).
Taxum o6paszoM, creness h B (J12.25) cOOTBETCTBYeT yTBEPXK JCHUIO Te-

opemsl. Onenum Teneps uaTerpan B ([12.25) depes HyxHYIO cTeneHb (z, £).
3aMeTnM, ITO OH PACHaaeTCA B IPOM3BeIeHIE HHTEIDAIOB

I= /(x + Tl\/ﬁy, E+ \/ﬁ?])ml_pl(N‘HV""‘sll)(y, 7]>_2M dndy, (12.26)

I :/<:L‘+T2\/Ez’ £-|—\/Ec>m2—P2(N+|’Y”+5”|)<Z’ C>—2M d¢ dz. (ﬂ226/)

Ouennm unTerparn ([2.26). Bygem cantaTs, 9To my — p1 N <0, — B mpo-
THBHOM CIydae MOXHO B pasnoxennn ([2.18) s3ars N’ umrenoB Tax, 4To
m1 — p1 N’ <0, 1 uccae10BaTL OCTATOK T/, OTHECS IOTOM K T/ OCTATOK Ty
u KoHeuHyI0 cymMMmy B npegerax N < |a+ 3| < N

BocnoabayeMcs 04eBHAHBIM HEPABEHCTBOM *)

(z+nVhy, E+Vhn) ™ <(z, & (nvVhy, Vhny*, x>0 (12.27)

Mpumenss ([2.27) upu sc=|mq —p1 N — p1 |y +¢'|| monyuum gas unre-
rpana ([12.26') omenxy

I<<.’E, E>m1—p1N—p1|W/+5’| /<T1\/Ey, ﬁn)”(y, 77>_2M Jndys

<z, Gmm Vo /<y, 0y M dndy = C, (e, £Vl +L
(12.28)

Kom6unupys omenky (/2.28) ¢ aHamoru<HON OLEHKOHN AAf HHTETDa-
na ([2.26'), momyuum HyXHyI cTemeHb (2, ) B OLeHKe IJd HHTErpa-
na ([12.24), u Bxatouenue ([12.18) goxazano. M

[2.6. dokazareascTBo Teopemsr 2.1

ITnan gokasaTelbCcTBa TAaKOB: CHAYala CTPOUTCA MPUOIMKEHHBIH CIEK-
TpalbHBIA IPOEKTOpP, 3aTeM I0CIeIOBATEILHO NPOBEPAETCH BBINOIHEHNE
CBOHCTB, HEOOXOAUMBIX s NpUMeHeHus npennoxenus [2.2.

*) Hepagencrso (/[2.27) ecTh YacTHHEIN C/Iy4all HEPaBEHCTBA

(A+]e+y[+[E+n)™ < +]e|+EN™ O+ [yl +][n])m.
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1. Ilycts x(t, A, §) — dymknua, BBegenHad B 1. 28.6:

R 1 mpm t<A,
x(t A o):{() mpu > A+ 24, (A12.29)
[(9/at)Ex(t, A, 8)| < Cré™". (112.30)
Bribepem kK =1/2 — ¢, £ > 0 u noroxum
e(z, h) =x(b(z), A, ™). ([12.31)

(MBI omyckaeM HeCyIIeCTBEHHBIN A1 HAC apryMeHT A y GyHxunuu e(z, h).)
Omnepatop %), onpegennM Kax onepaTop ¢ h-cumsouaoM e(z, h).
@Dyuxnns e(z, h) 6eckoneano guddepernupyema no z u

(2, h):{l npu  b(z) <A,

0 mpm b(z)>A+20".
OuennM npomssogusle e(z, h) mo z. IIpoguddepennupyeM mo z paseH-
ctBo ([2.31):
1 d*x
N k)= 3 e 0B TR A
Y1+ V=Y
([12.32)
Cymmuposanue B (/2.32) BegeTcs 0 BCEBO3ZMOXKHBIM Da36UeHNIM Y B
cyMMy Y1 +. ..+ Yk, vae k< |y |. YanTesas ([12.30) u Bratodenne b € HI";“O,
HoaydaeM A1d OTAeIbHOro craraeMoro B ([J2.32) omenky

Fx(t, A\ h)

(070)... (70 (X

)‘gCh"“‘|b|’“x
t:b(z)

k
< [ 107b/b| <CR=*7[b|F(1+]2|)="M. (12.33)
i=1
3ameTnM elre, ITO Ha HocuTene e(z, h)
|b <A+ h”. (112.34)

Mosromy ms  ([2.32)—(12.34) momaygaem omenky |dYe(z, h)|<
LCh=F ()=l 1. e.
e(z, h) € Eg:g. (J12.35)

2. Mul JOJIKHEI Telephb IPOBEPUTD, ITO A1 .Z), BEIIOJIHEHEl BCE YCIOBII
npeanoxenus [2.2.

OnepaTtop .#; cuUMMeTpHYeH OIarogaps BeEIIECTBEHHOCTH CHMBOJA
u orpanmder coriacHo ([J2.35) m mpegmoxkenmio [2.3, cregoBaTeabHO,
Fy =%y, fAgepuocts F), BhTekaeT u3 npegnoxenns J2.4.
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Bygem o6o3nataTh h-cuMBoa moo6oro omepatopa A uepes o(A). HUro-
651 OLIeHUTE AAepHYI0 HopMy || Z7 — .Zp||1, BorancanM h-cuMBoOI omepaTopa

FE— P
ITo Qopmyre kommosnuuu (2.17)

o(FL— FZn)=—e(z, h) +e(z, h)* + Z Caghla’i'ﬁlhlo“"ﬁl(Dﬁ&?e)x
lof+]BI<N
x (D2oge) +hNry, hNry ez 2N 0-29N (119 36)

Bce caaraemere mpasont acTu B ([12.36), kpoMme 7, COCPEIOTOUEHEL B 0614~
ctu {z: A<b(z) <A+ 2h*}, mosTOMYy figepHBIE HOPMBI COOTBETCTBYIOIINX
OIIePaATOPOB MOTYT OBITH 110 Ipegnoxennio /2.4 oneHeHsl depes

CIV(A+2h7) = V(A)] A" (112.37)

flpepuas HopMa ocTaTka omeHuBaeTca depes o(h~"**) mpu goctaTouno
6oabmoM N.

3aMeTuM Temepb, 4To V(A) — Hey6bIBaoomas (QYHKLINSI; 10 U3BECTHON
Teopeme JleGera ona mouTtu Bciogy auddepennupyema. Bo Bcex ganbHen-
IINX PACCY XK ACHUAX MBI Oy JeM NPeJIoaaraTh, 9T0 PACCMATPUBAEMOe A IPU-
HAJIeXUT MHOXKECTBY IOJHOU MepHI, Ha KoTopoM V guddepeHmupyema.
Torga ([12.37) TparcdopMupyeTcs B HyKHYIO OLEHKY

|22 — Zn||L <OV (NA* +o(h) ] h~" L Ch™™ T, (/12.38)

Kpowme Toro, no ([12.12)

Sp Zp = (2mh)~" / ez, h)dz=h"[V(X) + O(V(A) = V(A + 2h%))] =
—h V() (L+O(h™)).  (12.39)
Taxum o6pazom, TpeGoBanus 1°, 2° u 5° npegnoxenus [2.2 BLIIOIHEHEB
(Zr =2, (02.38) u (12.39)).
3. IIposepum Teneps Tpeboanue 3° npegnoxenus [2.2. s s3Toro nam

moHao6uTCs h-cuMBOJ omepaTopa Zy, (A(h) — AI) .Z},. Beraucanm cHadaza

o(Zn(Ap) — Al)). Umeem

o(Fn(Amy — M) =e(z, h) (b(2) = A)+

+ > hlHPlegg(D2ofe) (DF ogb) +ry, Ty €XPLINANI=A),
1lat+Bl<N

(/12.40)
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Omnepatop Ry, oTBevatomuit cumsoay 7y, npu m — 2N p < () orpanutien
u ||Ry||=O(hNU=%)) = o(h*). Tloxaxem, uTo 118 o5 = hl*H7! (agage) X

x (92 0?1)) BEPHO BKIIOYUCHIE
SDoéﬁEE;}‘il{@&ﬁlpy%+(1—2%)|0<+ﬁ|’ la+B]>0. (12.41)

Jlas »Toro cTaHIapTHLIM 06pa3zoM HocTpouM dyHKnmo ¢(z, h) € C™ (R?"),
ansa xoropon 0 (2, h) <1,

(2, h)Z{

I KoTopasd CTpouTci, Kak e(z, h) B m. 1 HacToAmero IoKa3aTelbCTBA,

1 mpm zEsupp d,e,
0 mpum b(z) > A+3h7, b(z) <A—h”

¢ IOMOIIBIO CIVIAKEHHOH XapakTepucTmdeckonl ymkmun x(f, A\, A+ 2h%)
uHTepBaia (A, A+ 2h*) mo opmyne p(z, h) = x(b(z), A\, A+ 2h*).

Ananormuso (/12.33), ([12.34) MoxHO IPOBEPUTH, YTO

peTy). (112.42)
3ameTuM Teneps, 4To upu |a+ S| >0
o = W41 (9200) [0202 (- (b= N))]. (12.43)

Toxaxem, aTo ¢ - (b—A) € Zg’z. fcuo, ato |¢ - (b—A)| < Ch*. Ouennm
IpoU3BOJHYIO 10 2. lMeem

Np-(b=N]= (") =N+ Y cald ™) (97 (b=N)).  (A2.44)
|| >0
Has 1-ro craraemoro Bcaeactsue ([12.42) ecTs onenka
(07 (z, h) (b(z) = A) | < Ch™P1 (z) =R (12.45)

A1 craraeMblx u3 cyMMEL B ([12.44) noxygaem

[(77%) (9% (b= A)) | =107 %¢|-[b]-[(97b)/b] <
< Ch=h=elpy=eh=el=rlal < gpz= ) =Pl (112.46)
Omnenxu ([2.45), ([12.46) goxaswiBaioT Brmodenue ¢ - (b—A) € 29% or-

P,
kyga c¢ ydetoMm ([2.43) cregyer Bkmodenue ([2.41). Taxum oGpasoM, Ko-
HeuHas cymMma B (J12.40) cogepxuTca B 2;’2)57 1=y onepaTop . %}, (Any—AI)
IpeJCcTABUM B BUJE

yh(A(h) —)\I):Ql + R, (ﬂ2.47)

npuiem ||R||=O0(h'=*) =o(h*), a o(Q1) =€ (b— ).
Ucnoawsys ([12.47), nmeem

yh(A(h) —)\I) Zn=@Q1.Zn + Ry, ||R1||:O(hz). (ﬂ2.48)
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Brruncaum cumBoa onepaTopa Q1.%h:

(@ Fn)=¢- (b= + > caphl®™(0207[e- (b—N)]) x (9307 €) + 7.
0<|a+B|<N

112.49
BBoa#, kax u BbIMIe, (GYHKIIHIO (0 U UCIOIb3YA BKIOUCHIE € - (f - (g) -A) E)
€ Eg; *  HOJYYHM, ITO HOPMA OLEePaTOpPa, 0TBEIAOMer0 KOHEIHON CyMMe I
octatky B (/12.49), onennsaeTca Taxxe 1epes O(hl=%).
Paccmorpum  raasmbiii  wien B —0(Fp (A — Al) Fy) — dynxuuio
q(z, ) =—e(z, h)*(b(z) — ). [aa ¢ u ee TPOMIBOAHBEIX TO Z CIPABEIIH-
BHI OICHKN

q(z, h) > =Ch™; (A2.50)

107q1=] D" cal@*b) (7™"*) +2(b— 1) D ca(d’"%e)(9%)| <
|e| >0 o
< Z coh™ =) =P P X | 4 R~ 11 (2) =P < R0 =1 (z) =Pl
|| >0

(12.51)

O6o3maunM depes P omepaTop ¢ h-BelleBckuM cumBoaoM ¢(z, h), de-
pe3 (Q —c h-anTuBEKOBCKUM cuMBoJoM ¢(z, h). U3 ([12.51) caegyer, 4To
2974 € E;ﬁlﬂl’ %+(1/2_%J|7|, odTOMYy, coraacHo temme [12.1, (P — Q) €
€ E;zjj’ 1=% u smaquT, ||P— Q||=0(h'~*). Us ([12.50) scmo, wTo Q > —Ch*,
HO P=Q+ (P —Q), caegoBaTensto, u P> —Ch*. Takum oGpazoM, ans
TIABHOH YaCTH U, CTAl0 6BITE, 114 Beero onepaTopa Fp(A ) — Al) Fp no-
JIydeHa OIeHKa

Zi (A — M) Zy < O™ (12.52)

4. IIpoBepuM Temnepb, ITO
(I —=Zn) (A = A1) (I = F) > —Ch™. ([12.53)
CumBon aeBon dactu B (J12.53) mocie packpuITHA CKOGOK HMMeeT BIJ

o(Fn(Apy = M) Zh) — o (Fu(Agpy — M) — o ((Apy — A1) Fr) + (b(z) — A).

([12.54)
B n. 3 goxasaTenbcTBa GBLIO MOKA3aHO, ITO B IEPBHIX ABYX CJIACaeMBIX
B (/[12.54) BEIgeasntoTcs raaBHbe wieHE €2 - (b— ), m e (A—b), a omepaTops,
OTBedalomme OCTaTKaM, oleHHBaioTca 1o Hopme depes O(h'~*). TpeTsbe
craraemoe B (J12.54) amazoruuno Bropomy. Takum oGpaszom,

o((I—=Zn) (A=A (I = Zh))=(1=e)*(b—A) +r, ([12.55)
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u omepaTop R ¢ h-cuMBoIOM 7 JOTycKaeT OLEHKY
|RI|=0(h'~>).
PaccmoTpum omepaTop P ¢ h-cuMBoaoM
q(z, h) = (1 —e(z, h))2 (b(2) = A).

Paccyx genusMu, aHAJIOTHYHLIME HCIOJIL30BAHHBIM B n. 29.3 mpm goxa3za-
TEeIbCTBE TEOPEMBL O [OJOKUTEILHOCTH OEPATOPA € HOJOKUTEIBHEIM CHM-
BOJIOM, MOXKHO [IOKa3aTh, ITO

P:Qk—f-Ak. (ﬂ256)

3aech onepaTop x nMeeT h-aHTUBUKOBCKUIN CHMBOJ

a(z, ) =q(z, B+ Y e ,hPa1g(z, by +rn(z, h),  (2.57)
2€|vI<N

m—2pN, (1/2—3)N
rae ry €3, 5 ; TIODTOMY OTEPATOpP ¢ h-CHMBOIOM P MOXKHO

onernTh Mo HopMe depes O(h'~).

[us onepatopa Ay B ([2.56) umeerca Braoderne Ay € Sg?;zpk’ (1_2”)k,
u nostomy ||Ak|| = O(h'~*) npu moaxoasmem BeGope k.

Coxpannm o6o3Hadenne ¢ A1a npason dactu ([12.57) yxe 6e3 ocrat-
kKa ry, a QQp AL omepaTopa ¢ COOTBETCTBYIOMINM h-aHTHBUKOBCKUM CHM-
BOJIOM.

Ilycte @(z, h) — dyHKuug, BBegeHHAA B MpeAbIIYINEM IYHKTe JOKa3a-
TeabcTBa. PazobbeM ¢ Ha ABa claraeMbIX:

k=g + (1 —¢) gk (112.58)

B n. 3 mokasamo, uTO go~(b—A)EES;ﬁ, oTkyaa scHo, aTo (1 —e)? x

X (b—A)EES;jj. Brixnagkamu, anamzormuabiMu ([12.44)—(12.46) B m. 3,

MoxHO TokazaTh, aTo - hl/297q(z, h) € E;@W’%HI/Z_Z)M. Caenosa-
TeIBbHO, OIepaTop ¢ h-aHTUBHKOBCKUM CHMBOJIOM (g OICHHBACTCA IIO
HopMe 4depes O(h™).

IMokaxkeMm, HAKOHEIl, ITO IPH MAJLIX h

(I—¢)gr =0 ([12.59)

u, 3Ha4uT, Q) > —Ch*. [Ias sToro 3aMeTuM, ITO

(1=1¢) <b -+ Z cvhhl/Q(Wb) opu z € Dy,
2€|vI<N
0 upu z ¢ Dy,
(112.60)

(I—v)a=
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(I—e(z,h))(1—@(z,h))=0mnpu z¢ Dy u 1 —e(z, h) =1 npu z € Dy,. Taxum

o6pasoMm, B Dy,
(1=@)gr=(1=9) (b=A)(1+ D ey MV2(070) /(b= N)).  (12.61)
JaMeTHuM Tenepb, 4To B oGaactu Dy,

b(=)/(b(z) =) = (1= M/b(2)) " < (1 =M/ (A+2h)) " <R

rae Dy ={z: b(z, h) > A+2h*}. Coorromenue (/12.60) oueBugHO, Tak Kax
h

oTcoIa

[BV2(378) /(b — \) | < CRI/2= () =Pl

CaegoBaTensno, cymMma B mnpasonn wactu (/12.61) omeHumBaeTcsa depes

Ch'=7=0(1), 1. e.
(I—¢)ar=(1=9) (b—A) (140(1)) >0.

Urax, ™Mbl mpoBepuan BhHINOJHeHHe TpeGoBaHun 1°—5° mpegmoxe-
uua 2.2 (coornomenus ([12.38), (12.39), (12.52) u ([12.53)) u Moxem

npuMeHnTH npearoxenne. Teopema [12.1 noxazana. W

[2.7. Tlosegenue Np(A), xkorga V(A) = +oo

B Teopeme [12.1 paccmaTpuBaeTcs KBa3UKJIACCUUIECKAS ACHMITOTUKA
cobeTBenHbIX ncen mpu A < Ag, rae V(Ao) < +oo. Brmowenne b(z) € HT)» 0
He HCKII0YaeT CYIIeCTBOBAHMUS TaKUX A, 111 KOTOPEIX V (A) =400 (g1a cum-
BOJIOB 13 HI‘Z““U, mg > 0, Takas cuTyanus HeBo3MoxkHa). JlomoIHEHNEM K
TeopeMe [[2.1 B 3TOM caydae CAYKUT CAeIYIOIIas

Teopema [2.3. Iycmv b(z) ydossemsopiem ycaoeusm meope-
avt 02.1, u nyemv V(X)) =4o00. Tozda das awbozo g9 >0

lim A" Np(A+eg) =+oo.
h—0

JoxazaTeabcTBo. [Jaa mo6oro N MBE TOCTPOMM NpPOCTPaH-
ctBo H;, Ha KOTOPOM BBITIOTHEHO HEPABEHCTBO

(Am) =AD& ) KCh*(€,€), €€ Hg, (12.62)
IpUt<eM IIPDI JOCTATOYHO MaJaoM h
dim Hg > h™"N. (112.63)

s (42.62), ([12.63) caegyer mo aemMe InasMaHa HePaBEHCTBO
Np(A+ch*) > h™ N, koTopoe BiedeT 3a COGOH YTBEPKIEHHE TEOPEMEL.

Bregem wmmomectBo Q*={z: b(z) < A}. Us ompegenenma ymxmun
V() Bugmo, wro V(A)=(27)"" mes Q*, Tak UTO B ycIOBUAX TeOpeMbI
mes Q* = +o0.
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Iycts Q. — ceMeiicTBO obaacTel ¢ MIaAKUMU TPaHUNAMHE, 0614 Jaolee
CJIeIyIOMUMY CBOICTBAMA:

1) Q. orpammuens:, Q. C QY

2) W = (27)™" mes Q. — 400 npu ¢ — +0;

3) inf |z —y|>e¢, 1. e. paccToanme ot Q. 10 IQ* He MenbIIe
T zeQ.,yeR2M\QN
geM E.

Mzul mocTpouM cefidac CIVIaXeHHYI0 XapaKTePUCTUICCKY (DYHKIIHIO
MHOXecTBa ). (3TO MOXKHO ceIaTh IO 06pa3sly NoCTpoeHus B I. 28.6).

Ilycrs 2h* < e (kax Bcerga 0< s <1/2), 9.(z, h) —xapaxTepucTude-
cxaa Qynxnua (h*)-o6onoukn MuEOKecTBa (.. [lomoxum

Xe(z, )= h=2n / Yo, h) xo (y— 2) ™) dy,

rae xo (v) €C(R?™), x0 >0, xo (v)=0mpu |v|>1n [ xo(v)dv=1.
OueBugHO, 9TO
supp Y. C Q*. ([12.64)

KpoMe Toro, 1erko mposepuTh, 9To |01 x:(z, h) | < Ch=* a u3 sToit onen-
b ) 4 ) b
KI U 13 QUHUTHOCTH X, CAeJyeT BKIIOUEeHUe

Xe (2, h) €X; %0 (/12.65)

MycTts .#), — NpUGINKEHHBIN CHEKTPATLHBIN TPOEKTOP, TOCTPOEHHBIN
B . [12.6. O60o3Hauum depes Fj omepaTop ¢ h-aKTHBHKOBCKEM CHMBOJIOM
e(z, h), depes &. , —omepaTop ¢ h-cumBoaoM X:(z, h) u depes E. j — ome-
paTop ¢ h-aHTHBUKOBCKHM CHMBOIOM X:(z, h). Mexay omepaTopamu .Zj,
Fy, & » n E. , mMeioTca cIeqyiolme cOOTHOMICHNA:

Fn—Fy=Re S~ ||R|[<Ch'™% (112.66)

Fa> Feni (12.67)

En—E. n=ReS; '™ |[R|<Ch' ™. (12.68)

3aecs ([12.66) u ([12.68) cmpaBegausel BcaegeTsue aemusl J12.1, ([12.67)

OUeBHIHO, TaK Kak X. < e 6marogaps ([12.64).

Pacemorpum Teneps onepatop & . Tak xe, kak B II. 2 J0Ka3aTeIbCTBA
Teopemul [12.1, paccmaTpubas h-cuMBoaI onepaTopa é”f p — 6%, hy MOKHO IIO-
JAY9UTDL OLEHKY

162 4 = & nll SC(We n = W)™, ([12.69)

rae W, n —o6mbem (2h*)-o60m0ukn MuHOxKecTBa £).. Ho W, , — W. = O(h*),
HOCKOMBLKY 061acThb ). OTpaHHYeHa M UMeeT IMaJKyio IpaHuny. IlosTomy
BepHa OlleHKA

162, — &l <Ch™ ([2.70)
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Amanornaso monydaeTcs paBEHCTBO
Sp & h=hT"W.(1+0(h™)). (12.71)
s ([12.70) u ([12.71) Tax xe, kax u B JemMax 28.2, 28.3, MoxeT GBITH

NOTYIeHO ACHMITOTHYEeCKOe BhHIpakeHue 11s qucia N coO6CTBEHHBIX 3HaYe-
HOil omepaTopa &, p, Texamux Ha [1/2, 3/2]:

N=h""W.(1+O(h™)). (12.72)

IMpocTpancTBO, HATAHYTOE HA COOTBETCTBYIOIIME COOCTBEHHBIE BEKTODHI,
o6o3HaMmM Tepes K.
IMoxaxem, uTo mpocTpacTBo Hg =%, %} obrajaeT cBolicTBaMU

(12.62), (12.63).

IIycts 1 € X}, Torja aas omepaTopa %) BBIIOIHEHA OICHKA

(Znn, n) > (1/24+0(h' %)) (n, n). (12.73)

HenctBurensHo, ucnoasays (2.66)—(12.68), moxydaem,

(Zwn, 1) =(Fun, n)+ (Rn, n) > (E< an, 1) + (R, n) =
=(&,mm, n)+ ((R+R)n, 1) > (1/24+0(h' %)) (n, n).
Bocmnoawsyemcs nepasercToMm IllBapua
(Zwn, 1) <V(Fan, Zun) (0, n);

orcioga u u3 ([12.73) caegyer, 4To

(Znn, Zan) = (Zun, 0)// (0, n) =/ (0, n) (1/24+ O(h' =),

nIn

(Znn, Zun) = [(1/4+O(h' )] (n, n). (12.74)

IIycTte Temeps £ € H g Torga £ =.Zyn, vae n € 5. BcnoMHEEM DoXy<eH-
HOe TIPU JOKa3aTelbcTBe TeopeMul [12.1 HepaBeHCTBO

Zh(Amy — M) i < OB (112.75)

(3ToT QaxT He 3aBUCUT OT moBedenus pyuknun V (X)).
W3 ([12.74) u ([2.75) BEITeKaeT oLeHKA

(Agny =AD&, &) = ((Any — AI) Zam, Fan) <Ch™(n, n) <
<(4+0(h' 7)) (Zun, Fun) Ch* =0(h*) (€, €).
Taxum obpazom, Ha H

Ay —(A+0(R*)) I<0.
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Kpome Toro, uz (/J12.74) cregyer, uro omepaTop .#j MOHOMOp(hEH
Ha J{};, mO>TOMY

dim H g =dim ¥ =h™"W.(1+ O(h*)).

JoxazaTeIbCcTBO T€OpEMBEI 3aBepIIAETCA CCBLIKON Ha TO, 4To 06beM We,
MOXeT OBITH B3AT CKOIb yrogHo GoabimuM. W



JOBABJEHWE 3

OIIEPATOPHI THWJIBBEPTA-NIIMHUATA U AAEPHBIE
OITEPATOPBI

[A3.1. OnepaTopsr I'mas6epra—IlIMmugra m Hopma I'masGepTa—IlIlMumara

Onpegenenne [3.1. Ilycrs Hy, Hy —ruab6epToBBl IPOCTPAH-
crBa. Qrpanudenusn aunenusiu oneparop K : Hi1 — Hy HaszwiBaeTcs onepa-
mopom [Nuabb6epma—IImudma, ecan A1 HEKOTOPOT0 OPTOHOPMHDPOBAHHOL O
6asuca {e,} mpocrpancrsa H;

Z IKeql|? < +co. (13.1)

MuoxecTBo Bcex onmepaTopoB ['manbepra—Ilmuara K: Hy — Hs 060-
anavaerca Sa(Hy, He) uan So(H) upu Hy = Hy = H. Cregytomnee mpero-
JKeHUe ONUCLIBAET OCHOBHBIE CBOUCTBA 3THUX ONEPATOPOB.

Mpegnoxenne [O3.1. 1) Jesas uwacmv ([I3.1) ne sasucum om
svi6opa opmoHopMuposantozo basuca {e,} (keadpamuwlii Kopenv u3 Hee
Hasvieaemca Hopmon I'manGepra—IllMmuara onepamopa K u o6oznauaem-

ca || K||2).
2) [|[K*||2=|K]|2-
3) ||K|| < || K|z, 20¢e || K|| — obviunas onepamopuas nopma K.

4) Beaxuti onepamop K € So(Hq, Hs), komnaxmen.
5) Feau K — KoMNaKkmuwlil camoconpascennulti onepamop 6 2uabbepmo-
som npocmparcmee H, mo

(o)
112 2
IKI5=_ A3, (13.2)
7j=1
ade A1, A9, ... —6ce Henyaeeble cobcmeennble 3HaveHua K, npuuem wadi-

doe noemopAaemca cmoabko paz, KaKo6d €20 KPamHocms.
6) Fcau {eq} — opmonopmuposannwiii 6azuc 6 npocmparncmse Hy, mo
CKA1ApHOE Npoussedenue

(K, L)2=) (Kea, Lea) (13.3)

o

npu K, L € So(Hy, Ha) He 3a6ucum om swibopa 6asuca {ey} u onpedeasem
6 Sa(H1, Ha), cmpykmypy 2uibbepmosa npocmpancmed ¢ coOmeemcmey-
woweti Hopmoti || - ||2.
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7Y Ecau £ (Hj), j =1, 2, o3nauaem aazebpy 8cexr 02paHuueHHbs onepa-
mopos 6 Hj;, mo So(H1, Ha) npedcmasasem coboti aesviii L (Hs)-modyan
u npaewviti L (H1)-modyav, npunen
||I\’ 2, AE.,?(HQ), I\’ESQ(Hl,Hg), (ﬂ;34)

[AK]]2 <A
1K B2 <
B uacmnocmu, Sa(H) — deycmoponnuti udeaq 6 aazebpe L (H).

doxkazaTenbcTBo. Iycrs {fz} —oproHopMupoBaHHBIL 6a3mc
B Hs. Torga

S lIKeal? =3 1(Kea, f3)P= Y Hea K1) =Y
o a, B a, B B

oTkyga creayioT nn. 1) u 2). Ecau Teneps 2 =), z4€4 € H1, TO
o

2
< (Z Ia:alllKeall) <

a< (Z 2a ) (Z|

-2 —
Kea|| > =|
OTKyJa cleqyeT yTBepXKAeHue I. 3).
ITo68l JoKa3aTh 0. 4), annpokcumupyem onepaTop K € So(Hi, Ha) xo-
HEYHOMEDPHBIME OIIepATOPAMU. A UMEHHO, IYCTh €1, €2, ... — BCE TAKNE BeK-

K*f5l*, (13.6)

2
Kz

|

E raKey
o

2 [l1%,

K|

TOPBI U3 HEKOTOPOI'0 OPTOHOPMUEPOBAHHOIO 6a3uca {€e, }, 9To Keo, £0 (ToT
(dakT, 4To ux He Golee TeM CIeTHOE MHOXKECTBO, BEITekaeT u3 (/3.1)). To-

rjia fiCHO, 4TO

[ee]
KJ::Z(;L’, e;) Kej, (A3.7)
7j=1
N
n, momarags Kyr= ) (7, ¢;)Kej, Ma momyuaem, uaro ||K — Kn|*<
=1

(o]
<|IIK-Kn|i= 3> ||Kej]|> =0 npu N — oo, aTo u Tpe6oBaIoCh.
F=N+1
YTBepx geHnue 1. 5) BEITEKaeT U3 1. 1), ecin B KadecTBe 6a3uca BEIGPATh
6a3uc u3 coGCTBEHHBIX BEKTOPOB omepaTopa K.

HoxaxeM yTBepxIeHue I. 6). 3JaMeTHM BHadUaIe, ITO

. ; 1,
(Kea, Lea) < Keall 1 Leall < 5 (1K eal® + [ Leal?),

OTKyga creayeT cxoauMmocTs paga ([13.3) mpu K, L€ So(Hy, Ha).
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Ipu »ToM #AcHo, uto (K, K)2 =||K||3, oTKya clegyeT He3aBHCHMOCTD
(K, L) or BHIGOpa Gasuca.

3aMeTnM, 4TO aarebpamdecKne CBOUCTBA CKAAAPHOLO IPOU3BEICHIS
ana ([13.3) oueBHAHBIM 06pa30M BBIIOJIHEHEl I AIA JOKA3aTeIbCTBA I. 6)
0CTaeTcs IPOBEPUTD Huib HoaHOTY So(H1, Ha) OTHOCHTEIBHO HOPMEL || - ||2.
JTo yaobHee BCEro chelaTh, HOCTpouB m3omoppusm Sy(Hq, Hs) u mpo-
crpauctsa [2(M; x M), rae M; —mmoxecTBo MommocTn dim Hj. Ilpo-
crpauctBo [%(M) ans mo6oro mmoxectBa M coctour us dysxuuit f
Ha M, oranmuneix otT 0 B He GoJlee YeM CIETHOM MHOXKECTBE TOUEK, IPUIEM

> | f(a)]? < +o0. Ero moxno paccmatpusats kak LZ(M), ecan ma M
aeM
B3AThL 0-aarebpy, MOPOXKACHHYIO 0 THOTOYEYHLIMYA MHOXKECTBAMHE, I BBECTH

Mepy Ha 3Tol o-aiarebpe, moJarad Mepy KaxK oW TOYKHW paBHOH 1.

Tpe6yemprii wsomopduam So(Hy, Ha), u I?(M;y x M) 3agaeTca como-
cTaBlIeHHeM KaxjgoMmy omepatopy K € Sy(Hi, Hs) ero marpuusl K,5=
=(Kea, f3), rae {ea}, {fs} —opToHOpMUpOBaHHEIE 6a3UCHL B MPOCTpaH-
ctBax Hy u Hs. ToT GaxT, ITO 3TO COMOCTABICHHE 3aaeT N30METPUIECKHAN
m3oMopdu3aM, AceH u3 BuKIagku (13.6).

IlepenigeM x goxasaTenscTBy I. 7). llockoasky ||[AKeq|| <||A|l K eqlls
To ouenka ([13.4) m BmecTe ¢ Henm ToT axT, uTo So(Hi, He) aBasgeTcs
1eBBIM .2 (H3)-MoayaeM, OMeBUAHEL U3 OUpedeleHnil. s IoKa3aTeIbCTBa
omenxnu (/I3.5), o6ecneunBatomell BO3MOXHOCTb BBegenus Ha Sa(Hy, Hs),
CTPYKTYpH mpasoro .Z(Hi)-MoAyasd, HyXHO HePEHTH K CONPAXKECHHOMY
omepaTopy:

|KBlla= (KB [l = 1B K
910 u Tpebosanocs. H

Oycts Tenmeps X, Y — aBa mpocTtpanctsa ¢ mepott, H; = L%(Y), Hy=
= L%(X). Onucanue onepatopos K € S3(H1, Ha) B »Tofi cuTyamun gaer

Mpeaganoxenne [3.2. Onepamopwr K € So(H1, Hy) —omo 6 mou-
HOCTU Mme ONepamopdl, KOMOpPble Mo2ym 6blmb 3ANUCAHBL 68 6UJE

(K0) @)= [ Kle,v) Fw)dy (13.8)

Y

K* K

2 <187l

l2=1|B]l]

2y

¢ nomouppio adpa K(z, y) € L?(X x Y). Ipu smon

K

- / | K (2, y)|* dz dy (13.9)

XxY

(6 dopmyaar (A3.8) u (O3.9) swipanmcenus dr u dy oswauarom mepovl
na X uY).
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JoxasaTreasctBo. Ilyctes {e.(y)} u {fs(z)} —oproropmupo-
Bannble 6asucel B L2(Y) u L?(X). Ilpeanonoxnm, uto K € Sa(Hi, Ha).
3amernM, uTo {fg(%)en(y)} —moamas opToHOpMHpOBaHHAA cHCTEMA
B L%(X xY) u ecan moroxuTs

K(x, y)=Y (Kea, f5) f5(x) ealy), (13.10)
a, B

To K(z,y)€L*(X xY) n oneparop Buga (/I3.8) coBmagaeT ¢ omepaTo-
pom K, Tak Kax y 3TUX OTIepaTOPOB OANHAKOBEIE MATPUIILI TPH BEIGDAHHEIX
6asucax {e,} B Hy, u {fs} B Hy. PaBencrso IlapceBans oGecnednBaeT BhI-
noauenne ([13.9).

O6patno, ecin K (z, y) € L*(X xY) o, pasraras K(z,y) B pag mo
cucreme {fz(2) eq(y)}, MBI momyIIM

Kz, 9)=) capfa(@)ea(y), Y lcapl’ <+oo.
o B B

Ho Torga scho, uro B 6asucax {e,}, {f3} omeparop k mmeer maTpumy
cap = (Keq, f3), oTkyaa u cregyer, aro K € So(H,, Ho). B

[3.2. flgepHbie omepaTopH M caef

Ounpegeaenune [3.2. Ilycte H —ruan6epTOBO IPOCTPAHCTBO,
Sa(H) —mngean omeparopos 'manbepra—Ilvugra B H. Hycts Si(H) =
= (S2(H))? — aBycropounutt ugean B .Z(H), apasomutics KBaIpaTom
ngeana So(H), T. e. COCTOAMNA U3 ONEPATOPOB, UMEIOINNX BUJ KOHEIHON
CYMMBI:

A=>"B;Cj, Bj, Cj€S5(H). (13.11)
J

AnemenTsl ngeana Si(H) HazwBaoTca AdepHbluu onepamopanu B H.
Mpegnoxenne [O3.3. 1) Ilyemv A€ S1(H) u {e,} — opmonopmu-
posannwiti 6azuc 6 H. Toada

Z | (Aeq, €q)| <400 (113.12)

U 8bIPANCEHUE

Sp A=) (Aeq, €a) (13.13)

He 3asucum om ewbopa opmoHopmuposanHozo 6asuca {ey} (0HO HaswIBa-
eTcs caedom onepatopa A). Caed — aunedinwiii pynxyuonas va Sy(H), npu-
uen Sp A>0 npu A > 0. Craaaproe npoussedenue (K, L)g moxncem 6oims



OINEPATOPHI TUNJIBBEEPTA—-IIIMUTA 287

3anucano uepes caed no gopmyae
(K, L);=Sp(L*K), K, LeS,(H). (13.14)

2) Ecau A — komnakmuulii camoconpaxcennvili onepamop, A1, Aa, ... —
€20 HEHYAEBBIE COBCMEEHHBIE 3HANEHUA C YNEMOM KPAMHOCMU, MO YCAOBUE
A€ S1(H) pasrocuabro momy, wmo

>IN < 4o (13.15)

Ilpu smom = -
Sp A= A (13.16)

j=1

3) Ecau A€ Si(H), mo

Sp A*=Sp A. (13.17)

4) Feau A€ S1(H) u Be€ £(H), mo
Sp (AB)=Sp (BA). (13.18)

JoxaszaTteascTtBo. 1) Ecan omepatop A mpeicTaBieH B BU-

ge (O3.11), To
(Aeq, €q) :E(BjCjea, €a) :Z(Cjea, B;feoé)7

J J
oTtkyga creayior ([13.12) u cooTHOmeHNE

> (Aea, ea) = (Cy, B})a, (13.19)

o
U3 KOTOPOTO, B 9aCTHOCTH, ACHO, ITO S]p A He 3aBuCHT OT BEIGOpa Oazuca.
Pasenctso (/13.14) oueBngHo.
2) IIycts Temeps A= A*. Eciu A€ S1(H), To ycrosue ([13.15) u co-
otHomerue (/3.16) BomonHeHB!, Tak KaK B KadecTBe 6aznuca {e,} MOXKHO
BHIGpaTH coGcTBeHHRIN Gasuc. O6paTHO, ecan Buimoaneso ([13.15) u {eq} —

co6cTBeHHBIN 6a3uc, Tak 9T0 Ae, = Ay €4, TO, oupegeass B u C' ¢popmysamu

Bey = |)‘oz|€om Cea:)‘a/\/ |)‘°‘|€°"

Mel BuanM, 4to B, C € Sy(H) n A= BC, tax uro A€ Si(H).
3) IIposepum (/[13.17). Ecan onepatop A mpeacrasaen B Buge ([13.11),
To A" =3 C} B um (13.19)
J

Sp A*=> (B, Cj)2=Y_ (C;, B}),=5p 4,
J J

9To U gokaswBaeT ([13.17).
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4) IIposepum, nakoser, (/13.18). IlycTs BHauase B — yHHTapHBIN omepa-
Top. Ho Torga onepaTopsr AB u BA yHuTapHO S5KBUBAJEHTHBI, IOCKOILKY
AB= B~!(BA) B. llosTomy pasercTso (/13.18) a1 yruTapHoro B BhITe-
KaeT U3 yiKe NOKA3aHHOW HE3aBHCUMOCTH cjeda oT BhlGopa Gasuca. [las
goxazaTenbcTsa ([3.18) B obmiem caydae 3ameTum, 4To o6e wactn ([13.18)
JIUHENHL 10 B 1 uMeeT MecTO

Jemma [3.1. Jwéoii onepamop BE.ZL(H) asasemes aunetinodi Kom-
bunayuet Yemblper YHUMAPHHLT.

JdoxaszaTeansbcTso. Ilockorbky MOXHO HAIUCATD

_B+B* B-B*

B:Bl+i321 BI:Bl_ 2 ) ;:BQZ 2% )

TO JOCTATOYHO HPOBEPUTL, UTO CAMOCOUDSKEHHHIH omepaTop B MoxkeT
6LITL 3ammMcaH B BHJe JAUHEHHON KOMOUHAIINM JBYX YHHTapHBEX. MoxkHO
cautaTs, uTo ||B|| < 1. Ho Torga nckomas 3amuch HMeeT BH[

B:%[B%—z'\/[—B?H—%[B—i - B2,

Jemma 3.1, a Bmecte ¢ Henn u npegmoxenue [13.3 goxazanni. W

[3.3. IlonapHoe pasmoxeHue omepaTopa

Ilyctes Hq1, Hy — ruan6epToBLI IpOCTpaHCcTBa. HamlOMHIM, 9TO OTpaHu-
veHHHIN omepaTop U: Hy — Hs HA3BIBAETCH 4ACMUUHO U30MEMPUNECKUM,
ecan oH m3oMeTpuuHO oTobpaxkaeT (Ker U)J‘ Ha Im U. Orcoga cregyer,
9TO

U*U=E, UU*=F, (113.20)

rae E —opToronamsusll npoekTop Ha (Ker U)J‘ B H;, F'—oproronann-
Hed npoexTop Ha Im U 8 Hy (B 5ToM caydae Im U —3aMxHyTOe mOATIpO-
ctparcTBo B H3). Ecan Ker U =0, Im U = Hs, To U ABIsfeTCA YHUTAPHBIM
OTIEPATOPOM.

Ounpegenenne [3.3. Ioaapuvim paziodxceruem OTPAHTIEHHOTO

onepaTopa A: Hi — H HazwpIBaeTCs €ro mpeicTaBIeHNE B BUIE
A=US, (13.21)

rge S — OrpaHUYEHHBIN CAMOCONPSKEHHBII HEOTPUIATEJLHBEIN OIepaTop
B H,, U —Takon yacTu4Ho mzoMmeTpudeckuu onepatop U: Hi — Hy, uTO

Ker U =Ker S =(Im 5)*. (13.22)

IIpeanoxenne [3.4. IToaaproe pazaosicenue o2paHuueHHo20 one-
pamopa A: Hy — Hs cywecmsyem u eduncmserHo.
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JoxaszaTeasctso. Us (13.21) maxogum A*=SU*, otkyga A*A=
=SU*US=SES. Ho ES=S B cuny (/13.22), Tak 4o

A*A=52, (113.23)

OTKYZa

S=VA"A, (113.24)

rge VA*A ompegeaseTcs ¢ MOMOLILIO CIEKTPAILHON TeopeMbl. B camom
gexe, nycts C'= A*A u B — 1106011 OrpaHIYeHHBIN CAMOCONPSIKEHHEBIN OIle-
paTop B Hi, gna xotoporo B?=C u B >0. Jokaxem, ato B=S, rge S
onpegensercsa Gopmyaon ([13.24). Byayun ¢yukuueir ot C, omepaTop S
KOMMYTHUPYET C KaXkIbIM omlepaTopoM, kommyTupyiomuMm ¢ C. B gacTHO-
ctu, BS =SB, nockorsxy BC = C B = B?. CaegoBaTeabHo,

(S—B)S(S—B)+(S—B)B(S—B)=(S*-B*) (S—B)=0.

O6a wiena B mpaBoll 9acTH ABISIOTCA HEOTPULATEILHBIMI ONEPATOPAMIE,
OTKyJa ciefyeT, ITo oHu 06a paBHEI Hya0. [losToMy 06paIaeTcs B HOJIb UX
paszocTs (S — B)3, otkyga (S — B)* =0. Orcioga BriTexaeT, uto S — B =0,
IIOCKOJIBKY omnepaTop S — B caMOCOIpsXkeH.

Hanee, onepatop U ogHosHauHO ompegereH (opmyron (13.21) B cu-
1y ([J3.22), 94T0 JOKA3BIBAET €IUHCTBEHHOCTD HOIAPHOTO PA3IOKEHN.

s 10Ka3aTenbCTBA CYLUIECTBOBAHUA MOCTpouM S 1o dpopmyae (13.24)
u oupegeaum U, momaras

Ur=0 npu zlImsS, (13.25)
U(Sz)=Az mnpm z€ H;. (113.26)

1 mpoBepKH KOPPEKTHOCTH HTOTO OIpeJeNeHUs JOCTATOYHO AOKAa-
3aTh, 4To eciun Sz =0, To Az =0. Ho sro cpasy cregyer u3z (/[13.23). Boxee
Toro, 3 ([13.23) noxysaercs

||S;13||2 =(Sz, Sz)= (52;13, z)=(A*Az, z) = (Az, Az) = ||A;13||2,

9TO JOKa3blBaeT dacTUuHyo uzomeTpudnocts U. W

Iloapo6Hee 0 CLIEKTPAIBHOU TeopeMe U HMOAAPHOM DA3I0KeHUN CM., Ha-
npumep, Pucc u Cekedarssu-Hans [1].

Ounpegenenune [13.4. Eciu A=US —noaspuoe pazmoxernue A, To
MBI OyJeM ICIOAL30BaTh o6o3HadeHue S =|A|.

ODpegnoxenne [O3.5. Iyemv J — aw060t aesviii udeaa 6 aaze-
6pe L (H). Tozda ycaosue A€ J pasnocuavno ycaosuio |A| € J.

doxaszaTeanbcTBo odeBuguo uz popmya A=U|A|,U*A=|A|. &
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Caegctsue [13.1. Hueen
AeSy(H)s | A€ Sa(H),
AeSi(H)e | A€ Si(H).

Toap3yack MOAAPHBIM Pa3IokKeHIEM, MOKHO B Jo6aBIeHNe K 1. 4) npea-

goxenusa [13.3 goxasats
Mpegaoxenne [13.6. Ecau A, B€ S3(H), mo

Sp (AB) = Sp (BA).
Hdoxa3zaTeasncTtso. [lors3yacs ToxgecTBaMu

4AB*=(A+B)(A+B)* — (A—B)(A— B)*+
+i(A+iB) (A+iB)" —i(A—iB) (A—iB)",

4B*A=(A+ B)*(A+ B)—(A—B)*(A— B)+
+i(A+iB)" (A+iB)—i(A—iB)" (A—1iB),
MEI BUUM, ITO JOCTATOYHO IPOBEPUTH, ITO
Sp(AA*)=Sp(A*A), Ae€S,(H). (13.27)

Ho ucnoassys noasproe pasznoxenne A=U S, Mel BuguM, uto S €.S5(H),
caegosaTensto, S? € Sy (H), 1 mockoabKy

A*A=S§%  AA*=US?U*,
TO B culy npegnoxenus 3.3, m. 4)
Sp (AA*)=Sp (US?U*)=Sp (U*US?)=Sp S*=Sp (A* A),

4T0o u TpeboBantock. M

[A3.4. flgepuaa HOpMa

Onpegeanenne [J3.5. Adeproti nopmoti oneparopa A€ Sy (H) na-
3BIBACTCA BEJNINHA

1Alls=Sp [ A]. (/13.28)

Mpeganoxenne [A3.7. 1) Hueiom mecmo nepasencmsa
I1All2 < 1Al AeSi(H); (/13.29)
IBAlL <IBI[IAllL,  A€Si(H), BeZ(H); ([13.30)
IABIL <[IALIBIl,  A€Si(H), BeZ(H); (/13.30")
Il Sp Al <[ All1, A€ S5 (H), ([13.31)
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U COOMHOULEHUA

1A% ][ = [ All1, A€ S (H); (13.32)
[Ali= sup [Sp(BA)|, A€Si(H). (113.33)
BeZ (H)
1BlI<1

2) Adepnas Hopma onpedeasem wa Sy(H) cmpykmypy 6anarosa npo-
cmparcmea.

JoxazaTteanscTBo. 1) a) Jokaxem ([13.29). Ilycte A=US —no-
napHoe pasnoxernue A. Torga nmeem

1Al =1ISlli=5p S, ([13.34)
[[A]l3=Sp S(A*A) =Sp 57, (113.35)
oTkyaa (/13.29) cBoanTCA K HEPABEHCTBY
Sp S* < (Sp 5)*, (113.36)
KOTOPOe CTAHOBUTCH OMeBHAHEIM, ecau Sp S? u Sp S 3amucaTh B coGCTBeH-
HoM Gasuce omepaTopa S.
6) Jdas goxazaTteanctsa ([13.32) sameTum, ato A* = SU*, AA* =US?U*
u |A*|=USU*, otkyaa
Sp |A*|=Sp (USU*)=Sp (U US)=Sp S=Sp |A]|.
B) Jokaxem Teneps ([13.31). Ilycts {en} — OPTOHOPMUPOBAHHEIN COG-
CTBEHHBIN Ga3uc omepaTopa S, S, — COOCTBEHHbIE 3HAUEHNUA, T. €.

Seq =50€0. (13.37)

Nmeem

Sp A=) (USeq, €a) = sa(Uta, €a), (113.38)

HO mockoabky | (Ueq, €4)| < 1, To sicHO, ITO
| Sp A<D sa=Sp S=||4]|x
[e3

r) Joxaxem (/13.30). Ilycte BA=VT — monspHoe pasioxkeHne OIepa-
Topa BA. Toraa

||BA||1 =Sp T=Sp(V*BA)=Sp (V*BUS).
3ameTnM Teneps, uTo ||V* BU|| < ||B||- JanbHelimee paccyx AeHne IPo-

XOAUT AHAJOTUTIHO II. B).
1) Onenxa ([13.30') ceogures x onenke (/3.30), mockoabky

[AB[l = [[(AB)*[[1 = [|B* A"}
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e¢) Cootromtenne (/13.33) Temeps 04eBUIHO BBHAY OLECHKH
| Sp (BA) [ <|IBAJL < [[BI[[[A]l,

B koTopoll npu B =U* uMeeT MeCTO paBeHCTBO.
2) a) JoxaxeM, 94TO sgepHasd HopMa || -||; o6ragaeT 0GBIMHBIMEA CBOM-
CTBaMH HOPMBI:
A"+ A" <A + 1A%, A A € Si(H);
AL =M All, A€ Si(), et
[|A|1 =0 A=0.

He oveBugno aumns nepsBoe cooTHommerne. [ ero J0Ka3aTeqbCTBa BOC-
noab3yeMcs cooTHommerHneM (/13.33):

|A"+ A"[[y = sup | Sp B(A'+ A")|= sup | Sp(BA’)+Sp(BA")[<

[I1BlI<1 [1BlI<1
< sup (| Sp(BA')[+]Sp(BA")[)< sup (| Sp(B'A)[+]Sp(B"A")[)=
[1BlI<1 (|1B[|<1
1B"lI<1
= sup | Sp(B'A)|+ sup | Sp(B"A")|=]A"1+][A"lx.
(1B/lI<1 (1B1<1

6) [Hoxaxem mnoanory Si(H) mo mopme glossary||-|[1]|-|[i. Hycts
n=1,2,..., A, €5 (H) u ||A, —An|[i =0 opu n, m— +oco. Torga B
cury ([13.29) u mpegaoxenns 3.1, m. 6) cymmecTByeT Takoll oIepaTop

A€ Sy(H),ato lim ||A, — A2 =0.
’ n— 400

Iposepnm, uto A€ S1(H). Ilycts A=US —noaspuoe pasmoxenue A.
TTonoxum C), =U* A,. fIcuo, ¥TO

lim [|Cy — S]l2=0 (113.39)
lim_[|Co — Conl[1 =0. (113.40)

IIycts {e4} — OPTOHOPMUDPOBAHHLL COOCTBeHHBIN 6azuc S, s, — cob-
cTBennsle 3Havenud. Us (13.39) caegyer, aTo

Sa = (Sea, €q) :nli)rrc}o(Cnea, €a). ([13.41)

[us noxazateabcTsa Toro, 9to A € Sy (H), J0CTATOUHO IPOBEPUTD, ITO

> $q <+00. DTO B cBOW 0Uepeln, 6aarogaps ([13.41), BEITekaeT U3 OLeHKN
o

sup Y [(Cnea, €a)| <+o0, (13.42)
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BEPHOHU B CIIy HEPABEHCTBA

Y 1(Cuea, ea) [KICIL,  CESL(H), ([13-43)

1erko BeBoguMoro u3 (/13.33).
OcTaetcs gokazaTsb, 9TO

n11_}1101o [|[An —A|[1 =0.
IIyctes € > 0. Bribepem cToab 6oanimoe N, IT0
[|Am — Anll1 <&, m, n>=N. ([13.44)
IIpoBepumMm, uTO
[|[An — A|1 <& mpu n>=N. (13.45)
W3 ouenxnu (/I3.43) BoiTekaeT, uTo gus aoboro B € £ (H)
nl;n;o Sp(BA,)=Sp (BA).
Ho B cuxy ([13.44) otcioga caegyer, 4To
| Sp(BA,)—Sp(BA)|<e mpm n>=N,
ecan ||B|| < 1. Ocraercs BocmoaszoBaThea cooTHomenueM (/13.33), m Mul
npuxoauM K Tpebyemomy (13.45). W
[3.5. BrlpaxeHue crefa epe3 aJpo ollepaTopa

Bompoc o BelpaxkeHnn cliefa oIepaTopa depesd 1Ipo 0UeHb IPOCT ¢ Gop-
MAaJIbHON TOYKN 3PEHNA, HO TPYAeH TeXHUIeCKN (TPYAHO 060CHOBATD JeTKO
HaxoAuMyoo (GopMmarsHO (opMmyay). B sToMm myHkTe MBI mpuBegeM Gop-
MaJIBHYIO CXeMy, KOTOpas B Kaxk oM KOHKDETHOM CIydae JOMKHA JeTaTbHO
060CHOBBIBATECH.

IIycts X — npocTparcTBO ¢ Mepoit dz, K — ageprstit onepatop B L?(X)
¢ sgpom K (z, y). Mbl Moxem 3anucars K B Buge

K=1IL1Ls, L1, Lo€S5(L*(X)) (713.46)

(sT0, HAIpEMED, MOXKHO CAeIaTh Tak: HycTb K = U S — moaspHoe pasnoxe-
ame omepatopa K; Torga moxuo B3aTh L =U~/S, Ly =+/5). O603naqmm
gepes Li(z, y), La(z, y) agpa onepatopos L1, L. Torga ¢popMaibHo nMeeMm

K(z, y) :/ Li(z, z) La(z, y) dz. (13.47)
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IMockoabky Mbl MoxkeM Takixke sanucaTb K = (L7)*Ls, a omepatop LF
umeer aapo Li(z, y)=Li(y, z), To u3 mpeanoxenus [13.3 (dpopmyra
([13.14)) u u3 npegnoxenus 3.2, rapaHTUPYIOMIET0 PABEHCTBO

(K1, Kz)zz/ Ki(z, y) Ka(z, y) de dy (13.48)

(rae K; € So(L%(X)), K;j(z, y) —aapa onepaTopos K), Mbl HaxoauM

Sp K =(La, L’{)g:/ Li(y, z) La(z, y) dx dy:/ Li(z, z) La(z, x) dz dz,
(13.49)

nan

Sp K:/ K(z, z)dz. (113.50)

®PakTnieckoe 06ocHOBaHME (HopMaIbHBEIX BEIKIaT0K ([13.47)—(13.50)
MOXKeT OBITEH IPOBEJEHO, HAIPUMeED, B CIydae, Korga X — KOMIAKTHOE MHO-
roo6pasue ¢ kpaeM, dz — Mepa Ha X , 3aJaHHAA C IOMOIILIO TOJ0KUTEILHON
rIagkoll IIOTHOCTH, U 11po K (z, y) menpepuisHo. OgHO paccyXjeHue Ta-
KOT'0 COpTa, OCHOBaHHOe Ha TeopeMe Mepcepa, 6bu1o mposegeso B § 13 B
JOKa3aTelbCTBe TeopeMHl 3.2. OTMeTHM OCHOBHYIO TPYAHOCTL 0GOCHOBA-
Hua: 1po K (z, y) ompegeneHo INIIb ¢ TOYHOCTHIO 10 MHOXKeCTBa MepHl () B
X x X, a B ([13.50) BxoauT orpanndenue K (z, y) Ha anarosaib B X x X,
ABAAIONTYIOCST MHOXKecTBOM Mephl () B X x X.

OguHE U3 BapHAHTOB TAakKoro OGOCHOBAHUS — IOAYYIUTL HHTErPAI
([13.50) xax mpeen UHTErPAIOB 110 MAJIBIM OKPECTHOCTAM JUATOHAIN, HOD-
MHPOBAHHBIX COOTBETCTBYOMUM MHOXHUTeAIMH (cM. ['ox6epr un Kpens [1],
ra. ITT, § 10). Msr onyckaeM COOTBETCTBYIOMIE TOAPOGHOCTH, TaK KaK OHI
He ICIOAB3YIOTCS B TEKCTE KHUTH.

Jagaua [J3.1. Joxasars, 4TO

IABIlL <[[All2||Bl2, A, B€Sy(H).
Jagaga [3.2. Joxasars, 94TO
IBll="sup | Sp(AB)].
A€S:(H)
Al <1

3agawa [3.3. Hycrs J— aBycroponnnu ngear B Z(H). Ilycts
0<ALBu BeJ. Jokasats, ato A€ J.

Ykasanune. Jlokasats, aro AV/2 =CB'/2 rge CeZH)n||C]I<1.
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Mur ykaeM 3[ech Jullb paGoThl, Hanbojee TECHO CBA3AHHKEIE C TEKCTOM KHHUIH.
IIpu >ToM MBI HM B KO€ll Mepe He MpeTeHIyeM Ha moaHoTy Gubauorpadun. [lo Bozmoxk-
HOCTH aBTOP cTapaJcid N36eXXaTh CCHLIOK Ha KpaTKHe CoO6IIeHnd U TPYIHOJIOCTYIHEIE
HCTOYHHUKH, TAaK 9TO B OCHOBHOM IMUTHPYIOTCA MOoHorpadumn, a TakxKe Moapo6HEIE WIN
0630pHBIE CTATEH.

K TIHIABE I

IonaTue ncesnoaudbepennmantstoro oneparopa (IIJ0) BozHukaO Ha Gasze Teo-
PHH MHOI'OMEPHHIX CHHIY/IAPHEIX HHTErPaJbHEIX ONepaTopos (cM. MoHorpadmno Mux-
auHa [1] 1 nMetommecs TaM cchLIKN). B 1anpHenmeM NoABIINCE CHHIYIAPHEIE HHTETPO-
auddepeHnnalbHEE onepaTopk (cM. pa6oTy ArpaHoBuda [1] n mMeoImnecs TaM CChLI-
kn). Tepmun «cesgoanddepeHIMalbHEI onepaTop¢ 6EL1 npenaoxed Ppuipuxcom n
Jlakcom [1]. B cospemennon ¢popme I1JIO nossmance, mo cymectBy, B paGore Kona n
Hupen6epra [1] (Ttam paccmarpusammce I1/1O, HasEBaeMEIE 3/1€Ch ¢KIACCHIECKHMHM) ).
Kaaccer cumBoaos 52?5 M COOTBETCTBYIONINE KJIACCH OMEPATOPOB OBLIN BBENEHH X 6p-
maH gepoM [2]. Emy ke npunagmexxnT Teopema o6 nuBapnanTHocTH Kaacca 11/JO orHoCH-
TeJBHO 3aMeH NepeMeHHEIX (cM. Xépmangep [1], [2]). IIpuBo gumoe 31echk foka3aTeabCTBO
2TON TEOpEMBI OCHOBAHO Ha ujaeax Kypanwumm.

Unrerpansune onepatoper Pypre (IOP) 6B BBEJEHHE N CHCTEMATHYECKH H3Y-
4geHH B pa6Gore Xépmanpgepa [6]. Panee 6imskoe moHATHe KaHOHMYECKOI ONEPATOpa
N3y9anoch B CBA3H C Pa3JMYHEIMH ACHMITOTHIECKIMH 3a1adaMn MacIoBEM (cM. MOHO-
rpadun Macaosa [1], [2], Macrosa u Pegoproka [1], craTsio [Joncrepmaara [3]). Pa6ore
Xépmangepa npeamecTBoBau Takxe paGoTs Jckuna [1], [2], Eroposa [1], [2], cogep-
JKaBIIME HJEH, HCHONb30BaHHEE XépMaHgepoM B pa6orax Hupen6epra n Tpesa [1] n
Eroposa [1]—[4] IITO u npocrenmue NOD ncnoaszoBarnce 414 N3y9eHA BOIPOCOB JIO-
KaJbHOW PA3pENIMMOCTH U PErYJAPHOCTH PENIEHUN 06IINX OMepaTOPOB IVIABHOI'O THIIA.

B uzaoxennn Teopun ocrmiaupyomux naTerpanoB, MOP u nmocrpoennn aare6ps
MO0 M caegyem, B ocHOBHOM, pab6ore XépmaHnpaepa [6]. ['unosaauntuanocts B § 5
nsloXeHa B Ayxe paGoTe XépmaHgepa [2]. B Ton xe pa6oTe npusegeH noipo6Ho pe-
alM30BAHHBINA 3/€Ch 3CKu3 Teopun npocTtpaHcTB CoboaeBa. Boaee moanbie cBegeHns o
npoctpancTBax CoboJieBa MOXKHO HalTu B MoHorpadunax Xépmangepa [7], Hukoabcko-
ro [1], Co6oaesa [1], Becosa, Uabnna u Hukoanckoro [1], Jluonca n Mamxeneca [1].
DaeMeHTapHOe n3joXeHue npocrenmux daktos Teopun 1O MoxkHO HAaUTH B KHHTe
Yoaaaca [1].

OTmMeTuM, 9TO MBI HcNoNb3yeM 3aeck Tepmud NODP m1na omepaTopos, o6BIYHO Ha-
3biBaeMHBIX JoKaabHEIMU NODP. Teopusa riuobasbusix MOM, cymecTBenHO Gollee TOHKadA
W CJOXXHAA, HAMH CO3HATEJILHO ONyIleHAa BO U36€KaHWe 9pPEe3MEPHOrO YBEJIHIEHUA 06b-
ema kauru. Ogaako riobadsabie NOM uam ux >3KBUBAJEHT — KAHOHUYECKHH OMEPATOP
Mac/ioBa— HEOGXOAMMEL B pfjle NPHJIOKEHNH (HANPHUMED, B TEOPHH FHIEPGOINIECKAX
YPaBHEHHI WM B CIEKTpanbHoH Teopun). [loaToMy mocae 3HaKOMCTBa C JIOKaJbHBIMHE
NO®P n ux NpuIokeHNAMH YATATENO CTOUT H3ydnTh riobarsHere N1OD (3To MoxkHO
clenaTh, HAIPHMED, [0 CTaThAM XépMmaHfgepa [6] u [loncrepmaara u Xépmangepa [1],
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nmm no aexkuuam Joficrepmaara [1]) 1 Teopuio KaHOHWYecKoIo onepaTopa Maciosa (Ha-
npumep, no kanre Maciosa n Pegopioka [1]).

Tlo mosoxy apyrux Bonpocos Teopuu [[/IO 1 NOP mbr oTchLIaeM 9YATATENd K MO-
Horpaduam Ppugpuxca [1], Sckuna [3], Teuropa [1], Moiicrepmaara [1], Tpesa [1],
I'pymnna (2], pa6oram Arpanosu4a [1], Kymano-ro [1], [2], Buica n Pedepmana [1],
Buuca [1], [2], [3], Kaabgepona [1]. OTMeTnM Ba)kHOE yTOYHEHHE TEOPEME! 06 OrpaHN-
9EHHOCTH (B 9acTHOCTH, [ ONEPATOPOB KJacca L?)yé npu 0 p=4§6< 1), HallgeHHOE
Kaasgepornom n Baitankypom [1] (cm. Takxe Barana6e [1] u Kymano-ro [3]). Ilo no-
Bomy mericreusa 11O B mpocrpancteax LP cm. Mypamary [1] n Uaanep [1], B reasge-
poBcKkuX KJaaccax — [[iopaH [1], B Kaaccax KeBpeeBCKNX M aHAIUTHUIECKUX GYyHKINN —
Boaesnu [1], Tiomaro u Tpes [1], Bayenan u Uyaaynk [1].

OmnepaTopH ¢ KOMILIEKCHOH (hazoBoll ¢pyHKImeN paccmaTpusann Kydepenko [1], Mn-
menko, Crepunn n [llaranos (1], Meann n HlécTpang [1].

Cuannoe BauaHue Ha pazsuTue Teopun [1/10 okazanu pa6oTe no npo6.aeMe UHIEKCa,
B koropon [I/]O Hamm cymecTBeHHee IpAUMeHeHNUE: cM. pa6oTH ATea n 3uHrepa [1],
Degocosa [1], ATea, Borra u [TaToau [1], Xépmangepa [5], Area [1], [2]. Texauka IO
ucnosab3oBanack B pabore Atbsa n Borra [1] o Teopeme Jledmena.

Baxxnrie koukpernure npuioxenns [1/10 B kaaccuyeckux 3ajgadax TEOPUH ypaBHe-
HUWN C 9aCTHHIMH MPOM3BOTHBEIMH MOXHO HalTH B paGorax Oaeilnnk m Pankesuua [1],
Masen u [Maneaxa [1].

K THABE II

Onucanue CTPYKTYPhl KOMILIEKCHBIX CTeNMeHeH 3MLIMMTHYEeCKUX OIEpATOPOB B Tep-
munax [1/JO u Teopema o MepoMop}hHOM NPOTOIKEHUN Aep KOMILIEKCHHIX CTENeHEN 1
¢-dyuknun npunagexat Cuan [1], [2], [3]. [lpyrue BapuanThi 1 06061EHHA 3TOH TEOPUU
MoxkHOo HanTH B pa6orax Harace u [llunkan [1], Xanakass u Kymano-ro [1], Kymano-ro
n Iynywmmu [1], Cmarnna [1], [2]. Tay6epoBa TexHNKa BIEPBEIE HCHOAB30BAIACE B KIaCCH-
1geckont pa6ore Kapaemana [1]. O630p pasnin4HEIX BapnaHTOB Tay6epoBOH TEXHAKH 1aH
a pabore Xépmanjepa [4]. [lokazaTeabcTBo Tay6epoBol TeopeMul lkexapa, npuBo uMoe
3/7eCh, 6IU3KO K JOKA3aTeIbCTBY, N3JI0kKeHHOMY B KHure Jlenra [1].

OTMeTuM Ba)KHOE MPUIOKeHUe pe3yabTaToB Cuin — yye ynoMHUHABIIYIOCA paGoTy
Arba, Borra u IlaToan [1], B KoTopoll IaHO HOBOE M3/I0XKEHNE TEOPHH HHIEKca. ATh,
Matoan u 3unrep [1] U3y4Ynau A1 CAMOCONPAKEHHOI'O HEMOJYOrPAHUYEHHOT'O OINepa-

Topa A dyHKIUIO
na(z) = Z (sign Aj)
J

P

YkaxeM eme 6.1M3KHE K 3TOMy Kpyry njen pa6orsr Pea u 3unrepa [1], [2] 06 ana-
JUTHYECKOM KPYY€eHHH.

Pa6orer Cuan 2], [3] comepkaT Takke n3ydeHne KOMILIEKCHBIX cTeneHeln n (-byHK-
U OMEePaTopa, COOTBETCTBYIOIIETO IIUNTHYeCKON FPaHUYHON 3a1a4de. MbI coBceM He
Kaca/JHCh CMEKTPAJLHON TeOPUH IPAHNYHAIX 3a/a9 — TI0 3TOMY MOBO Iy YHTATENb MOKET
o6paTnThca K MoHorpaduu Bepezanckoro [1].

MepomopdHoe npogoaxkenne (-pyHKINN TECHO CBA3AHO C ACUMIITOTUKOM Cle/la pe-
30/IBBEHTHI (IPH A — 00) U C aCHMITOTHKOH §-byHKINN

a(t)=> et
J
npu ¢t — +0 (cM., Hanpumep, [JolicrepmaaT n [nitemns [1]). OTn Bonpock n3yvaruce B
pa6orax Pymxusaps [1] u I'pennepa [1].
Tcen g0 auddepeRnuaTLHBIe CUCTEME, daannTudeckue no Jyraucy—Hupenbepry,
N3yHalINCh ¢ yKasaHHON Touku 3peHnsa KoxeBHUKOBRIM [1].
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Acnvnrornka N(A) npn A — 400 (6€3 OLEHKN OCTATKN) A4 CHTOLIANITHYECKAX
onepaTopoB Ha KOMMAKTHOM MHOT006pasnn ¢ KpaeMm moaydena Mockarenm u Tomn-
conom [1].

O6cy»x eHne Teopui Tnces 1o auddepeHIUATPHEX MPAHIYHBIX 32434 C MapaMeTPOM
MOXKHO HaWTH y ArpaHoBuda [2].

Kak MBI OTMedYaqnm B TeKCTe KHHTH, TeopeMa O MepoMOpdhHOM PO T0KeHUN
(-byHKINN He TO3BOJAET MOJYYUTH CYIIEeCTBEHHON MH(POPMAINH O COGCTBEHHEIX 3HAa-
YEeHNAX HECAMOCOMPMAXKEHHBIX oflepaTopoB. O630p pa3MYHBIX BOMPOCOB CHEKTPATLHOM
TEOpUN HECAMOCOTPAKEHHHEX AuddepeHInaTbHIX U TceB 10 A depeHITnaILHEX OTe-
paTOpOB MOXHO HaliTn B pa6oTe ArpaHoBn4a [3].

K TTUABE III

Teopema 16.1, npnHajgtexkaman XepMaHgepy, fokasaHa B ero pabore [4]. [nasa IT1
npejacTapaser co6oll pa3sBepHYTOE U3J0XKEHUE dTON PaGoTH, TOMOJHEHHOE U3J0XKEHUEM
Bcex HEOGXOMMBIX BCIIOMOTaTebHBIX (hakToB. PaGora XépmaHnnepa [4] coxepXuT Tak-
YK€ HEKOTOPHIE PE3YJbTATH, OTHOCANINECA K CIydal0 HEKOMIIAKTHOTO MHOroo6pas3us, u
HEKOTOPHIE Pe3yJIbTAaTH 0 cpefHHuX Pucca (cM. mo sToMy noBoxy Takxke gpyrymo paboTy
Xépmangepa [3]).

Onucanue cTpykTyph onepatopa exp(—itA) kak 1OD, mo cymecTsy, geraeTca Ha
OCHOBE M€l F€OMETPUYECKON ONTHKH (CM. [0 3TOMy HoBOAy KHHUry Ba6u4a n Bynge-
peBa [1]). DT ngen 6811n HcnoaszoBasu JlakcoMm [1] 18 MOCTPOEHHA aCHMITOTHYECKAX
pellleHni U apaMeTpukca runepboandeckux cucrem. Merox Jlakca 6ru1 passut Xép-
MaH ZepoM [4] 1 mpHBe. K yKa3aHHOMY OIMHCAaHHUIO CTPYKTYPHL ortepaTopa exp(—itA), aro,
[0 CyIIEeCTBY, PABHOCWJIBHO OMUCAHUIO 0COGEHHOCTEN (DYH TAMEHTAILHOTO PENIEHUA TH-
nep6oandeckoro nces goauddepeHnuaIbHoro ypapaeana. OTMETHM €ellle, 9TO OMePaToOp
exp(—1tA) npn Goapmmx ¢ yxke npejgcrabageT coGoil riobansuem N1OP (cMm. aurepa-
TypHHE yka3aHud K raase 1). B page pa6or msydalack BO3MOXKHOCTE NpEJCTaBIEHHA
onepaTopHON 2KCHOHEHTH exp(—tA) 1 ee Apa B TepMIHAX KOHTHHYATLHEIX HHTECPAIOB
Tnna Penamana (cm., Hanpumep, Macaoe n Hlummapes [1]).

OTMeTuM, 9TO METO/ MOJNy9eHNUA ACHMITOTHKH CIEKTPaJbHON (hYHKITNU, OCHOBaH-
HEI HA PACCMOTPEHHUH I'UMep6oInv9ecKOTo ypaBHEHN, BIIEpBhIE UCMOab30Bajca JleBuTa-
HOM [1] Ykaxem emie pa6oTy JleBuTana [2]7 colep¥Kallly o BaXKHbEIe fo6aBiaeHNA K pabore
Xépmangepa [4].

JanbHennme pe3yJbTaTH 06 ACHMITOTUKE COGCTHMEHHBIX 3HAYEHHUH, CBA3KIBAIONINE
3TOT BOMPOC C T€OMETpHEN GUXapaKTEPUCTHK, MOXKHO HanTu B pa6oTax Kosen me Bep-
awe [1], Illszapona [1], Jolicrepmaara [2], Banucreina [1], Illanpenrsmana [1]. Oco6o
ormeTnm pabory [loiicrepmaara u ['uitemnna [1], rjje Ipn HEKOTOPEIX NP€NOIOXKEHNAX
nosydeH BTopoil wieH acumuroruku N (A) npu A — 400 J1d caMOCONpPAKEHHOT'O 3JLIHII-
THUYECKOro olepaTopa Ha 3aMKHYToM MHoroo6pasun. C nomomsio MOD Pozenbarom [1]
MOJYyHYHUI OY€Hb TOYHBIE PE3YJbTATH 06 aCHMNTOTHKE COGCTBEHHBIX 3HAYEHUN 1A OTie-
pPaTopOB HA OKPYKHOCTH.

ITo moBoxy reomMeTpum cnekTpa cM. Takxke KHUTYy Bepxe, ['omymona, Maze [1], cTa-
Thio MorganoBa [1], a Takxke naTepecHsie paborr ['maku [1], [2], [3].

Mpgr coBceM He Kacaauch BOIIPOCOB, CBA3AHHBIX C ACHMITOTHKON CMIEKTPa HETJIa TKUX
WU BEIPOX TAIONINXCA OTIEPATOPOB H TPAHNYHHIX 3aJa49. [[0 3TOMy MOBOY ME OTCHLIAEM
gnTaTrens K aeknuaMm Bupmana n Cosomsaka [1] m k nx o63opy [2], rge MoxHO HaHTH
TakKxKe o6mupHyn 6ubanorpaduio Mo aCHMOTOTHKE CIEKTPA.

O630p pAga BaXXHBIX PE3yJbTATOB, KACAIONINXCA PA3JOXKEHHN Mo cOGCTBEHHBEIM
dbysKINAM, MOXKHO HaUTH B cTaThe Annmosa, nenna n Hukumnna [1].
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K TTABE 1V

Teopusa I[1/1O B R™, no cymecTBy, BO3HUKIa ye TaBHO B paMKaX MaTeMaTU49eCKHUX
BOIIPOCOB KBaHTOBOH MeXaHNKH (cM, HanpuMep, Bepesnn (1], Bepesnn u Illy6usn [1], [2]).
Pasnn4HEIe BapHaHTH 5TON T€OPUN MOXHO HalTh B paGoTax Pa6unoen4a [1], Kymano-ro
(1], [2], Tpymnna [1], Hly6una [1], [5], Buaca [2], Penrnna [2].

B pa6orax Buaca [3] u llly6una [5] o6cyxgaeTca cTpyKTypa onepaTopoB, ABJIAIO-
munxca dyuaknuamvu ot [I7]O B R™ ¢ paBHOMEPHEIMH IO T OLEHKaM# CHMBOJIOB (TaKnX,
kak y Kymano-ro [1]).

Pasamanbie Bompocwl, ceazaHHEE c (pearoabmoBocThio [1/10 Ha HEKOMNAKTHEIX
MHOroo6pasnax, obcyxaaorca y Kopaeca n Mak-Oysna [1]. Pag pa6or nocaegnero
BpemeHn nocedmel [1/]0 Ha HEABNOTEHTHEIX rpynnax JIn (B oco6eHHocTH Ha rpynme
lenzen6epra) — cM., HanpuMmep, Pormuasg n Crens [1].

TIpuBoaumoe 3aeck moctpoenne aarebpul 110 B R™ 6anxe Bcero k pabore Illy-
6una [1]. [loHATNEe aHTHBNKOBCKOr'O CHMBOJa GHLIO BBeJeHO BepesnHuM [2] u aBaseTca
BapnaHTOM KoHcTpykumn Ppuapunxca [1] (cm. Takxe Kymano-ro [1], [2]). ITo moeoxy
MPUJIOXKEHUN BUKOBCKOT'O I AaHTUBHUKOBCKOT'O CUMBOJIA, & TaKXe 6ojee 06IUX CHMBOJIOB
cM. paboTh Bepesnna [2], [3], Bepesuna n lly6una [1], Illy6una [2], [3]. B pa6ore Bepe-
3muHa [2] c moMombio HepaBeHCTB Aad Sp exp(—tA) nonydeHa acHMOTOTHKa COGCTBEHHBIX
3HAYEHUN (663 OIIEHKH OCTaTKa). Pesyawrare § 25 u § 26, no cymecTBy, cogepXaTca B
pa6ore Illy6una [1] (cm. Takxke [4]). Hakonen, MeTo npu6an:keHHOrO CIEKTPaNBLHOTO
npoekTopau Bce pe3yabTaThl §§ 28—30 cogepxkarca B pabore Tyaosckoro n [Ily6una [1]
Baknan Mogungukanua 3Toro MeToga npegioxena Penrunrm [1], [2].

Ykaxem, 9To MeTon NPHUGIMKEHHOTO CHEKTPAILHOTO MPOEKTOpa, MO CYyIMIEeCTBY,
ABAAETCA BAPUAIMOHHEIM METOIOM. BapnalMoOHHEIE METOAH 6EPYT HAYAI0 C KJAACCHYE-
ckux pa6or I'. Benaa [1], [2]. /lna HaxoX/[eHHS aCHMITOTHKH COGCTBEHHBIX 3Ha49eHHH
onepaTopos B R” M0oXHO NpNMeHATE 1 Tay6epoB MeTo — cM. pa6ory KocTiouenko [1].
O630p BCcex pe3yabTATOB M0 ACHMITOTHUKE CIIEKTPa oMepaTopoB B R”™ MOXHO HAUTH B
yxe nuTuposasmeica pa6ore Bupmana n Cosomsaka [2].

K no6asaennio 1

IMonaTue BomHOBOTO (hpoHTa 0606IIEHHON DYHKITNH GHBLIO BBEJEHO XEpMaH 1epoM (6]
Ha OCHOBE CyIeCTBOBAaBILEro paHee U npuHagtexamero Caro [1] moHATHA cHHTYIApHOTO
HocHuTead runepdyHKINN.

Teopema o pacnpocTpaHeHNH 0COGEHHOCTEN B YKa3aHHOU 37€Ch (hopMe NMpUHAILJIE-
xnt loicrepmaary u Xépmangepy [1] (cm. Takxe Xépmangep [8]). [Ipusoanmoe 3gece
MOKa3aTeNhCTBO MPUHALIEXHAT TyaoBckoMy. /[pyroe najioxkeHne Mo THO HANTH B JEKITAAX
Hupen6epra [1]. B page nocregyomux pa6oT paccMaTpuBainck 6oee TOHKHE BOIPOCH,
CBA3aHHEIE C PACIPOCTPaHEHHEM BOIHOBHIX (ppOHTOB (cM., Hanpumep, pa6ory Uepns [1]
7 NMEONINECH B HEH CCHLIKH).

K no6asaennio 2

B aToM mo6abieHnn uziaraioTca pesyabTaThl Pont6ypaa [1]. Bauskni pesyasTar,
HO 6e3 OLIEHKHM OCTATOYHOIOo 4jeHa 6bl1 moaydeH Bepeaunwim [2]. [[pyrue cBegeHus o
KBa3WKJIACCHYeCKNUX aCHMITOTUKAX U JUTEPAaTypPHEE YKa3aHUA [0 3TOMY MOBO Y MOXXHO
HanTH B MoHorpadun Macrosa n Pegoproka [1].
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